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1. Introduction

Itis well documented in the growth literature that foreign direct investment (FDI) plays an important role in the economic
growth process in host countries since FDI is often considered as a vehicle to transfer new ideas, advanced capitals, superior
technology and know-how from developed countries to developing countries and so on. However, the existing empirical
studies provide contradictory results on whether or not FDI promotes an economic development in host countries.! The
recent studies in the literature concluded that the mixed empirical evidences may be due to nonlinearities in FDI effects on
economic growth and the heterogeneity across countries.

Indeed, it is well recognized by many economists in empirical studies that a standard linear growth model may be
inappropriate for investigating the nonlinear effect of FDI on economic development. The nonlinearity in FDI effects is
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National Natural Science Foundation of China grant #71131008 and #71631004 (Key Projects). Fang’s research is partially supported by the National Science
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1 For example, Blomstrom and Persson (1983), Blomstrom et al. (1992), De Gregorio (1992), Borensztein et al. (1998), De Mello (1999), Ghosh and
Wang (2009), Kottaridi and Stengos (2010) among others found positive effects of FDI on promoting the economic growth in various environments. On
the other hand, many studies including Haddad and Harrison (1993), Aitken and Harrison (1999), Lipsey (2003), and Carkovic and Levine (2005) failed to
find beneficial effects of FDI on the economic growth in host countries. Grog and Strobl (2001) did a meta analysis of 21 studies using the data from 1974
to 2001 that worked on estimating FDI effects on productivity in host countries, of which 13 studies reported positive results, 4 studies reported negative
effects and the remaining reported inconclusive evidence.
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mainly due to the fact, the so called absorptive capacity in host countries, that host countries need some minimum
conditions to absorb the spillovers from FDL.> Most existing literature to deal with the nonlinearity issue used simply some
parametric nonlinear models, for example, including an interacted term in the regression or running a threshold regression. A
parametric nonlinear model has the risk of encountering the model misspecification problem. Misspecified models can lead
to biased estimation and misleading empirical results. Recently, Henderson et al. (2011) and Kottaridi and Stengos (2010)
adopted nonparametric regression techniques into a growth model. However, due to the curse of dimensionality in a pure
nonparametric estimation, such applications are either restricted by the sample size problem or rely heavily on the variable
selection which is not an easy task.

The heterogeneity among countries is another concern in cross-country studies. Grog and Strobl (2001) found that
whether a cross sectional or time series data model had been used matters for estimating the effect of FDI on the economic
growth, because both the cross sectional and time series models cannot control the country-specific heterogeneity. Recent
literature focused on using panel data to estimate growth models, which can control the country-specific unobserved
heterogeneity using individual effects. However, including individual effects which only allows a location shift for each
country, does not have an adequate ability to deal with the heterogeneity effect of FDI on the economic growth across
countries. For example, some studies found that empirical results vary depending on whether developed countries are
included in the sample. The existing literature to handle this issue is to split sample into groups.®> Generally speaking,
splitting sample can lead to potential theoretical and empirical problems. First, regressing on the split samples separately
may lose other parts of information and degrees of freedom, which may lead to inefficient estimation. Secondly, the applied
researchers often split sample without following the theoretical guideline on how to select thresholds.

To deal with the aforementioned two issues (nonlinearities and heterogeneity) in a simultaneous fashion, we propose
a partially varying-coefficient quantile panel data model with correlated random effects for fixed T to estimate the
nonlinear effect of FDI on the economic growth with heterogeneity. Different from the existing literature, we resolve the
nonlinearity issue by employing a partially varying-coefficient model which allows some of coefficients to be constant
but others, reflecting the effects of FDI on the economic growth, to depend on the country’s initial condition. Compared
to a fully nonparametric estimation, our model setup can achieve the dimension reduction and accommodate the well
recognized economic theory such as the absorptive capacity. In addition to using panel data with individual effects which
allows for location shifts for individual countries, we propose a semiparametric conditional quantile regression model
instead of commonly used conditional mean models. A conditional quantile model can provide more flexible structures
than conditional mean models to characterize heterogeneity among countries. For example, besides including individual
effects allowing country-specific heterogeneity, a conditional quantile model allows different growth equations for different
quantiles. Therefore, we can take the advantage of utilizing all sample information to identify the effect of FDI on the
economic growth without splitting sample according to development stages. Moreover, estimating all quantiles can provide
a whole picture of the conditional distribution and avoid the possibly misleading conditional mean results due to the
heteroscedasticity in error terms. In other words, using the quantile approach can characterize the different roles of FDI
in economic growth for different types of countries.

The application of conditional quantile model to analyze economic and financial data has a long history that can be traced
to the seminal papers by Koenker and Bassett (1978, 1982); see the book by Koenker (2005) for more details. Recently,
many studies have focused on nonparametric or semiparametric quantile regression models for either independently
identically distributed (iid) data or time series data.* However, due to the fact that the approach of taking a difference,
which is commonly used in conditional mean panel data (linear) models to eliminate individual effects, is invalid in quantile
regression settings, even for linear quantile regression model, the literature on quantile panel data models is relatively small.
To the best of our knowledge, the paper by Koenker (2004) is the first paper to consider a linear quantile panel data model
with fixed effects, where the fixed effects are assumed to have pure location shift effects on the conditional quantiles of
the dependent variable but the effects of regressors are allowed to be dependent on quantiles. Koenker (2004) proposed
two methods to estimate such a panel data model with fixed effects by assuming that T goes to infinity. The first method
is to solve a piecewise linear quantile loss function by using interior point methods and the second one is the penalized
quantile regression method, in which the quantile loss function is minimized by adding L, penalty on fixed effects. Recently,
in a penalized quantile panel data regression model as in Koenker (2004), Lamarche (2010) discussed how to select the
tuning parameter, which can control the degree of shrinkage for fixed effects, whereas Galvao (2011) extended the quantile

2 Nunnenkamp (2004) emphasized the importance of the initial condition for host countries to absorb the positive impacts of FDI, Borensztein et al.
(1998) found that a threshold stock of human capital in host countries is necessary for them to absorb beneficial effects of advanced technologies brought
from FDI, and Hermes and Lensink (2003), Alfaro et al. (2004) and Durham (2004) addressed the local financial market conditions of a country’s absorptive
capacity.

3 For example, Luiz and De Mello (1999) considered OECD and non-OECD samples and Kottaridi and Stengos (2010) split the whole sample into high-
income and middle-income groups.

4 For example, Chaudhuri (1991) studied nonparametric quantile estimation and derived its local Bahadur representation, He et al. (1998), He and Ng
(1999), and He and Portnoy (2000) considered nonparametric estimation using splines, De Gooijer and Zerom (2003), Yu and Lu (2004), and Horowitz and
Lee (2005) focused on additive quantile models, and Honda (2004) and Cai and Xu (2008) studied varying-coefficient quantile models for time series data.
In particular, semiparametric quantile models have attracted increasing research interests during the recent years due to their flexibility. For example,
He and Liang (2000) investigated the quantile regression of a partially linear errors-in-variable model, Lee (2003) discussed the efficient estimation of a
partially linear quantile regression, and Cai and Xiao (2012) proposed a partially varying-coefficient dynamic quantile regression model, among others.
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regression to a dynamic panel data model with fixed effects by employing the lagged dependent variables as instrumental
variables and by extending Koenker (2004)’s first method to Chernozhukov and Hansen (2006)’s quantile instrumental
variable framework. Finally, Canay (2011) proposed a simple two-stage method to estimate a quantile panel data model
with fixed effects. However, the consistency of the estimator in Canay (2011) relies on the assumption of T going to infinity
and the existence of an initial ~/NT-consistent estimator in the conditional mean model.

An alternative way to deal with individual effects in a panel data model when T is fixed is to treat them as correlated
random effects initiated by Chamberlain (1982, 1984) for the mean regression model. Under the framework of Chamberlain
(1982, 1984), to estimate the effect of birth inputs on birth weight, Abrevaya and Dahl (2008) employed a linear quantile
panel data model with correlated random effects which are viewed as a linear projection onto some covariates plus an error
term. The identification of the effects of covariates only requires two-period information. Furthermore, Gamper-Rabindran
etal.(2010) estimated the impact of piped water provision on infant mortality by adopting a linear quantile panel data model
with random effects where the random effects were allowed to be correlated with covariates nonparametrically. The model
can be estimated through a two-step procedure, in which some conditional quantiles were estimated nonparametrically in
the first step and in the second step, the coefficients are estimated by regressing the differenced estimated quantiles on the
differenced covariates.

The motivation of this study is to examine the role of FDI in the economic growth process based on the cross-country
data from 1970 to 1999 by using the proposed partially varying-coefficient quantile regression model for panel data with
correlated random effects. Indeed, this model includes the models in Lee (2003), Cai and Xu (2008), and Cai and Xiao
(2012) as special cases. In contrast to Koenker (2004), Galvao (2011), and Canay (2011) by requiring that both N and T
go to infinity in their asymptotics, our model requires only N going to infinity with T possibly fixed. Actually, T > 2 is
required, and indeed, it is an important assumption for identification; see Abrevaya and Dahl (2008) and Assumption A7 later.
Also, different from Abrevaya and Dahl (2008) and Gamper-Rabindran et al. (2010), we use a partially varying-coefficient
structure in the conditional quantile model to provide more flexibility in model specification than a linear model. Based on
this empirical study, there are some novel findings. We find empirical evidence to support the absorptive capacity hypothesis,
and furthermore, the host countries with fast economic growth can benefit more from FDI than ones with slow economic
growth.

The rest of the paper is organized as follows. In Section 2, we introduce a partially varying-coefficient quantile panel data
model with correlated random effects and propose a three-stage estimation procedure. Also, the asymptotic properties of our
estimators are established. Furthermore, we propose a simple and easily implemented approach for testing the goodness-of-
fit of a parametric model against model ( 1) and for constructing confidence intervals for parameters. In Section 3, a simulation
study is conducted to examine the finite sample performance. Section 4 is devoted to reporting the empirical results of the
cross-country panel data growth model. Section 5 concludes the paper and finally, all necessary notations and theoretical
proofs are relegated to the appendices.

2. Econometric modeling
2.1. Model setup

In this paper, we consider the following partially varying-coefficient panel data quantile model with correlated random
effects, in which there are both constant coefficients and varying coefficients. Let Yj, a scalar dependent variable, be the
observation on ith individual at time t for 1 <i < Nand 1 < t < T. The conditional quantile model is given by

Qc(Yie | Uie, Xie, o) = Xj ¥, + Xjp 2. (Uie) + i, (1

where Q.(Yi | Ui, X, ;) is the tth quantile of Y;; given Uy, Xj;, and «;. Here, Xj; = (Xi’m, Xi,t,z)/’ where X;; ; and X;; » are
regressors with K; x 1 and K, x 1 dimensions, respectively, y, denotes a K; x 1 vector of constant coefficients, B, (U;;)
denotes a K, x 1 vector of functional coefficients, U;; is an observable scalar smoothing variable,” and «; is an individual
effect. Model (1) allows for the dependence of the coefficients, both the constant coefficients and the functional coefficients,
upon the quantile, but restricts ¢; to a pure location shift effect, which is a common restriction in the quantile panel data
literature.® If ; is treated as a fixed effect, to estimate parameters and functionals in model (1), one could follow the ideas
in Koenker (2004) by requiring both N and T go to infinity.” However, in this paper, T for our case is fixed so that we follow
Abrevaya and Dahl (2008) and Gamper-Rabindran et al. (2010) and view the individual effect as a correlated random effect
which is allowed to be correlated with covariates X; = (X}, ..., X/;) and {U;}!_,; that s,

ai = a(Xi, Un, ..., Ur) + v, (2)

where «(-) is an unknown function of X; and {Uit}tT:1, and v; is a random error.

5 For simplicity, we only consider the univariate case for the smoothing variable. The estimation procedure and asymptotic results still hold for the
multivariate case with much complicated notation.

6 Of course, it is possible and interesting to relax this restriction to allow «; to depend on 7 so that ¢; in (1) becomes «; .. But we conjecture that it is not
an easy task. It warrants further investigation in the future.

7 This is still an open research problem and it warrants for a further investigation in the future.
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A fully nonparametric model of «(-) may lead to the problem of the so called curse of dimensionality and become infeasible
in practice. Compared with a linear projection in Chamberlain (1982) and Abrevaya and Dahl (2008), an additive model with
functional coefficients can accommodate more flexibility. Thus, we approximate the unknown function «(X;, Uj, ..., Uir)
by a functional-coefficient model® such that

a(Xi, Un, ..., U) = Z 8:(Ui), (3)

where §;(Uj ) is a K x 1 vector of unknown functional coefficients with K = K; + K.

Finally, in the case of estimating FDI effect on the economic growth in our empirical studies, the smoothing variable varies
only across different individual units but keeps constant over time periods.® Therefore, in this paper, we focus on the simple
case that Uy = U;forall 1 <t < T.Model (1) can be rewritten as

T
Qe (Yie | Ui, Xi, vi) = X 170 + X ,B.(UD) + D Xi 8:(Up) + vi. (4)
t=1
It is interesting to note that model (4) covers the following model for quantile regressions with measurement errors in
dependent variable (EIV) as a special case. For simplicity, we consider the following simple quantile repression model for
T=1,

Q:(YilXi, vi) = Q:(Xi) + vy, (5)

where Q. (X;) is the tth conditional quantile of Yl.o =Y; — v; given X;. Here, Y,.O denotes true value but unobservable and Y; is
the observed value of Yi0 with the measurement error v;. Model (5) might have many potential applications. For example, an
empirical example of applying model (5) in labor economics is to study the heterogeneity of returns to education across
conditional quantiles of the wage distribution; see Angrist et al. (2006) and Hausman et al. (2014) for details and the
references therein.

2.2. Estimation procedures

2.2.1. Pooling regression strategy

From model (4), one can observe that the conditional quantile effects of X;; on Y;; are through two channels: a direct effect
y. for constant coefficients and B, (U;) for varying coefficients, and an indirect effect é,(U;) working through the correlated
random effects. Assuming that T > 2, to identify the direct effects y, and f.(U;), one has to estimate at least two conditional
quantile models Q.(Y; | Ui, X;, v;) and Q. (Y;s | Ui, Xi, v;) given by

Qe(YielUs, Xi, v) = X, 4 [y, + 81:(Un)] + Xy 5 [B.(UD) + (U + D Xj8i(Us) + vy
I£t
and
Qe (Yl Us, Xi, v1) = Xi, 181:(Us) + Xf 2820(Ui) + Xis 1 v, + Xio 0B, (U) + Y Xidi(Ui) + vy,
It

respectively, where t # s, §1(U;) is the vector containing the first K; components of §:(U;), and é,¢(U;) is the vector for the
last K; components of §;(U;). Hence, the estimates of y, and B(U;) are respectively given by

» aQr( i | Ui, Xi, vz) 0Q:(Yis | Ui, Xi, v)
t 3Xit,1 aXit,l

)

and

9Q:(Yie | Ui, Xi, vi)  9Q:(Yis | Ui, Xi, vi)
an[’z aXit_Z .

However, in order to avoid running two separating conditional quantile models, we adopt the pooling regression strategy
as in Abrevaya and Dahl (2008) by stacking covariates. In view of model (4), Q. (Y;: | Ui, X;, v;) and Q.(Yjs | Ui, X;, v;) can be
expressed as

Q(YielUi, Xi, vi) = Xip 17, + Xjp 5B, (Ui) + X1 81(Ui) + - - - + Xipdr(Up) + vy,

B.(Ui) =

8 As elaborated by Cai et al. (2006) and Cai (2010), a functional-coefficient model can be a good approximation to a fully nonparametric model,

gX,2)= ZJ 0&i(Z2)X; = X'g(2).

9 When Ui, # Ui, # U;forany t; # t;, two estimation approaches can be employed. We can apply the series estimation or adopt a single index
method U; = wUj; + - - - + wrUjr using the iterative backfitting method proposed by Fan et al. (2003).
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and
Qc(Yis|Us, Xi, vi) = X 17 + X ,B.(Ui) + X5 81(Ui) + - - - + X1 (Us) + vi.

Hence, we treat

! / / !
Y11 X1 X X0 oo Xip
’ /. /. ./ o /
Yir Xira Xiro Xuo oo Xip
/ ! ! /
Yin Xiq1 Xno Xoo oo X
: and : : : o :
/ / ! /
Yir Xir 1 XiT,Z Xq - X
Y. X/' X/' X" . X"
N1 N1,1 N1,2 N1 NT
!/ ! ! !/
Ynr XNt XNT,Z Xvi oo Xyr

as the dependent variable and the right-side explanatory variables, respectively. This pooled regression directly estimates
v, and 0. (U;) with 6, (U;) = (B.(U;), 8,(Uy), . . ., 87(U;)). We now consider the following transformed model from (4),

Q (Ui, Zi, vi) = Zig 1, + Zit ,0:(Ui) + v, (6)

where Z;; ; denotes the corresponding variables in the first column in the above design matrix, Z;; , represents those entries
in the remaining columns, and Z; = (Z;, ,, Zi,t,z)/'

2.2.2. Quasi-likelihood function
For a conditional quantile regression model, according to Koenker and Bassett (1978), the estimation of parameters can
be obtained by minimizing the following objective (loss) function

T

fs = argmin,Lig(9), where Lig(6) = Z P (Ve — G (wy, 9)),

t=1
g.(w¢, 0) is the conditional quantile regression function of y; given w, with unknown parameter 6, satisfying P(y, <
q.(we, 0)|we) = 1, p-(x) = X(t — Iy~0) is the so-called check function, and I, is the indicator function of any set A. Komunjer
(2005) generalized the estimation method of Koenker and Bassett (1978) by proposing a class of quasi-maximum likelihood
estimations (QMLEs), which is Ogmie, obtained by solving
T
Oquie = argmaxyLomie(), where Lomie = Z Inle(ye, g-(we, 6))
t=1
and I;(-) is the conditional quasi-likelihood at the time t. As pointed out by Komunjer (2005), if I (y;, g.(w;, €)) is taken to be
C(ye, we) exp(—p: (¥t — q-(we, 8))) for some C(y;, w;), the QMLE becomes the conventional estimator of Koenker and Bassett
(1978).
We consider a class of integrated QMLEs for conditional quantile for the model defined in (6), obtained by solving the

maximization of a quasi-likelihood function for the tth conditional quantile

N T
# = argmaxyL; .(#), where L; (#) = max 21: 21: Ik o (Yie, g1.c(Wie, 9)), (7)
=1 t=
where Ij - (Yit, qi.- (Wi, #;)) is the integrated quasi-likelihood function for the rth conditional quantile on individual i at time
t, que(Wie, ) = Zj, v, +Z;, ,0-(U), Wy = (Ui, Z},), 9 = (¥}, 0,(U))) and # = (y;, 0,(Uy), ..., 0,(Uy))'. For simplicity, by
assuming that v; isiid as normal'® with mean zero and variance o2, 1; . (y, qi) is obtained from integrating the quasi-likelihood
function for the rth conditional quantile with respect to v;,
2

1 © _ vt
0.0 = / Ly, Q)27 dv,
O J—-

10 The normality assumption on v; here is just for simplicity to obtain a close form for the quasi-likelihood (see (10) later). Of course, it can be relaxed
but the quasi-likelihood function would be very complex. It would be very interesting to explore this issue in the future research.
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where q = ¢ — v, and I, (y, q) is the quasi-likelihood function for the tth conditional quantile. It is emphasized by Komunjer
(2005) that different choices of [, (-, -) affect the asymptotic theory of the QMLE for quantile, similar to the case that different
choices of likelihood function would affect the asymptotic theory of QMLE for mean model when the object of interest is the
conditional mean. In this paper, for simplicity, we define I.(y, q) as

l‘[(y’ q) = e*pr(y*q)’ (8)

This definition makes I, (-, -) belonging to the so-called tick-exponential family defined by Komunjer (2005). Leta =y —q; =
¥y —q-+v,theny — q = a— v. Substituting (8) into the integrated quasi-likelihood function for the rth conditional quantile,
we have

1 o0 v?
I.(a,0) = exp[—p.(a —v) — —=]dv.
a.0)= —=— [m Pl—pe(a —v) — oy ldo
By a simple calculation, which can be found in Appendix F, we get
Le(a,0) = e Dr(a, 0 )lazo + € “lazo), 9)
1252 (f—l)za2

where A.(a,0) =e 2 @(J —t0)+e 2 ®(— +(r — 1)o)e® and @(-) is the standard normal distribution function.
Thus,
Inl(a, 0) = —p.(a) + In(-(a, o)) + In(lg=0 + e “la<o)- (10)

Clearly, the last two terms in (10) can be regarded as a penalty due to the randomness of v;. Also, it is easy to show that the
penalty approaches to zero as o goes to zero. For Eq. (10), when o = 0, it is exactly same as the case without v;.
Therefore, the quasi-likelihood function QL,(#, o) is given by

N T
QL.(#0) =Y > Inl(a, o)

i=1 t=1
N T

= > [=pelair) + InCur(@ic, 0)) + In(lg =0 + €l 0)]- (11)
i=1 t=1

Hence, for a given ¢ satisfying the following equation

N T ~ . oa__1.(5) -
0QL. (7, - —¢l(a, i(d)) + (1 —27)0e€ 2% @P(—a-qi(0
Qra( U)l(r:& =NTTZO'+ZZ ¢( 1[( )) ( &a) — ( 11[( )) -0 (12)
7 i=1 t=1 ®(ari(6))+e T2 D(—a,_1i(5))
with a; (o) = ai /o — to,'! the QMLE of # is obtained by
A ~ Al A/ ’ -
= (., 0,(U),....0.(Uy)) = argmﬂaxQL,(r?, g). (13)

Remark 1. We can simply estimate # and & by iterating (13) and (12) until convergence. Given an initial value of 5, we can
estimate # by maximizing QL. (#, &). Then, we let ¢ = ¢ and iterate (13) and (12) until convergence.

2.2.3. Three-stage estimation procedure

To estimate the semiparametric model (6), we propose a three-stage estimation procedure to the proposed panel data
model. At the first stage, we treat all coefficients as functional coefficients depending on U, suchas y, = y_(U;). Itis assumed
throughout the paper that y_(-) and 6.(-) are both twice continuously differentiable, and then we apply the local constant
approximations to y_(-) and the local linear approximations to @(-), respectively. Hence, model (6) is estimated as a fully
functional-coefficient model and following Cai and Xu (2008), the localized quasi-likelihood function is given by

N T
Jmax DY [=pe(@i) + INCrel@ic 1, 6)) + Il 20 + € o <0)IKi(Ui — o), (14)
0PI ot =1

where a1 = Yie — Zj, 1¥o — Zj; ;00 — Zj; ,61(Ui — o), ¥ = ¥-(Uo). o = 0:(uo), 61 = 8- (o), Kn(u) = K(u/h)/h, and K(-) is
the kernel function. Note that A and A denote the first order and second order partial derivatives of A throughout the paper.

11 The details of derivation of Eq. (12) can be found in Appendix F.
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Since p, is a global parameter, in order to utilize all sample information to estimate y_, at the second stage, we employ
the average method to achieve the /N consistent estimator of ¥., which is given by

N
. 1 .
.= N;rf(uf). (15)

Theorem 1 (see later) shows that indeed, . is a /N consistent estimator.

Remark 2. First, it is worth pointing out that the well known profile least squares type of estimation approach (Robinson
(1988) and Speckman (1988)) for classical semiparametric regression models may not be suitable to quantile setting due to
lack of explicit normal equations. Secondly, the estimator p, given in (15) has the advantage that it is easy to construct and
also achieves the +/N-rate of convergence (see Theorem 1 later). In addition to this simple estimator, other v/N consistent
estimators of y, can be constructed. For example, to estimate the parameter y_ without being overly influenced by the tail
behavior of the distribution of U;, one might use a trimming function w; = Ijy,epy with a compact subset D of R; see Cai and
Masry (2000) for details. Then, (15) becomes the weighted average estimator as

LA R PR
=15 [ ]

Indeed, this type of estimator was considered by Lee (2003) for a partially linear quantile regression model. To estimate y,
more efficiently, a general weighted average approach can be constructed as follows

1< R

Ve = [N Z;W(Uf)} [N zwwf)i',(ui)] :
1= 1=

where W(-) is a weighting function (a symmetric matrix) which can be chosen optimally by minimizing the asymptotic

variance of the estimator y,, . ; see Cai and Xiao (2012) for details. For simplicity, our focus is on y, given in (15).

At the last stage, to estimate the varying coefficients, for a given ~/N-consistent estimator y. of y. obtained from (15),
we plug . into model (6) and obtain the partial residual denoted by Y; = Y;; — Z{t’]f/,. Hence, the functional coefficients
can be estimated by using the local linear quantile estimation which is given by

N T

max " [=pe(ie2) + n(helGic2. ) + Il 0 + €~ 2lg, , c0)Kn(Ui — to), (16)
0ot =1
where a; » = Y —Zj, ,00 —Zj;, ,0:(U; — up). By moving ug along the domain of Uj, the entire estimated curve of the functional
coefficient is obtained.

2.3. Asymptotic properties

This section provides asymptotic results of y_ and B,(uo) defined in Section 2.2.3. To simplify the presentation here, all
necessary notations and proofs are relegated to Appendix B. The following assumptions are used to establish the consistency
and asymptotic normality of our estimators.

Assumptions:

A1. The series {U;} is iid. The series {Z;;} is iid across individual i, but can be correlated around t for fixed i. The series {v;}
is iid N(0, o) and independent of {U;, Z;}.

A2. The distribution of Y given U and Z has an everywhere positive Lebesgue density fyy z(-), which is bounded and
satisfies the Lipschitz continuity condition.

A3. The kernel function K(-) is a symmetric bounded density with a bounded support region.

A4. The functional coefficients 6(ug) are two times continuously differentiable in a small neighborhood of ug. The marginal
density of U, fy(-), is continuous with fy(ug) > 0. Assume all the variance-covariance matrices are positive-definite and
continuously differentiable in a neighborhood of u.

A5.E(|Z]1%") < oo with §* > 4.

A6. The bandwidths h; at the first stage and h; at the third stage satisfy that h; — 0, h, — 0, Nh; — oo and Nh; — oo
as N — oo.

A7.T > 2.

Assumption A1 assumes the data to be iid across individual i, but allows for arbitrary correlation around t for given i.
The normality assumption of v; can be relaxed by using some approximation approaches such as Laplace or saddle point
approximation, or E-M algorithm, but the quasi-likelihood will be complicated since there is no close form of the quasi-
likelihood like (9). Note that we do not exclude the heteroscedasticity dependence between individual effects and covariates
through correlated random effects. Assumptions from A2 to A5 are standard in the nonparametric literature which impose
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some smooth and moment conditions on functionals involved. Assumptions A6 and A7 require that N go to infinity but T
can be short. For the model with large T, some appropriate mixing condition should be imposed to restrict the dependence
structure across t. Assumption A7 excludes the pure cross sectional data.

As mentioned above, a +/N consistent estimator of y. at the second stage is constructed by using the average method
defined in (15). The following theorem states its asymptotic normality result which can be obtained by using the U-statistic
technique as in Powell et al. (1989).

Theorem 1. Suppose that Assumptions A1-A7 hold, we have
N d
VNI7. =y, =B, «(0)] = N(O, &, +(0)),

where B, (o) and X, (o) are defined in Eqs. (23) and (24), respectively, in Appendix B, and 4 denotes the convergence in
distribution. Furthermore, if «mh% — 0, then, \/N[;?I -7l 4 N(0, X, (o))

Theorem 1 shows that the estimator y, is VN consistent and is asymptotically unbiased if the bandwidth at the first
stage h; satisfies +/N h% — 0, which implies that the under-smooth at the first stage is needed. Therefore, it is common to
assume that the first stage estimation is under-smoothed so that the asymptotic bias term disappears. Furthermore, we can
see that X, (o) in the above theorem depends on both o and T. Clearly, when T becomes larger, X, .(o') becomes smaller.
Also, when o = 0, it reduces to X, ; = X, ;(0). Thus, when ¢ = 0, the asymptotic normality of y, reduces to the case
without v;. )

At the last stage, the partial residuals Y;; are used to estimate 6 (up). The following theorem depicts the asymptotic
normality result of ﬁt(uo), where B,(uo) = e’zéo,r(uo) and e, is a selection matrix with ones in the first K, entries.

Theorem 2. Suppose that Assumptions A1-A7 hold, given the ~/N consistent estimator of Y., we have

VN[ B, (uo) — B.(tto) — B+ (o)] — N(O, g .(uo, o)),
where Bg . (up) and Xg .(ug, o ) are defined in Eqs. (25) and (26), respectively.

It is not surprising to see from Theorem 2 that the asymptotic bias term Bg . (uo) does not depend on either ¢ or T but it
comes only from the approximation bias in a nonparametric nature. Furthermore, we can see that similar to X, (o) above,
X (g, o) does depend on both o and T.

It is well documented that the selection of the optimal bandwidths is of importance in a nonparametric smoothing
estimation. As far as we know, there is only few existing research focusing on the theoretical analysis of bandwidth selection
in the field of nonparametric quantile regression. Recently, Li et al. (2015) made a great effort to this quite challenging
work by using completely data driven cross-validation (CV) method. In the empirical analysis in Section 4, we adopt the
CV method in Li et al. (2015) to choose the optimal bandwidth at the third stage. As for the bandwidth at the first stage,
as aforementioned, we use the under-smoothed bandwidth. However, in the Monte Carlo simulation study, we follow the
ad-hoc way to choose the bandwidths for time saving.

2.4. Inferences

Now, we turn to discussing how to test constancy on varying coefficients and accordingly construct confidence intervals.
To make statistical inferences for y, and B,(-) in practice, we firstly need to obtain consistent covariance estimators of
X, (o) and Xg .(up, o), respectively. To this end, we need to estimate £2,;(ug, 0'), §2; ;(Ug, o), §2¢ z,,(Ug, ), §22,4(Up, 0),
£2; 7,(up, o) and £2; ;,, ,(ug, o) consistently. Since the estimation of £2,,4(uo, o), £2; 5,(uo, o) and £2; ,,, ,(ug, o) is similar to
§2;5(up, 0), 82 ,(uo, o)and £2; 7,,(ug, o), respectively, we here only focus on the latter to save notations.
We define
N T
$2:(uo) = (NT)™' Y >~ ZuZiKn(Ui — o),
i=1 t=1
N T-t

22, (1) = (N(T = )" Y " ZiZii o Kn(Ui — o),

i=1 s=1

N T
ng(uo, U) = (NT)il Z Zzttzltmg Ug, Zit, 0 )Kh(ui - uO)
i=1 t=1

-

and
N T-t

Q25U ) = (N(T = 0)' Y " ZiZi g o, Zigs 1), 0 (Ui — o),
i=1 s=1
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where

Yol i KnlUi — u, Zie — 2)g(Yie — 21y, — 230:(u), 0)

S Y Kn(Ui —u, 2 — 2)
It can be easily shown thaE fzz(uo) = fuluo)§2;(up) + o0p(1), fzzg(uo,a) = fuluo)Rz(uo, o) + 0p(1), QZ“(UO) —
fu(up)$2;,,(up) + 0,(1) and £2,, ¢(up, o) = fu(uo)$2;,,5(utlo, o) + 0,(1). Similarly, we can get the consistent estimators of
ngz(uo, o), 'QZ“%“(UO’ o)and -?zg(an o). Then, £2; ;(up, o) = 1282,(up) — 2T 8254(Up, 0) + .ngz(uo, o)and £2; ;, (up,0) =
1282, (Uo) — 2T82;,,4(Uo, 0) + §22,,4,, (o, o). Next, the consistent covariance estimator of X, ,(o) can be given by

mg(u,z,0) =

N

—t+l A
N Y 2 U )[ $2:.,(Ui, 0 +Z 0.2, (Ui, 01825 (Ui, 0)es
i=1

Finally, the consistent estimator of X (i, o) can be constructed accordingly in an obvious manner.
In empirical studies, it is of importance to test the constancy of the varying coefficients. Following Cai and Xiao (2012), a
null hypothesis is given by

Hp : B:(u;) = B, for some {u]}] 1

where {u]} denotes a set of distinct points within the domain of U;. Cai and Xiao (2012) provided some comments on the

choice of {uj} _, and g in practice. Under the null hypothesis, a simple and easily implemented test statistic can be constructed
as follows

Tv= > IVNhaEp (o) (B, () — BII* — x, (17)

15j=q

where quKz is a chi-squared random variable with gK;, degrees of freedom. Thus, the null is rejected if Ty is too large. Note
that the proposed test statistic Ty in (17) is slightly different from that in Cai and Xiao (2012) by using the maximum instead
of summation in (17). Of course, other types of test statistics may be constructed and this is left as future research topics.

3. A Monte Carlo simulation study

In this section, we conduct Monte Carlo simulations to demonstrate the finite sample performance of the proposed
estimators for both constant and functional coefficients. We consider the following data generating process

Yie = %0 +X1t1y1+xzt25 +let28t +U1+(05+03X1t1+04xlt2)81t (18)

with T = 2, where U; is generated from iid U(—2.5, 2.5), X;;.1 and Xj;, are respectively generated from iid U(0, 3) and
U(0, 2), and &; is generated from iid N(0, 1). The constant coefficients above are set by yy = 2 and y; = —1.5, respectively.
The functional coefficients are defined as S(u) = 0.5 cos(2u) + u/3, §:(u) = sin(1.5u) and 8,(u) = 1.5e~%* — 0.75. To check
the robustness, v; is generated from iid normal and iid non-normal, respectively. For the iid normal case, we choose u = 0
and o = 0.1, 0.3, 0.5. For the iid non-normal case, we choose Laplace with © = 0 and o = 0.1.

To measure the performance of ;,; for 0 < j < 1 and g, (-), we use the mean absolute deviation errors (MADE) of the
estimators, which is defined by

MADE(f:(-)) = -~ Dﬁr w) = B (u)l,

where {u}%, are the grid points within the domain of U;, and

MADE(Vj,r) = |yjr — Y7l

for0<j<1.

We consider three different sample sizes, N = 200, 500 and 1000, respectively. For each given sample size, we repeat
simulations by 500 times to calculate the MADE values. We compare the estimation results using different bandwidths,
for example, h; = 5N~%/ (under-smooth) and h, = cN~1/>, where c is chosen from 1.5, 1.7, 2, 2.2, 2.5, 2.7, 3.0, - - - . From
simulation results we find that the estimation of constant coefficients is not sensitive to the choice of the bandwidth when the
first stage is under-smoothed, and the estimation of 3.(-) is quite stable when the bandwidth is chosen within a reasonable
range. The optimal bandwidth for estimating functional coefficient ,(-) in our experiments is about h, = 2.7N~1/>,

The simulation results of the median and standard deviation (denoted by SD) in parentheses for both estimators are
summarized in Table 1. From Table 1, we can observe that the medians of 500 MADE values in all settings decrease
significantly as N increases. For the case of v; ~ normal with © = 0 and 0 = 0.3, when the sample size increases from
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Table 1 R
The median and SD of the MADE values for 7o ;, 71, and B (-).

t =0.15 =05 T =0.75
Yo.x Y1t ﬂr() Yo.t Y1t ﬁf() Yo.« Yo ﬁr()

Case 1: v; ~ Normal with x = 0and o = 0.1

200 0.1872 0.1154 0.2883 0.1488 0.0950 0.2330 0.1839 0.1113 0.2495
(0.1724) (0.1142) (0.0827) (0.1451) (0.0914) (0.0689) (0.1594) (0.0995) (0.0727)

500 0.1177 0.0715 0.1917 0.0957 0.0603 0.1603 0.0961 0.0629 0.1720
(0.1055) (0.0631) (0.0499) (0.0819) (0.0497) (0.0450) (0.0911) (0.0533) (0.0514)

1000 0.0885 0.0508 0.1464 0.0675 0.0404 0.1221 0.0674 0.0444 0.1296
(0.0738) (0.0449) (0.0385) (0.0625) (0.0366) (0.0315) (0.0678) (0.0406) (0.0324)

Case 2: v; ~ Normal with u =0ando = 0.3

200 0.2152 0.1089 0.2716 0.1609 0.0900 0.2244 0.1742 0.1006 0.2379
(0.1931) (0.1044) (0.0828) (0.1395) (0.0828) (0.0660) (0.1608) (0.0950) (0.0722)

500 0.1512 0.0790 0.1925 0.0969 0.0560 0.1578 0.1203 0.0586 0.1632
(0.1193) (0.0662) (0.0574) (0.0821) (0.0542) (0.0456) (0.1002) (0.0615) (0.0476)

1000 0.1293 0.0581 0.1376 0.0667 0.0363 0.1172 0.0905 0.0444 0.1268
(0.0974) (0.0455) (0.0398) (0.0565) (0.0338) (0.0329) (0.0748) (0.0399) (0.0332)

Case 3: v; ~ Normal with x =0ando = 0.5

200 0.3005 0.1250 0.2701 0.1695 0.0960 0.2169 0.2189 0.1047 0.2326
(0.2406) (0.1185) (0.0898) (0.1463) (0.0913) (0.0669) (0.1856) (0.0980) (0.0750)

500 0.2583 0.0871 0.1934 0.1020 0.0593 0.1571 0.1697 0.0653 0.1615
(0.1624) (0.0771) (0.0537) (0.0842) (0.0534) (0.0418) (0.1302) (0.0588) (0.0456)

1000 0.2536 0.0719 0.1510 0.0746 0.0466 0.1172 0.1700 0.0603 0.1263
(0.1185) (0.0582) (0.0424) (0.0617) (0.0382) (0.0324) (0.1028) (0.0463) (0.0331)

Case 4: v; ~ Laplace with u = 0and o = 0.1

200 0.1913 0.1179 0.2791 0.1525 0.0958 0.2296 0.1705 0.1035 0.2531
(0.1669) (0.1059) (0.0807) (0.1262) (0.0849) (0.0721) (0.1489) (0.0959) (0.0772)

500 0.1174 0.0726 0.1895 0.0954 0.0574 0.1656 0.1108 0.0637 0.1734
(0.1055) (0.0644) (0.0537) (0.0877) (0.0526) (0.0450) (0.0980) (0.0583) (0.0497)

1000 0.0836 0.0511 0.1458 0.0688 0.0469 0.1220 0.0763 0.0451 0.1272
(0.0718) (0.0494) (0.0385) (0.0601) (0.0397) (0.0317) (0.0676) (0.0422) (0.0342)

200 to 1000, the medians of MADE values for 0.1, 1,0.15 and ,30_15(-) all shrink quickly, from 0.2152 to 0.1293, from
0.1089 to 0.0581, and from 0.2716 to 0.1376, respectively. The standard deviations also shrink quickly when the sample
size is enlarged. For example, for 9 ¢.15, the standard deviation shrinks from 0.1931 to 0.0974, and for 40,15 and Bo.15(+),
they decrease from 0.1044 to 0.0455 and from 0.0828 to 0.0398, respectively. Similar results can also be observed at the
median, T = 0.5, and at the upper quantile, t = 0.75. We observe similar results for other normal cases. For the non-normal
experiment in Case 4, we also observe similar patterns as the sample size increases, although the mean absolute deviation
errors and standard deviations are a little bit larger than those in Case 1. All results are in line with our asymptotic theory
which implies that our proposed estimators are indeed consistent. Compared with the estimation of 3.(-), the shrinkage
speed of the estimation of P, , is relatively fast, which is consistent with the theoretical results in the previous sections. For
the normal cases, the medians of 500 MADE values for , , increase as the value of o increases at almost every quantile level
when the sample size is reasonably large, but the mixed results can be observed for B,(~), which is also consistent with the
theoretical results that the bias of ;(-) does not depend on o.

4. Modeling the effect of FDI on economic growth
4.1. Empirical models

A typical linear model in empirical studies to estimate the impact of FDI on economic growth, such as Kottaridi and
Stengos (2010), is given by

Yie = o + B1(FDI/Y )i + B2 10g(DI/Y )ie + Bsnie + Bahir + &, (19)

where y; denotes the growth rate of GDP per capita in the country or region i during the period t, «; is the individual effect
used to control the unobserved country-specific heterogeneity, n; is the logarithm of population growth rate, h;; is the
human capital, and ¢;; is the random error. Moreover, the FDI and DI in (19) refer to foreign direct investment and domestic
investment respectively and Y represents the total output. Hence, (FDI/Y);s denotes the average ratio between the FDI and
the total output during the period ¢ in country i and (DI/Y); is defined in the same fashion for the domestic investment. To
allow the possible joint effect of FDI and human capital, some literatures considered to add an interacted term between FDI
and human capital into the empirical growth model, then (19) becomes
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Yie = a; + B1(FDI/Y )i + B2 log(D1/Y )i + B3nie + Bahic + Bs((FDI/Y )ie X hie) + &ir, (20)

see Kottaridi and Stengos (2010) and the references therein.

Since the majority of the literature realized that the effect of FDI on the economic growth depends on the absorptive
capacity in host countries and the initial GDP per capita is one of the most important indicators to reflect the initial conditions
and the absorptive capacity in the host country; see Hansen (2000), Nunnenkamp (2004), and among others, we hereby
propose a partially varying-coefficient model which allows the effect of FDI on the economic growth to depend on the initial
GDP per capita in the host country. Hence, our first econometric model is the following conditional semiparametric mean
model given by

Yie = a; + B1(U;)(FDI/Y )i + B2 1og(D1/Y )i + Banie + Bahir 4+ Bs((FDI/Y )i x hy) + &, (21)

where U; is the logarithm of initial GDP per capita in country i and 81(U;) is the varying coefficient over the logarithm of
initial GDP per capita U;. Therefore, model (21) has an ability to characterize how FDI may have different nonlinear effects
on economic growth among host countries with different initial conditions. Note that model (21) is new in the growth
literature on studying the effect of FDI on the economic growth even under the conditional mean framework.

Moreover, as we discussed in the introduction, the conditional mean model in (21) is usually insufficient to control the
heterogeneity among countries although (21) has some nice properties. The existing literature dealt with the aforementioned
issues by simply looking at sub-samples. Instead, in this paper, we propose adopting a quantile regression approach to
investigate the impact of FDI on economic growth. Our method is capable of dealing with heterogeneity among countries
by allowing different quantiles to have different empirical growth equations, and at the same time, we can avoid splitting
the sample. Different from the mean model, another advance of considering the quantile model is to effectively characterize
the heterogeneity effect of FDI in different groups of countries, for example, the economy fast growing countries (upper
quantile) and the economy slowly growing countries (lower quantile).

Finally, we consider the following conditional quantile model,

Q (Vie | Ui, Xit, o) = a; + B1,:(Ui)(FDI/Y )i + Ba,. log(DI/Y )it
+ B3,cNie + Pa,hic + Bs,((FDI/Y )ie x hy), (22)

which can be regarded as a special case of model (1). Imposing the correlated random effect assumption in (3), we can derive
the transformed conditional quantile regression model in (6). Therefore, the three-stage estimation procedures described in
Section 2 can be applied here.

4.2. The data and empirical results

Our data set includes 95 countries or regions from 1970 to 1999. To smooth the yearly fluctuations in aggregate economic
variables, we take five-year averages by following the convention in the empirical growth literature; see Maasoumi et al.
(2007), Durlauf et al. (2008), and Kottaridi and Stengos (2010). The population growth is computed by the average annual
growth rate in each period, the human capital is measured as mean years of schooling in each period, and the domestic
investment refers to the average of the domestic gross fixed capital formation measured by the US dollars in 2000 constant
values. We measure the initial GDP by the GDP per capita of each country/region at the beginning year of each decade in
constant 2000 US dollars.'? All the above data are available to be downloaded from World Development Indicators (WDI).
The FDI flows, in constant 2000 US dollars, are taken from United Nations Conference on Trade and Development (UNCTAD).
The full list of countries and regions can be found in Table 5 in Appendix A.

Firstly, we consider the classical linear regression model in (20). Table 2 presents corresponding estimation results,
including coefficient estimates, standard deviations, t-values and p-values from Column 2 to Column 5, respectively. The
estimate of 8 is about 0.56, which is positive and significant with a p-value of 0.027. On average, the linear conditional
mean model reports a mild positive effect of FDI on promoting the economic growth. Compared to the growth effect of FDI,
Table 2 reports a larger effect of domestic investments on the economic growth, which is about 2.72 and highly significant
with the p-value of 0.009. The effect of population growth (33) is also positive and significant, with an estimate around 0.65.
However, other estimates (84 and 3s) are not significant.

Next, we move to the partially varying-coefficient conditional mean model in (21). Compared to the linear model in (20),
we now allow S;(-) to depend on the initial conditions. Fig. 1 and Table 3 present the corresponding estimation results.
The solid line in Fig. 1 represents the nonparametric estimate of the varying coefficient 8;(-) along various values of initial
GDP, and the shaded area is the corresponding 90% pointwise confidence intervals with the asymptotic bias ignored. The
nonparametric estimate shows a mild but clear pattern that 8;(-) increases as the initial GDP improves, which is in line with
the hypothesis of the absorptive capacity. The range of the estimated values of the varying coefficient is between 0.9 and
1.6 for different initial GDPs, much larger than 0.56, the estimated value of the linear model. Table 3 reports the estimates
of constant coefficients in (21), which are quite different from the corresponding estimation results in Table 2. For example,

12 \we combine three decades, from 1970 to 1979 (69 countries), from 1980 to 1989 (93 countries), and from 1990 to 1999 (95 countries), and then obtain
a panel of 514 observations with N = 257 and T = 2.
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Table 2
Empirical results of a linear conditional mean model in (20).
Mean Model Coefficient Standard deviation t-value p-value
B 0.5589 0.2513 2.2248 0.0270*
B 2.7180 1.0374 2.6206 0.0093 **
Bs 0.6483 0.2575 2.5183 0.0124 *
Ba —0.0290 0.4269 —0.0682 0.9458
Bs —0.0359 0.0375 —0.9561 0.3401
Table 3
Constant coefficients of a partial linear conditional mean model in (21).
Mean Model Coefficient Standard deviation t-value p-value
B 3.8100 0.1321 28.8326 0.0000 ***
Bs —1.1838 0.3357 —3.5268 0.0004 ***
Ba 0.1728 0.0268 6.4519 0.0000 ***
Bs —0.1753 0.0112 —15.5394 0.0000 ***
Table 4
p-values of testing constancy.
T ,Bl,r ,32,'[ ,33.1 ﬂ4,r ,35,'[
0.15 0.0000 0.9999 0.9999 0.9999 0.9999
0.50 0.0000 0.9999 0.9999 0.9999 0.9999
0.75 0.0000 0.9999 0.9999 0.9999 0.9999
< |
< |
<
o
e
< |
o
7.0 75 8.0 85 9.0
log(Initial GDP)

Fig. 1. Estimated curve of functional coefficient 8(-) in model (21) together with the pointwise 90% confidence interval with the bias ignored.

in Table 3, the estimate of 8, is now 3.81 instead of 2.72. The impact of population growth rate on the economic growth
now becomes significantly negative with an estimate of —1.18. Moreover, both 4 and 85 become significant in Table 3.
The estimate of the impact of human capital (not considering the interactive effect) is positive with a value of 0.17 and the
estimate of the interacted term is —0.18. We attribute the different estimation results to the existence of nonlinearity in the
regression model.

Finally, we consider the partially varying-coefficient quantile model in (22). We firstly conduct a constancy test as in
Section 2.4 to testing whether or not all coefficients vary with the initial GDP at different quantile levels. The testing results
are summarized in Table 4. It turns out that the constancy test only strongly rejects the null of constancy of §; .(-) but
not other coefficients. All these results support our model setup in (22), where the coefficient of FDI depends on the initial
conditions but others remain constant.

Fig. 2 presents the estimates of all four constant coefficients g; ; for 2 < j < 5 under different quantile levels as T = 0.15,
0.25,0.35,0.45, - - -,0.75,0.85. The horizontal axis represents different quantiles and the vertical axis measures the estimated
value of ;.. The curves in solid line denote the estimates under different quantiles and the areas in dark gray color are
corresponding 90% confidence intervals. The horizontal solid lines denote the estimates under conditional mean model and
the areas in light gray color are corresponding 90% confidence intervals. Except the estimated values of 5 ; in the upper left
panel in Fig. 2, most estimated values are outside the 90% confidence intervals of the conditional mean estimates, implying
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Fig. 2. Estimated values of constant coefficients §; . in model (22) for 2 < j < 5 and g; in model (21) and their corresponding 90% confidence intervals.

that indeed, ; ; changes over 7 and the conditional mean model might be inadequate to catch the heterogeneity effect. We
observe that the estimated values of 8, ; increase with = when t is bigger than 0.35 but the estimated values of 85 ,; decrease
with 7 when r is in the range from 0.25 to 0.75. The estimated values of 84, decrease with T when r < 0.5 and increase
with T when t > 0.5. Moreover, the estimated values of 8, ; and B4 ; are all positive but the estimated values of 83 ; and
Bs - are all negative. Hence, generally speaking, we find a clear evidence that domestic investments and human capital (not
considering the interactive effect) have positive effects on the economic growth, while the effect of domestic investments
is larger and increases more significantly in countries or regions with better economic growth performance than those with
poor growth performance. Moreover, the effect of human capital (not considering the interaction effect) shows a U-shape
across countries or regions from poorer economic growth performance to better economic growth performance. However,
the interaction effect between FDI and human capita is significantly negative for all quantiles, ranging from —0.22 to —0.14.

The nonparametric estimates of functional coefficient 81 .(-) with the upper (r = 0.75, in the dashed line) and lower
(r = 0.15, in the solid line) quantiles are demonstrated in Fig. 3. The horizontal axis measures different values of log of
initial GDP, U;, and the vertical axis measures the nonparametric estimated values of 81 ;(-). The shaded areas represent the
90% confidence intervals of 31,1(-) with the asymptotic bias ignored. We observe that the estimated values of 81 (-) at the
upper quantile are significantly higher than those at the lower quantile uniformly over the values of initial GDPs. In general,
our empirical findings support the hypothesis of absorptive capacity. The initial conditions really matter for host countries
to benefit from adopting foreign direct investments. At the upper quantile, the estimated values of 8; .(-) generally increase
with the value of initial GDPs, and furthermore, the tendency of increase speeds up when U; > 8.2. Note that U; = 8.2 refers
to a country or region with an initial GDP per capita about 3640.95 USD in constant 2000 dollars. However, at the lower
quantile, although the estimated curve has an overall positive slope, it becomes almost flat when U; is larger than 8.2 for
host countries.

5. Conclusion

Quantile panel data models have gained a lot of attentions in the literature during recent years. In this paper, we propose
a partially varying-coefficient quantile panel data model with correlated random effects. Compared to quantile panel data
models with fixed effect, our estimation assumes only large N and short T, while the latter requires that both N and T go to
infinity. In our semiparametric model, we allow some coefficients to vary with other economic variables while others keep
constant. This novel semiparametric quantile panel data model is applied to estimating the impact of FDI on the economic
growth.

There are several issues still worth of further studies. First, it is reasonable to allow for cross sectional dependence in the
current model. In the literature of conditional mean models, some methods have been developed to deal with cross sectional
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Fig. 3. Estimated curves of functional coefficient 8; -(-) in model (22) for t = 0.15 (solid line) and r = 0.75 (dashed line) and their corresponding 90%
pointwise confidence intervals with the bias ignored.

Table 5

Countries and regions in the empirical data set.
Algeria Australia
Bangladesh Barbados
Bolivia Botswana
Canada Central African Republic
Colombia Congo, Rep.
Denmark Dominican Republic
El Salvador Fiji
Gambia Germany
Guatemala Guyana
Hungary Iceland
Iran, Islamic Rep. Ireland
Jamaica Japan
Korea, Rep. Lesotho
Mali Malta
Mozambique Nepal
Nicaragua Niger
Panama Papua New Guinea
Philippines Poland
Senegal Sierra Leone
Spain Sri Lanka
Sweden Switzerland
Togo Trinidad and Tobago
Uganda United Kingdom
Venezuela, RB Zambia

Austria
Belgium
Brazil

Chile

Costa Rica
Ecuador
Finland
Ghana
Honduras
India

Israel
Jordan
Malawi
Mauritius
Netherlands
Norway
Paraguay
Portugal
Singapore
Sudan
Syrian Arab Republic
Tunisia
United States
Zimbabwe

Bahrain
Benin
Cameroon
China
Cyprus
Egypt, Arab Rep.
France
Greece

Hong Kong SAR, China
Indonesia
Italy

Kenya
Malaysia
Mexico

New Zealand
Pakistan
Peru
Rwanda
South Africa
Swaziland
Thailand
Turkey
Uruguay

dependence, for example, using the factor structure or the interactive effect. However, due to the nature of conditional
quantile model, it is not obvious to extend these under the quantile setup. Second, it is also interesting to address a dynamic
structure and endogeneity issue in conditional quantile panel data models. We leave these important issues as future

research topics.

Appendix A. Table of countries and regions

See Table 5.

Appendix B. Notations and definitions

All notations and definitions given here will be used in the following sections. We define yu; = ff; WK (u)du and
v = [ wWK?(u)du with j > 0, and denote h; and h; to be the bandwidths used at the first and third stages, respectively.



Z. Cai et al. / Journal of Econometrics 206 (2018) 531-553 545

Lete] = (IK* OK*XK*) and e, = (I,, O, xkr ), where K* = K 4+ K5, K} = Ky and KJ = K, + KT. Denote fy(-) by the marginal
density of U. Letgr(a o) =9In(r(a,0))/0a", by 1(U;) = Yie — Z}, ;¥ — Z}, ,0-(U) and by »(U;) = Y — Z, ,0.(U)).

Additionally, we define the following notations: my(ug, Z, ') = E[f,(bit’,l(Ui), o)|U; = ug, Zi¢] and m}*tuo, Zy),0) =
Elf:(bit 2(Us), 0)|U; = uo, Zir 2] with f(-) be one of the functions g(-), g%(-), &(-), and £(-), mg,, (0, Zir, Zit, o) = Elg(bir1(Us),
o) & (bie,1(Up), 0)|lUi = uo, Zin, Zi], and my, (uo, Zi1,2, Zir,2, 0) = E[g:(bi12(Ui), 0)8(bic2(Ui), 0)IUi = uo, Zin 2, Zie 2],
respectively.

Moreover, we define several conditional variance-covariance matrices which will be used in the rest of the appendices.
Firstly, let

2 2(up, 0) = 122, (o) — 27 8244(tto, 0) + 2,42(tlo, 0)

with £2,(ug) = E(ZZ;,|U; = up), $2;4(to, 0) = E(ZZi;mg(Ui, Zie, 0)|U; = uo) and 2,,2(uo, 0) = E(ZyZjm,2(U;, Zit, 0)|U; =
Up). Secondly, let
§2, Z]t(u07 0)= 77292 (UO) - ZTQz“g(UO» o)+ -Qz“g"(um o)

with QZ] (UO) = E(ZHZ |Uz = UO) .ang(uo, ) = E(Z“Z{tmg(U,',Z,»t,a)Wi = Uo) and Qlug][(uOso—) — E(Zilzi,tmg“(ui,
Zy1, Zy, 0)|U; = up). Thlrdly, let

ng‘(UO, )_ E[Zttzltmg(UOa ity O )|Ul = uO]

2:.,(Utg, 0) = T°824,(Up) — 27 24,5 (U0, 0) + £2,,2(tt0, 0)

with sz(uo) = E(Zy, 22t2|U1 = lUp), szg(uo’ o) = E(Z;, Zzt2m (Ui, Zit 2, 0)|U; = ug) and szgZ(an o) = E(Z;, Zthm (Ui,
Zit,2v O')|U,' = Llo). Fourthly, let
Qr \Z1¢, z(u()v U) = TZQZR.Z(U()) - Ztﬂlltyzg(u07 G) + an,zgn(uo, G)
with -an 2(U0) = E(Zin2Zi)|Ui = ug), 25, ,4(U0,0) = E(Zin2Zj ;my(Ui, Zic 2, 0)|Ui = up) and £2;,, g, (U, 0) =
E(Zi1 2Z;, ;m; (Ui, Zia 2, Zic 2, 0)|U;i = ug). Finally, we define
szg(u()s G) = E[Zi[,ZZi/[.zmz(Uia Zit,27 G)|U1 = u0]~
Thus, the asymptotic bias and variance of y, are respectively given by

ah?
B, (0) = —!

e\ E[2,;' (Ui, 0)O: (Ui, 0)] (23)

with O, (Uj, o) = E{my(U;, Zie, 0)Zic[Z], ,0.(U)1?|U;}, and

(o) = €iE{$2;5 (Ui, o )[;of,ztuf,aHZTjm}fnnf,zlf(uf,a)]szz;(ui,a)}el. (24)
t=2
Similarly, the asymptotic bias and variance of Bf(uo) are given by
Bg (g, 0) = Bp - (Up) = Mzzh% B.(uo), (25)
and
Tp.o(ti0, 0) = f:ii)sz;;( o7 Pyl o)+ Z o 0 on2, w0 0en (26)

Since g(a, o) = I,<o wheno = 0, then mg(uo, Zy, o), mg(uo, Zy 5, 0), Mga(Ug, Zit, o), mzz(uo, Zi,,0),mg, (Uo, Zi1, Zi, 0)
and mg"(uo, Z;1 5, Z;; 5, o) are all equal to the quantile level 7, and furthermorq, note that mg(uo, Zy, o), mg’-k(uo, Zy ,,0)and
mg(uo, Zi, o) are equal to fyyy z(Z;; 1V, + Zj; ,0-(t0)), fr+v.2,(Z; ,0:(U0)) and fyjy z(Z;; 1 ¥, + Z;; ,0-(uo)), respectively. As a
result, we can have 2, ,(ug,0) = (1 — 1 Qz(uo), 27 2,(Up, 0) = (1 — 7)82,,(ug), 25¢(up, 0) = E[ZnZ,/[fy‘U,Z(Z{t,1yI +
Z ,0.(U))IUi = ugl = 2y(uo), $2,4(to, 0) = ElZit 2Z;; 5fv+1u.2,(Zi; 10-(UD))IUi = uol = $2;,¢(uo), 212, (U, 0) =
t(1 = 7)822,, (o), 27,2y, , (U0, 0) = T(1 — T)82;,, , (Up)-

Therefore, the formula of asymptotic bias B, ; (o) reduces to

/'LZh] /

B, = “2-LeiE[2; (UNO:(Uy)]

3 o (1-2r)02 (1-21)02
13 7‘“““5;“ ) _ gt 3 O(—L+(r—1)0)/[@(L —10)+e 2 D(—L+(r - 1)o)].
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with ©.(U;) = E{Z;[Z}, 2‘ (Uil 2fy|U 72(Z! Ve T4y ! ,0-(U;))|U;}. Similarly, the asymptotic variances X, (o) and X4 - (ug, o)
can be respectively 51mp11f1ed to
T
, _ 1 20T—t+1)
Ty = 1(1 = D) E(2, (Ul 2:(U) + ; 0

22, (U122 (U)ken,

and

2AT —t+1)

T
w sz( )[ sz Up) +ZT7921t2(u0)]922f(u0)
t=2

Zprlo) = =50

Appendix C. Proof of Theorem 1

In order to establish the asymptotic theory of p, in Theorem 1, the local Bahadur representation for the estimators
obtained from the first stage should be derived. At first, we introduce two additional notations and definitions, Uy, =
(Ui — up)/hy1 and ¥.(a, o) = t — g.(a, o). Following Cai and Xu (2008) and Cai and Xiao (2012), we have the local Bahadur
representation as

j\’r(uo)_yr(uo)> Q U(),
Nhq | 4 = Z; air 1, Uip, ) + 0,(1), 27
VA (e ) = e ]X;le e K (U + (1) @7)
which is useful for establishing the asymptotic results for our estimators.
For any ug, Qiuo)zjfw,(aﬁ 1, 0 )K(Ujy, ) can be rewritten as
h1B™(ug, o Z(uo, Zit, 0 ) + Zie [V (aje.1, o) — Ve (bje,1 (o), 0 )IKn(Uj — uo)}

where B(uo, 0') = fu(uo)$2;4(uo, o), Z(uo, Zjt, o) = Zjt Y« (bje,1(uo), 0 )Kn(Uj — o) and bje 1(uo) = Yje — Zj, 1y, — Zj; 50+ (uo) for
the jth individual with the value of smoothing variable U; in a small neighborhood of ug. In particular, the estimation error
of y.(up)is

N T
N 1 .
Po(to) =y (o) ~ — > "€\B (g, 0)Z(up, Zi1, o)

1 N
i’r -V = N [?r(ul) - yr(Ul)]
1111\1 N 1 T 1 N
= 5 2.2 7 2 BT Ui 0)Z(U Ze o) + 1 ) Bu(U;. o)
i=1 j=1 t=1 i=1
2 1o
= > €B7(Ui.o) Zz Ui, Zit, 0 NZBN(UI»,U
1<i<j<N i=1
1 1w
= 2 B Wo Zz Ui Z, 0) + €8 (Uj, 0) Y Z(Uj. Zi, 0)]
1<i<j<N t=1
1 N
N ZBN(Uu o)
i=1
N
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where By = %Z?’:]BN(Ui, o)and Uy = W%Zkkjsl\,p,\,(si, &, o) with

T
§ Z LI]? its O a
t=1

and & = (U, Z;) indicates all the information for i. Define ry(&,0) = Elpn(&, &, 0)l&], On(c) = Elrn(&,0)] =
Elpn(&i, &, 0)], and Oy = On(o NZ, 1Irn(&i, o) — On(0)]. The following two lemmas are useful to prove Theorem 1
and their detailed proofs are relegated to Appendix D.

T
, 1
pn(Ei &, 0) = €B" (Ui o)=Y Z(Ui, Zy, o) + €;B~'(U}, 0)
t=1

b-—]
'-H»—~

Lemma 1. Under the assumptions in Theorem 1, we have

(i) (&, 0)=e2,' (U0 sz bie 1(Up), o)(1 +o(1))},

(if) On(o) = puahielE[2,;' (U, U)@r(Uia o)l + o(h}),
(iii) Var[ry(&i, 0)] = X, (o) 4 o(hy).

Lemma 2. Under the assumptions in Theorem 1, we have
By = o(h?).

Proof of Theorem 1. First, note that E[||pn(&;, &, o)[?] = O(h~!) = O[N(Nh;)~'] — o(N) if and only if Nh; — oo as
h; — 0.Lemma 3.1 in Powell et al. (1989) gives that VNUy —0Oy) = 0p(1). Then the result follows from Lemmas 1, 2 and
the Lindeberg-Lévy central limit theorem.

Appendix D. Proof of Theorem 2

The asymptotic distribution of BZ(UO) can be easily extracted from the asymptotic distribution of 90_,(u0) because of
ﬁr(uo) = e/zéo,r(uo). Similar to the proof of Theorem 1, the local Bahadur representation for the estimators obtained from
the third stage should be derived at first. First, we denote Ui, = (U; — up)/h;. For a given /N consistent estimator y. ofy,,
we can obtain that the local Bahadur representation that is similar to (27),

)

. gl
VN (8o.c(10) — 0. (o)) = w%nf ” ZZz,mm aic.2, 0K (Uiny ) + 0p(1),
2 U 0

i=1 t=1

which is useful to establish the asymptotic result for %,(uo). The above equation can be rewritten as

2, (U0,0')

T
0 — Zzg . . .
VN (Bo.c = b:(0)) = e ZZzn,zwI(a,t,z,a)K(u,hz)

i=1 t=1

2l ) ¢S, bie.»(Up), o)IK(U
= mx; it 2[¥e(aie 2, 0) — Yo (bir 2(Us), 0)IK( ihz)

Y Ytz
+ 2(Uo, Zit2, O
NhTfy(uo) = = 1
= By + Wy,

where b; »(U;) = Y — Z[[ ,0:(U;) and Zy(ug, Z; 5, 0) = Zit 2 Y- (bir 2(Ui), 0 )K(U, ). We will show that the first term By
determines the asymptotlc bias and the second term Wy gives the asymptotic normality.
First, we work on the asymptotic normality of the second term Wy. Note that the first-order conditional moment of

Yo (bie 2(Us), o) is
E(Yrc(bit,2(Us), 0)IUj, Zir,2) = E(t — g(bie 2(Ui), 0)Ui, Zie 2)
= 1 — E[g(bit 2(U;), 0)|U;, Zi¢ 5]
=1 —my(Ui, Zir 2, 0).
The second-order conditional moments are
E(¥2(bie 2(Up), 0)|Uy, Zig 2) = E[r? — 218(bit,2(Uy), o) + &%(bic.2(Uy), 0)|Uj, Zic 2]
? — 2¢E[g(bic 2(Up), 0)|U;, Zie 2] + E[g%(bir,2(Up), 0)|Uj, Zir 2]
= o2 = 2tmy(U;, Zirz, 0) + Mg (Ui, Zir,2. o),
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and
E(Yrc(bi1,2(Ui), o) (bie 2(Ui), 0)|Ui, Zin 2, Zie 3)
= E[t? — tg(bi2(Up), o) — t8(bie 2(Up), o) + g(bi1 2(Uy), 0)g(bie 2(Us), 0)|Us, Zin 2, Zie 2]
= 1% — tE[g(b12(U;), 0)|U;, Zi1 2] — TE[g(bir2(Uy), 0)| Uy, Zie 2]
+ E[g(bi1,2(Ui), 0)g(bic 2(Us), 0)IUi, Zix 2, Zir 2]
= v — tm}(U;, Zin g, 0) — Tm(Uy, Zica, o) + mj, (Ui, Zir 2, Zic 2, 0)
= % = 2emj(Uy, Zir2, o) + mj, (Ui, Zin 2Zit 2, 0).
Thus,
E(®y) = Zrpg(to. )NE[Z (uo, Zic 2, 0)]
N 2(Uo, Zit 2,
v hafu(uo) I
(g, 0)
ﬁ%u NE(E(Zi (b o(U), )UK (Ui, )} = O
with E[Z;; 2 (bir 2(U;), o)|Ui] = 0, since we know that b;; »(U;) is the maximizer of the corresponding likelihood function,
and
Var( Wy)
Zzg( )Var{iz (o, Z N2 g, o)
= 5, < s Lit 2, 0 ,
ha T2 (o) - 2(Uo, Zit 2 2,5 (U0
(uo, )
$2,,
= —=——{TVar[Z>(ug, s
hszfU(uo){ [Zy(uo, Zit 2, 0)]
T
+ > 2T — t + 1)Cov(Zy(uo, Zin 2. 0). Za(to. Zit 2, 0))}$2;, (110, )
t=2
% ! 2(T
0
= Tfu(uo)QZZg(Uo, 0 )82 z,(Up, o) + ; rzmz(uoa o)ls2,, (Uo, ),
since
E(Zit 2Z;; ¥ (bir 2(Us), 0 )K* (Ui, )]
= E{Zi 2Z}, ,E[¥ 2 (bic 2(Uy), 0)|Uy, Zig 21K*(Upn, )}
= E{Zit 22} ,[7* — 2emy(Us, Zic 2, ) + M (Ur, Zi 2, 0)IK* (U, )}
= Vohafy (o) 72822, (tlg) — 272y (tlg, 0) + 2, 42(tig, 0)1(1 + (1))
= vohafy(u)$2: 2, (g, o )(1 + 0(1)),
and

EIZi1 2Z;, 5 ¥r<(bin 2(Up), 0 )y (bie,2(Up), 0K (Unny )]
= E{Zi12Z}, ,E[V=(bi1 2(U), 0 W (i 2(Up), 0)|Ui, Zin 2, Zie 2 1K* (Ui, )}
= E{Zn 2Z;, ,|7* — 2vmi(U;, Zic.2, 0) + mj (Ui, Zin 2, Zit 2, 0 )IK* (Ui, )}
= vohafy(uo)[r? 271,,(U0) — 2782, ,e(Uo, 0) + 22, g1, (U0, 0)I(1 + 0(1))
vohafy(Uo)$2: 2, , (o, 0 )(1 + 0(1)).

Let Qy = %ZLZLJZ(”O’ Z ,, 0). Using the Cramer-Wold device, for any d € RX2, define Iyit = 1/"TZd’Zz(uo,
Z; 5, o), then we have

’ 1 : *
V/Nh QN—\/—ZZ Nit = NTZ:ZNJ,

i=1 t=1

where Zy ; Zt 1Zn,ir, which is iid across i. Hence, it follows by the Lindeberg-Lévy central limit theorem that the
asymptotlc normallty holds.
Next, we move to work on the first term By. Note that
2

bie 2(Ui) — aic.r = Zj; ,0:(uo) + Z;; 0. (uo)hoUin, — Zi; ,0:(U;) = zzzl/t L0:(W)U,
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then we can get

g(bit 2(Ui), o) — glair.2, 0) = &(ait.2 + ¢(bir2(Ui) — air2), 0 )(bir 2(Us) — aic 2)
n2 W, s o
= _*g(au 2= ; Z,t 2 (U)Uizv a)Zit'Z(),(u)Uﬁqz
and

[g(bic 2(Uy), o) — &(8it.2. o))
= 2[g(air2 + ¢ (bir 2(Ui) — aic 2), 0) — &(aic.2, 0)1&(ic,2 + §(bie 2(Ui) — @ir,2), 0 )(bir,2(U;) — air.2)
= 2[g(air2 + n(air.2 + &(bie.2(Ui) — air.2) — Gir,2), 0 N @iz + §(bie 2(Ui) — @ir.2) — e 2)]
&(aic2 + ¢(bic2(Ui) — @ir,2), 0 )(bir,2(U;) — air )
= 208(aie.2 + 0 (bie 2(Up) — aie.2), 0)8 (@i 2 + ¢ (bie 2(U) — aie.2), 0 )by 2(Up) — aie 2 )?
= 0O(h3).
Thus, by definition of ¥ (a, o), we have

E[Y:(ait,2, o) — Y (bie,2(Us), 0)|U;, Zig 5]

[ h2 R
=~ Elg(ais — <; Z,t20( Ui, . 0)Z; ,0- (1)U, Ui, Zic 2]
h2 . L
= =S EI§bie2(Up), 0)IUs, Zie 212 18- (U)Uj, (1 + 0(1)
h2
= —om(Ui, Zia, 0 0)Z, ,0.(UpU;, (1 + o(1))

and
E{[¥:(it 2, 0) — Ye(bie 2(Up), o)1 |Us, Zig 2} = O(h3).
Let By = Zit 2[¥:(ir,2, 0) — Yo (bir 2(U;), 0)]K (U, ), we have

h .
E(Bi) = E[anm (Ui, Zi 2, 0)Zi; ,8:(UDUG, K (Uin,)I(1 + 0(1))

lhz
2 ..
— 2E{E[Zit 2Z;; ,m(Us, Zit 2, 0)|Uil6: (Un)Uj, K (Ui, )}(1 4 0(1))

h2 .
=5 E[22,4(Ui, 0)0:(UUG, K (Ui )I(1 + 0(1))

h3 .
= _Esz(UO)MZ-QZZg(an 0)0:(uo)(1 + o(1))
and E[B%] = o(h3) and similarly, we have E[By, By, ] = o(h3). Finally, we show that

-QZ;;(UO, o)

E(By) = NE{Zir,z[llfz(ﬂir,z, 0 ) — Ye(big 2(Us), 0 )IK(Uin, )}

\/]W U UO
“ (u07 ) h3 .
28 1 .
— N (o) -2 N 5 fu(uo)in282,,5 (o, 0)0:(uo)(1 + o(1))

2 0-(up)(1 + o(1)).

and Var(By) = o(hg). This completes the proof of Theorem 2.

Appendix E. Proofs of lemmas

Proof of Lemma 1. For any given &; and U;, by ignoring the higher orders of Taylor expansion, one can obtain the following:
E[¥r-(bjt,1(Uy), 0)I§, Uil = © — E[g(bjt,1(Uy), 0)I§j, Ui]

T — E{g(bje,1(U)), o) + &(bje1(Uj), 0)Z;; ,[0-(Uj) — 0-(Uy)]

1. ,
+2E(biea(U)), 0){Z; ,[6:(U) - 0-(UD1}* 1. Ui}
T —mg(Uj, Zir, o) — mg(Uj, Zie, 0)Z;, ,[0:(Uj) — 0(U;)]

[
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1 2
5 Mi(Uj. Zi, 0 )Z; 510:(Uy) — (U]}

, 0
=T — mg(ij Zj[a 0) - mg(Uj’ th’ U)th (or(uj) - 01:(U1)>
1
= 5M5(Uy, i, 0 )2 510:(Up) — 0 (UDIY,
since bj; 1(U;) — bje 1(Uj) = Zj/tyz[af(Uj) — 6.(U;)]. Hence, we have

E[Z(Ui, Zt, o0)\&i]
= E{Zj e by (U, 0 Ki(Uj — UDI&) + EZiere(Bje 1(Uy). )by a(Up) — bje 1 (U1K (U — Ui}

+ SEZe by a(U3), 0 by a(U) — by (UDPKA(U; — g + o)
= —Elmy(U;. Zi. 0122 ((n(uj 2 gr(Ui)> Ki(U; — Uy)I&1]

— SEOMU;, 2, 0252} 10:(05) — 0.(UDI KU — Ui} + oY)
= -1, — % + o(h?),

since E{Z-(bje.1(Uy). 0 )Kn(Uj — Upl&i} = E(EIZie=(bje(Uy). 0)|UIK(U; — Upl&i} = 0. Then, we obtain that

0
—0,(U,-)> Kh( U1)|‘§l

0
2
(Ul)(U Ul) + %or(ul)(l]] _ Ui)2> Kh(l]] - Ul)'él} + O(h])

Iy = E[my(U;, Z, )thz < 0.(U;)

= E{E[my(U;, Zy, 0)Z;; ]r|UJ (0

0
— . . . . — . . 2
= Elf2(Us, o) (or(ui)(uj U+ 2B - u,~)2> Uy = Uil - olm)
0
= / [2:4(Uy, o) + uhy £2;4(Uy, 0)] (ufn 5.(U) + (uh;f éf(un) K()[fu(Ur) + uhify(Up)ldu + o(h3)
0 . 0
= nehiBU o) | 15 oy JulUy +mh§fu(uf)fzzg(uf,a)<é (Ui)) +o(h})
277 Ry '
0
= mhiBU;, 0) | 15 )+ 70U — wahify(U)OU;, o) + o(h}),
2770 fuuy

and

I = E{m(U}, Zit, 0)Zi{Z], ,[60:(U;) — 0-(UDIYKn(U; — Up)I&i}
= E{mg(Uj. Zi, 0)Z;t[Z}, ,0.(U)TPP(U; — U*Kn(Uj — Up)I&i} + o(h3)

= E{E{mg(U}, Zit, 0)Zi[Z}, 50-(U)*|U}(U; — Ui *Kn(Uj — Uy)|&i} + o(h?)
= E[O(U}, o (Uj — Uy’ Kn(U; — Up)I&] + o(h?)
= alify(U)O: (Ui, o) + o(h}).

It follows that
T
rn(&i, o) = E[e}B Zz (Ui, Zit, o) + €,B™'(U}, o) ZZ Uj, Ze, 0)I&i]
t=1
T _l T
= E[e;B‘l(Ui,a)? ;Z(Uf,zﬁ,a)|a]+E[e33—1(uj ;z Uj, Zi, o)|&]

T
= o(hy) + % ;6/1 /3_1(% 0)Zig e (bi,1 (1), 0 )Kn(Ui — u)fy(u)du
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= Ze1 (Ui, 0)ZicWe(bie, 1 (Up), 0y (UD(1 + 0(1)

;Ui o Zzwf bie,1(Up), o )(1+ o(1))}

and furthermore, we obtain that

On(0) = Elpn(&, &, 0)] = 2E[€;B™ (U, 0)Z(Uy, Z, o)]
0
U i

123 B2, (Ui, 0)O: (Ui, )] + o(h?).

Similar to the derivation of Var( Wy), it follows that

Varlry(&)] = e;E{:zf](uf,a)[lszm(ui,o)

LT —t+1
+ZT7”)9”"(U,,0)]9 (U, oer + olhy)

=% (0 )+o(h)

Therefore, Lemma 1 is established.

Proof of Lemma 2. Similar to the proof of Theorem 2, we can show that
E(By) = o(h?).

The lemma is established due to the fact that Var(By) = O( %h%).

Appendix F

Derivation of (9)

1 o0 v?
«/70 / expl—p.(a—v) — ﬁ]dv
v2 o] v2

ra {f exp[—t(a —v) — ﬁ]dv +/a exp[—(t — 1)(a — v) — F]dv}
! {e’”/ exp[— ! (v —2t0?v)]dv + e~ ”a/ exp[—i(u2 —2(t = 1)o?v)]dv}

«/ﬂa —o a 202

(g —‘L’O’)+€_(r Da+ @(g—(r— 1)0)]

_ a ~(e-nap =Pt o @ _
= (cr o) +e ?( U—i—(r 1)0)

(171)202
2

e_’a[erzzg2 q)(g —10) +e q)(—g +(r = 1)o)] ,whena >0

(‘[—1)20'2
2

202 a a
e T e o (= —to) fe @(—— +(r —1)0)] ,whena <0
g
252 a
=e "Wl ole 2 @(= —t0) +e
g

(—g +(r = o)l

o> _m)+e“ T0(—— +(r = 1)o))

T2[72

+ e—Pr(ﬂ)Ia<O [e—a+ 2

(.[71)202

2.2 ,.a a
=e Ve 2 ¢(=—10)+e @ (—— +(r — 1)o)e"I(laz0 + € “la<o)
o o
= e 7D (a, 0 )laz0 + € laco)

Therefore, Eq. (9) is established.

551



552 Z. Cai et al. / Journal of Econometrics 206 (2018) 531-553

Derivation of (12)
Differentiation max, Zl 1Zt 1 In(A;(a;, o)) with respect to o leads to
T B)w(a,t,a)
D) D
21 11 A (alh o)

. 22 (t=1)%02
By definition of A-(a,0) =e 2 @(L£ —10)+e 2 (=L +(r—1)o)e"
oA a,o 7242 a (r=1)%02
L = 120e 2 <1>(— - ra) +(t —1Y20e"t 2
o

@(—;-{-(r—l)o)

do

(1—1)202
2

a 202 . a a ; a
+(—U—2—r)e2 (;—tor)+(0—2+r—1)e+ ¢(—;+(‘L’—1)O)

—1)Y252 252 a

= t20x.(a,0)+(1— 2r)ae"+(r 2 ¢(_§ +(r—1)0)—e 2 ¢(; —10).

Thus,

=)
=

il

~ a (1—
—16) 4+ (1 —27)5e% ™"
(1-27)52
2

“O(-% 4+ - 1)
& (—% 4+ (r — 1)5)

Qxl

=0.

N T ¢
NT7%5 + Z Z

i=1 =1 O(% —16) +et
Therefore, Eq. (12) is established.
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