Appl. Math. J. Chinese Univ.
2016, 31(2): 127-147

Panel data models with cross-sectional dependence: a

selective review

XU Qiu-hual CAI Zongwu?! FANG Yingh*

Abstract. In this review, we highlight some recent methodological and theoretical develop-
ments in estimation and testing of large panel data models with cross-sectional dependence.
The paper begins with a discussion of issues of cross-sectional dependence, and introduces the
concepts of weak and strong cross-sectional dependence. Then, the main attention is primarily
paid to spatial and factor approaches for modeling cross-sectional dependence for both linear
and nonlinear (nonparametric and semiparametric) panel data models. Finally, we conclude

with some speculations on future research directions.

81 Introduction

The analysis of panel (longitudinal) data has attracted considerable attention in many ap-
plied fields as economics and finance as well as biomedicine during the last three decades. Panel
data models provide researchers with multiple observations on each individual considered in a
given sample and thus have the ability to control unobserved heterogeneity and uncover dy-
namic relationships that can not be obtained by using either pure cross-sectional or time series
data. Baltagi (2013) and Hsiao (2014) provide comprehensive surveys to the existing models for
panel data analysis. However, most of the existing models in the literature assume that there is
no correlation among cross-sectional units and it might not be appropriate for many real appli-
cations. For example, in empirical studies using panel data sets of regions, states or countries,
the cross-sectional units could be interdependent (termed as cross-sectional dependence) due
to competition, spill-overs, externalities, etc. Moreover, theoretically, estimators obtained by
ignoring cross-sectional dependence could be inconsistent. These facts prompt the swift grow-
ing demand for modeling cross-sectional dependence in both theoretical and methodological
research and real applications.
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As pointed out by Chudik et al. (2011), characterizing cross-sectional dependence for panel
data lies on the size of the time series dimension (T') of the panel relative to its cross-sectional
dimension (V). When N is fixed and T is large, cross-sectional dependence can be modeled
using the so-called seemingly unrelated regression method (SUR) as in Zellner (1962). How-
ever, when N is large relative to T, the SUR method is no longer feasible. There are two
major methods proposed recently in the literature: spatial and factor approaches. Contrary to
time series analysis, where the past and distant future are always assumed to be asymptotically
independent, there is no such natural ordering among different cross-sectional units. Conse-
quently, to deal with cross-sectional dependence, a correlation structure has to be imposed. For
example, in spatial econometrics, the cross-sectional correlation structure is modeled through
a pre-specified spatial weighting matrix which often depends on the geographic locations of
cross-sectional units or some more general economic variables. In panel data models with fac-
tor structure, the correlation among cross-sectional individuals is introduced by a finite number
of unobserved common factors that influence each individual.

In this paper, we aim to provide a resource that surveys the state of art in estimation
and testing of panel data models with cross-sectional dependence for both linear and nonlinear
models. Indeed, Sarafidis and Wansbeek (2012) provide an excellent survey on linear panel data
models with cross-sectional dependence. Differently from Sarafidis and Wansbeek (2012), we
include some more recent developments in this area and in particular, we provide an overview
of nonparametric and semiparametric estimation and testing of panel data models with cross-
sectional dependence, which are not covered in Sarafidis and Wansbeek (2012).

The rest of the paper is organized as follows. In Section 2 we discuss potential problems
when ignoring cross-sectional dependence and then introduce the concepts of weak and strong
cross-sectional dependence. Section 3 reviews the various estimation methods available for lin-
ear panel data models with cross-sectional dependence. Section 4 focuses on the estimation and
testing of nonparametric and semiparametric panel data models with cross-sectional depen-
dence. Section 5 concludes with discussions on some open and interesting research problems.

82 Weak and strong cross-sectional dependence

2.1 Inconsistency when ignoring cross-sectional dependence

There have been many studies in the literature on the impact of ignoring cross-sectional
dependence on panel data regression models; see, for example, Phillips and Sul (2007), Hsiao
and Tahmiscioglu (2008) and the references therein. In this subsection, we illustrate this issue
by recalling one of the examples used in Phillips and Sul (2007).

Consider the following linear dynamic panel data model:

Yit = pYii—1 + e, |p| <1 with ey=~fi+eu, i=12,...,N, t=12,....7, (1)
where y;; is the observed dependent variable on the ith cross-sectional unit at time ¢, the error
e in (1) has a single factor (f;) structure, v; is the factor loading for unit ¢, and &;; is the
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idiosyncratic error of y;;, which is assumed to be IID(0,0?). Model (1) can be rewritten as
Yit = y?t + %G, %Qt = Py?,t—1 +eit, Gr=pGio1+ fr.
Phillips and Sul (2007) show that the probability limit of the pooled least squares estimate is

lim (1/N) S ST yiiae
- - I]SE?O( IN) D Zim1 Dby Vi 1€t B m2(3e_y Gio1fi) 9
plim (p — p) = . N T 5 - 2 2 25T 2 )
N—o0 }\?Em (1/N) Zi:l Zt:l Yit—1 T(o?/(1 - p?)] + my Z:ztzl Gia

where m? = limy_,o(1/N) vazl 72 is assumed to be finite. In view of (2), it is evident to
see that the pooled least squares estimator, p, which ignores the presence of cross-sectional
dependence, is inconsistent and it converges to a random variable rather than a constant when
T is fixed and N — oo. Moreover, the inconsistency of p depends on the degree of cross-sectional
dependence. In fact, Hsiao (2014) points out that the bias of panel estimators could vanish
when the degree of cross-sectional dependence is weak. More specifically, let e; = (e1¢,...,ent)
be the N x 1 vector which stacks the errors of N cross-sectional units at time ¢t and 3 be its
covariance matrix which is N x N. If the number of nonzero elements in each row of X is
bounded by hy and hy /N — 0 as N — oo, estimators which ignore cross-sectional dependence
could still be consistent when T is finite. However, if hy /N converges to a nonzero constant
as N — oo, the asymptotic bias of estimators which ignore cross-sectional dependence could
be random as shown in (2) no matter how large N is when T is finite. The above two cases
correspond to the notions of weak and strong cross-sectional dependence in the literature which

we will discuss in the next subsection.

2.2 'Weak and strong cross-sectional dependence

Since the degree of cross-sectional dependence has a major impact on estimation of panel
data models, many researchers have proposed some methods to define weak and strong cross-
sectional dependence. For example, Forni and Lippi (2001) and Deistler et al. (2010) define
these concepts for covariance stationary processes. In this subsection, we introduce more general
definitions for these concepts given by Chudik et al. (2011) which do not assume covariance
stationary for the underlying processes.

Let {e;;,1 <i < N,1 <t < T} be any double index process and Z; be the information set
available at time ¢. For each ¢, suppose that F(e;|Z;—1) = 0 and Var(e;|Z;_1) = X, where 3,

is an N x N non-negative definite matrix whose elements are uniformly bounded. In addition,

let wy = (wig,...,wne), 1 <4< N,1 <t <T, be a non-stochastic weight vector. For any ¢,
{w.} satisfies the following granularity conditions as N — oc:
[well = O(N~V2), (3)
T =OWTY2) forany j, 1< < N, (4)
Wi
where || - || denotes the Euclidean norm.

Definition 2.1. (Weak and strong cross-sectional dependence, Chudik et al. (2011)). The
process {e;,1 <i < N,1 <t < T} is said to be weakly dependent at a given point in time ¢
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conditional on Z;_1, if for any sequence of weight vectors {w;} satisfying (3) and (4) we have
lim Var(wje;|Z;—1) = 0.
N—00
{eit,1 <i < N,1 <t < T}issaid to be strongly dependent at a given point in time ¢ conditional
on Z;_1, if there exists a sequence of weight vectors {w;} satisfying (3) and (4) and a constant

K independent of N such that for any N sufficiently large
Var(wye;|Z;—1) > K >0

as N — oo.

Let A\pmaz(A) be the maximum eigenvalue of A. Chudik et al. (2011) further show that
(i) {es} is weakly dependent at a point in time ¢, if A\,4.(2;) is bounded in N, and (ii)
{eit} is strongly dependent at a point in time ¢, if and only if for any N sufficiently large,
N\ naz(E¢) > K >0as N — oo.

In the following section, we will see that the spatial correlation and the cross-sectional

dependence introduced by factor structure are weakly and strongly dependent, respectively.

83 Linear panel data models with cross-sectional dependence

In this section, we survey the existing literature for estimation of linear panel data models
with cross-sectional dependence. We first focus on the SUR method which is appropriate for
small N and large T" panels. Then we discuss the spatial and factor approaches when the SUR
method can not be used.

3.1 SUR approach

When N is fixed and T" — oo, cross-sectional dependence can be modeled using the SUR

approach proposed by Zellner (1962). Specifically, consider the following model
Yit = i + X3, 0i + e,

where «; is an individual-specific effect, §; is a p x 1 vector of unknown coefficients, and
X;; is a p X 1 vector of explanatory variables on the ith cross-sectional unit at time ¢. The
regressors satisfy the strongly exogenous condition; that is, E(e;|Xq,...,Xp) = 0, where
X = (X1t,-.-,%xnt)’. The SUR approach results in a feasible generalized least squares (FGLS)
estimator in which OLS is conducted to each individual-specific equation to get consistent
estimators of {3}, at the first stage. The estimators of {3;}}¥, are then used to compute
the residuals {é;: }1<i<n,1<t<7 which are employed to estimate the covariance between units 4
and j using % Zle é;t€j:. At the second stage, the coefficient estimators are obtained using
generalized least squares with the inverse of the estimated covariance matrix as a weighting

matrix. The iterative procedure may then be continued until the coefficient estimators converge.
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3.2 Spatial approaches

When N > T, it is well known that the SUR approach can not be used. One of the major
approaches to modeling cross-sectional dependence in panel data models is the spatial method,
which was developed mainly for cross-sectional regression models; see, for example, Anselin
(1988), Kelejian and Prucha (1999) and Anselin et al. (2008). The correlation among different
individuals in the spatial approach is captured by means of a so-called spatial weights matrix,
W = (w;;) nx N, whose specification is often ad hoc. According to the “first law of geography”
of Tobler (1970), that is, “Everything is related to everything else, but near things are more
related than distant things”, in practice, the spatial weights matrix is typically pre-specified
by geographical factors such as contiguity or distance. In economic applications, more general
“economic distance” are often adopted to set the spatial weights matrix as well (see Conley
(1999) and Conley and Topa (2002)). By convention, w;; = 0 for all 4, which indicates that the
“distance” between unit ¢ and itself is zero. Moreover, W is often row-normalized so that the
sum of each row is 1. In general, W satisfies the following uniformly boundedness condition

(see Kapoor et al. (2007) and Lee (2007))
N

N
maXN_Zl |wij| <M and j:nllfl.).(,NZ |w;j] < M for some constant M > 0. (5)
j:

=l i=1
The dependence relation among cross-sectional units captured by W may pertain to different
components in regression models, such as the dependent variable, the explanatory variables and
the error terms, via the so-called spatial lag operator which creates a weighted average of the
neighboring observations. According to the specific form of the spatial variables, two classes
of specifications for spatial panel models can be distinguished: the spatial error panel models

(SEM) and the spatial autoregression panel models (SAR).

3.2.1 Spatial error panel models

According to Elhorst (2003), a spatial error panel model can be specified as follows:

yi =XeB+a+ ¢, ¢ = pWey + e, E(ey) =0, E(gie}) = oIy,
where y; = (y1t,-.-,ynt)s Xe = (X1¢,.-.,%Xn¢t)’, ¢ and €; can be defined accordingly, o =
(a1,...,ay)" is the vector of individual-specific effects, Iy is the identity matrix of dimension
N and p is the spatial autocorrelation coefficient. Thus, a spatial error panel model applies
the spatial lag operator to the error terms. If condition (5) holds, it is obvious that the largest
eigenvalue of the covariance matrix of ¢; is bounded in N, which implies that the cross-sectional
dependence among error terms is weak.

If elements in « are treated as fixed effects, the SEM model with fixed effects can be
estimated by maximum likelihood estimation (MLE). First, y; and X; are demeaned to get rid
of the fixed effects. Then, the log-likelihood function is set up as follows

In L(y|p, 0%, B) = _NT In(2mo?) + Ti In(1— pA;) — 1 ié@ét, (6)
2 i=1 202 t=1
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Where ét = (IN — pW)[yt — }_’ — (Xt — X)ﬁ], }_’ = (Y1.7 N ,yN.)/, X = (_/1'7 e ’XQV.)/’ Y. =
T Zthl yit, Xi. = + Zthl x;; for all i, and {\;}}V, are the eigenvalues of W. An iterative
two-stage procedure has to be used to maximize (6), since at the first stage, the closed-form

expressions of 3(p) and 62(p) can not be derived; see, for example, Elhorst (2010) for details.

3.2.2 Spatial autoregression panel models

A spatial autoregression panel model incorporates a spatially lagged dependent variable as
an explanatory variable in the regression specification and it can be rewritten as
yi =Wy, + X8+ a+e;, Eley) =0, E(eel) = 0?1,
where ¢ is often called the spatial autoregressive coefficient.!

Similar to SEM models, the MLE can be applied to estimating SAR models with fixed
effects. Consider the following log-likelihood function

NT Al 1«
5 In(270?) + T E In(1—0X;) — 292 E Ert, (7)
t=1

i=1

In L(yl|6, 0%, B) =

where &; = (Iny —6W)(y: —y) — (X; —X)3. A simple two-stage procedure suffices for estimating
the unknown parameters. Specifically, in the first step, the closed-form expressions of B (6) and
62(8) can be obtained by maximizing (7) with respect to 8 and o2. In the second step, we
substitute 3(5) and 62(6) into (7) and get the concentrated log-likelihood function. We then
maximize this function with respect to § which yields the MLE estimator of 4.

The reader is referred to the papers by Elhorst (2003, 2010) for estimation of SEM and SAR
models with random effects.

3.2.3 Further developments

If the number of cross-sectional units is large, the MLE involves substantial computational
issues. Kapoor et al. (2007) introduce a generalized moments (GM) procedure and develop an
FGLS estimator for a SEM panel model with error components disturbances. They show that
the FGLS estimator is consistent and asymptotic normality when T is fixed and N — oo.

Lee and Yu (2010a) study a spatial panel data model with fixed effects which incorporates
spatial autoregression and spatial error structures simultaneously with possible different spatial
weights matrices for these two components. They show that the MLE estimator of variance
parameter (0?) is inconsistent if N is large and T is small. However, if the model also includes
time effects, all parameters are inconsistently estimated using MLE even when both NV and T
are large. Instead, they propose a data transformation approach and establish consistency and
asymptotic normality of the quasi-maximum likelihood estimators (QMLE) for either large N
or large T.

All the aforementioned models are static panel data models. There has been increased

interests in estimation of spatial dynamic panel data models over the past decade. Yu et al.

'Tn both SEM and SAR models, stationarity requires that 1/Apmin (W) < p < 1/Amaz(W) and 1/Apin (W) <
0 < 1/Amax (W), where, similar to the definition of Ajnaz(A), Amin(A) denotes the minimum eigenvalue of A.
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(2008) consider a dynamic SAR panel data model with fixed effects which includes individual
time lags (that is, y;—1) and spatial time lags (that is, Wy;_1). They investigate the asymptotic
properties of QMLE for their model when both N and T are large. Moreover, Lee and Yu (2010b,
2014) extend this study to include time effects, where, in Lee and Yu (2014), a generalized
method of moments (GMM) is developed. Su and Yang (2015) propose QMLE for a dynamic
SEM panel data model when N is large and T is fixed. Both the random effects and fixed
effects are considered in their model. The reader is referred to the paper by Lee and Yu (2010c)
for more details about recent developments in spatial panel data models.

With regard to robust inference for spatial panel data models, there is a rich literature on
estimation of covariance matrix which accounts for spatial correlation. In particular, recently,
Bester et al. (2016) extend the time series fixed-b approach of Kiefer and Vogelsang (2005) to

allow for spatial dependence.

3.3 Factor approaches

The spatial correlation is not the only pattern of cross-sectional dependence. For example,
in macroeconomics, common shocks (e.g., financial crises, oil price shocks, technological shocks)
may affect all cross-sectional units and thus cause cross-correlation. Factor approach, which
assumes that the error terms contain a finite number of unobserved common factors that influ-
ence each individual, is widely used to model cross-sectional dependence of this kind. When N
is large and T is small, Ahn et al. (2001) consider a linear panel data model with time-varying
individual effects which are, in essence, a factor structure. They propose a number of GMM
estimators that utilize the first- and second-order moment conditions implied by exogeneity of
the regressors and by homoskedasticity and nonautocorrelation of the error terms. Bai (2003)
develops an inferential theory for pure factor models of large N and T based on the principal
components analysis (PCA) estimator. The recent literature mainly focuses on the estimation
of the slope coefficients of regressors in linear panel data models with multifactor error structure
when both N and T are large. For example, Pesaran (2006) provides the common correlated
effect estimator (CCE) and Bai (2009) proposes the interactive fixed effects estimator (IFE),
respectively.

3.3.1 CCE estimation

Pesaran (2006) considers the following heterogeneous panel data model
yir = aldy + Bixie + e with ey = vif + &4, (8)
where d; is an m x 1 vector of observed common factors which may include intercepts or seasonal
dummies, and f; is an 7 x 1 vector of unobserved common factors. Chudik et al. (2011) show
that the process {e;:} is strongly dependent across .
In general, regressors and unknown factors can be correlated. Simply regressing y;; on X;¢
leads to inconsistent estimation. The rationale of the CCE estimation is to replace (approxi-
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mate) the unobserved factors f; with observed variables. To this end, let
xit = Ajd; + Tif; + vir, (9)
where A; and I'; are m x p and r X p factor loadings of x;;. Combining (8) and (9) yields

Yit o) + BiA] v + BiT; it + Bivie
i — — 3 3 3 d Jr K2 7 3 f Jr 2
Zit < Xit > < A; t F; ¢ Vit

The weighted cross-sectional average of (10) leads to

Zwt = Blyd; + C £ + Uy,

where Z,,; = Zfil w;Zi; with some weights {w;}¥; and B,,, C.,, U, are defined accordingly.
Therefore, if
rank(C,) =r<p+1, (11)
we have, for each ¢,
f, — (CC)'C(zy: — Bl,dy) 20, as N — o0 (12)

by the law of large numbers under certain regularity conditions, where C = plim C,,. (12)

N—o00
implies that f; can be approximated by a linear combination of z,; and d;. Thus, §; can be

consistently estimated by considering the following working model

Yir = BiXit + Ui hue + €5y, (13)
where h,,; = (d},z,,,)". The CCE estimator of the individual slope coefficients is given by
Bi = (XIM,X,) ™' XMy, (14)
where Xz = (Xila ce 7XiT)/a yYi = (yil; .. .,yiT)l7 Mw = IT — I:Iw(ﬁ;)ﬂw)_lﬂiv and I:Iw =
(hyt, ..., hyr)'. If B; = B for all i, efficiency can be achieved by pooling all observations over
the cross-sectional units. Such a pooled CCE (CCEP) estimator is given by
A N 1N
Pecep = [Z wXMX; | > w XM,y (15)
i=1 i=1

Pesaran (2006) shows that, under some general conditions, Bi and BCCEP are VT and VNT
consistent, respectively, and both estimators are asymptotically normally distributed, provided
that the rank condition in (11) is satisfied; see Theorems 1 and 4 in Pesaran(2006).

3.3.2 IFE estimation

When 8; = 8 and «; = 0 for all i, the model setup in (8) corresponds to the model in
Bai (2009), where the term “interactive fixed effects” is employed to indicate that f; and ~;
enter into the model multiplicatively. Instead of filtering unobserved common factors by cross-
sectional average of observed variables as in Pesaran (2006), Bai (2009) proposes to estimating
the factors and factor loadings together with the structural parameter 5 using PCA, which
requires a priori knowledge of the number of factors. Specifically, let F = (fy,...,fr)" and
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I'=(y,...,7~n) , which satisfy
F'F/T =1,, and I'T = diagonal.
Define
My = Iy — F(F'F)"'F = I — FF//T.

Then, the estimator (B , f‘) is the solution of the set of nonlinear equations

N N
B = (Z XiMpX;)™! ZX;Mﬁ*Yi
i=1 i=1

and
N

Z(YZ' —XiB)(y: — XiB)' | F = FVyr,

=1
where V7 is a diagonal matrix which consists of the r largest eigenvalues of ﬁ Zﬁl(yi —

1
NT

X; B) (yi—X; B)’ arranged in decreasing order. Therefore, given F', one can estimate (3, and given
3, one can estimate F. The solution (B, f‘) can be simply obtained by an iterative algorithm.
Bai (2009) shows that, under some regularity conditions, Bis VNT consistent and is asymp-
totically normally distributed. However, the limiting distribution will not be centered at zero
when correlation and heteroskedasticity of £;; present in both dimensions. Furthermore, the
zero mean asymptotic distribution can be achieved when there is no heteroskedasticity and

correlation is absent in at least one dimension; see Theorems 2 and 3 in Bai (2009) for details.

3.3.3 Further developments

The CCE approach has gained a lot of attentions during the last a few years, which does
not require a priori knowledge of the number of unobserved common factors and leads to a
simple OLS estimation of an augmented regression. A number of papers has extended the
CCE type estimators in several dimensions. For example, Pesaran and Tosetti (2011) show the
consistency and asymptotic normality for the CCE estimators of the slope coefficients when
{eit} in (8) are generated by a spatial process. Kapetanios et al. (2011) extend the analysis of
Pesaran (2006) to the case where the unobserved common factors are integrated of order 1. By
distinguishing among the concepts of weak, strong and semi-strong common factors based on
Definition 2.1, Chudik et al. (2011) study the CCE estimation of slope coefficients when the
errors consist of a finite number of strong factors and an infinite number of weak and/or semi-
strong factors. Westerlund and Urbain (2013) show the inconsistency of the CCEP estimator
when factor loadings 7; in (8) and I'; in (9) are correlated. Finally, Harding and Lamarche
(2011) introduce endogeneity into model (8) and (9) by allowing &;; and v;; to be correlated,
and develop a two-step instrumental variables CCE estimation procedure for the homogeneous
slope coefficients.

In some empirical studies, researchers may also be interested in the estimation of latent
factors and their loadings. However, both of them are treated as nuisance parameters in the CCE
approach. In order to extract the information about factor structures, a two-step procedure is
proposed by Castagnetti et al. (2015), in which the first step is to estimate the slope coefficients
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using the CCE estimator, and then the second step is to compute the residuals to which the
PCA is applied to obtain the estimators of factors and loadings. Greenaway-McGrevy et al.
(2012), instead, try to uncover the conditions under which factor estimates using PCA can
be used to replace the common factors without affecting the limiting distribution of the slope
coefficients. They find that T/N — 0 and N/T3 — 0 are sufficient for this replacement under

some regularity conditions.

Also, Everaert and Groote (2016) extend the analysis of Pesaran (2006) by investigating
the asymptotic properties of the CCEP estimator in a dynamic panel data setting. They point
out that the CCEP estimator is no longer consistent for N — oo and fixed T, and derive
the asymptotic bias of the CCEP estimator in the case of dynamic homogeneous panel data
models. Chudik and Pesaran (2015) propose a dynamic CCE estimation approach for the
following heterogeneous dynamic panel data model with weakly exogenous regressors

Vit = Oy + OilYig—1 + BoiXie + BliXi—1+ e with ey = vify + €4,

Wit

( it ) = i + Viyi -1 + Dify + vy,
8it

where a; and a,,; are individual-specific fixed effects, x;; is p, x 1 vector of regressors, g;; is pyx 1
vector of additional covariates that are affected by the same set of unobserved common factors,
Y5 1s a (py + pg) x 1 vector of unknown feed-back coefficients that can be used to distinguish
between strictly (¥; = 0) and weakly exogenous regressors. Performing similar procedure as in

Section 3.3.1, Chudik and Pesaran (2015) show that under some general conditions,

Yit = i + ili—1 + BhiXie + B Xi—1 + 01(L)Zwt + €5 + Op(N71/2),
where 6;(L) = >, St LY, Zst = (Yoot Xy Bly)| = Zf\il w;z;t and z;¢ = (Yir, X}y, 81)', provided
that the number of cross-sectional averages is at least as large as the number of unobserved
common factors. This result indicates that a sufficient number of lags of cross-sectional averages
Z,¢ must be included in the augmented regression. Therefore, the dynamic CCE estimator of

;i = (¢, By, B1;) 1s obtained by considering the OLS estimation of the following augmented

regression
kr
* / !/ ! = *
Yit = Oy + GilYit—1 + BoiXit + friXie—1 + E 0i1Zw,t—1 + €5y
1=0
where k7 is the number of lags. Define
!/ !/ =/ =/ =/
Yikr Xikr+t1  Xikp L Zy o1 Zwgr - Zip,1
! ! =5/ =/ =/
— Yikr+1 Xjkrt2 Xjkptl - L Zyprdo Zypptr - Zoy,2
=; = . . ) Qw = . . )
/ / =/ =/ =/
Yi,r-1 X X;r-1 1 Zw,T Zyor-1 o Ly T ky

and
Mq =Ir—k, — Qw(Q;;Qw)-i_Qiu
where “+” denotes the Moore-Penrose generalized inverse. A routine computation gives rise to

o _—NT =\ — 1=/ N
i = (E;ME;) " E:M,y;,
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where y; = (Yi kp+1, Yi kp+2; - - -, Yi,7)’- The estimator of 7(= E(m;)) is given by

i 1o

T™G = N ; Ty
which is called the mean group (MG) estimator. Chudik and Pesaran (2015) show that #; and
Tame are consistent estimators of 7; and 7, respectively, provided that the (p,+pg+1) X r matrix
C = (E(v), E(T;)) is full of column rank and k3./T — x, 0 < x < oo as (N,T,kr) — oo.
If the rank condition does not hold, 7; is inconsistent, and 7;¢ is still consistent, as long as
f; is serially uncorrelated. Chudik and Pesaran (2015) further prove that 7js¢ is asymptotic
normality as (N, T, kr) — oo such that N/T — x; and k3./T — 2, 0 < x1, x2 < 0o. However,
the convergence rate of ¢ is V/N.

Another practical issue in implementing the CCE approach is related to the rank condition in
(11). Although no information about the number of factors is required when applying the CCE
approach, (11) implies that choosing the number of regressors (p) actually makes restriction on
the number of common factors (r). Indeed, Pesaran (2006) assumes that the slope coefficients

B; follow a random coefficient specification
Bi=pF+uv, v ~IID(0,Q,),

fori =1,2,..., N, where €2, is a symmetric nonnegative definite matrix. The cross-sectional
mean of §;, namely 3, can be estimated by the MG estimator; that is,

. 1 L.

By = ~ ; Bi,
where §; is defined in (14). Pesaran (2006) proves that when the rank condition (11) is not
satisfied, Bi is inconsistent. However, B e is still v/ N-consistent and asymptotically normally
distributed regardless of (11), as long as ; and T'; follow similar random coefficient models as
Bi. Similar result holds for the CCEP estimator if it is used to estimate the expectation of
B;. Unfortunately, if 5;’s are homogeneous (2, = 0), there are no general results available for
the CCEP estimator except for the special case when r = 1; see Theorem 4 in Pesaran (2006).
Indeed, as what Karabiyik et al. (2014) point out, it is not clear from Pesaran (2006) whether
one can permit p+1 < r when €2, = 0 in order to achieve a faster convergence rate. Karabiyik
et al. (2014) show that, if p + 1 < r, the rate of consistency is at best v/N. Furthermore, if
i is non-1ID and/or correlated with T';, then the CCEP estimator for the homogeneous slope
coefficients is inconsistent. Therefore, Karabiyik et al. (2014) propose a combination-augmented
CCE, termed as C3E to overcome the limitation of (11). The idea behind this method is to

augment the regression in (13) with different combinations of {z1¢, ..., zy¢}, where z;; is defined
in (10).

On the other hand, there have also been some papers to extend the work in Bai (2009)
to many dimensions. Recall that Bai (2009) assumes that the error term ¢;; is independent
of regressors x;,, factor loadings v; and common factors f, for all 7,¢,5 and s, which rules
out the possibility of dynamic panel data models, and the number of factors is assumed to
be known. To relax these assumptions, Moon and Weidner (2013) relax the strict exogeneity
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assumption by allowing some of the regressors to be predetermined but still assuming that
the number of factors is known. They propose the Gaussian QMLE of the homogeneous slope
coefficients, denoted as BQ MmrLe. Moon and Weidner (2013) show that ﬁQ MLE 1S consistent as
(N, T) — oo without any restrictions on the ratio N/T. The asymptotic distribution of BQ MLE

2,0 < k < oo and cross-

is derived under additional requirements which include N/T" — &k
sectional independence of {(x;s,€:t),t = 1,2,...,T} conditional on the o-algebra generated by
{(vi,£),s = 1,2,...,N;t = 1,2,...,T}. Tt turns out that BQMLE is asymptotically biased
and there are two sources of the bias. The first is the correlation or heteroskedasticity of the
error terms {e;;}, which has already manifested itself in Bai (2009), and the second is due to
the predetermined regressors. Furthermore, Moon and Weidner (2015) relax the requirement
of knowing the number of factors as priori. They investigate the asymptotic properties of the
QMLE when the true number of factors r is unknown and 7*(> r) number of factors are used
in the estimation. Let this estimator denoted by Ba mrLe- Under some conditions such as the
error terms are IID and follow normal distribution, they derive the asymptotic normality of the

proposed estimator as follows:

VNT(Byye — B) = VNT (Boure — B) + 0,(1)
as (N,T) — oo with N/T — x%, 0 < k < oo, which implies that BZ?MLE has the same limiting
distribution as BonrE-

Song (2013) extends the IFE approach in Bai (2009) to the case of heterogeneous dynamic
panel data models with interactive fixed effects. The estimator ({3;}Y ;, F) can be obtained by
solving the following set of nonlinear equations

Bi = (XMpX;) ' X[ Mgy
and

N
1 5 . .
=1

where V7 is a diagonal matrix which consists of the r largest eigenvalues of ﬁ Zﬁv:l(yi —
X; Bz)(yZ — Xiﬁi)’ arranged in decreasing order. Song (2013) establishes the consistency of B; as
(N,T) — oo. The asymptotic normality with convergence rate VT is also derived under some
additional assumptions including independence of {e;;,t = 1,2,...,T} over i and T/N? — 0.
From the above discussions of two major estimations: CCE and IFE, a natural question
that arises is, for a given application, which method should be used in practice. To answer
this question, it is interesting to note that, Westerlund and Urbain (2015) recently provide a
formal comparison between CCE and IFE by considering “the same data generating process
and the same implementation approach, but different factor estimates”, which implies that
the estimators they consider are not identical to those considered in Pesaran (2006) and Bai
(2009). Therefore, they actually compare the relative merits of two methods of estimating
the unobserved common factors: cross-sectional averages and principal components. As a
result, they remind researchers not to extrapolate too widely the conclusions drawn from their
paper. In sum, they find that, if T/N — 0, these two estimators are asymptotically equivalent.
However, when T/N — x > 0, the performance of the two estimators relies on the value of j.
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IFE is subject to a relatively small bias when 8 = 0. Otherwise, CCE is expected to outperform
IFE.

84 Nonparametric and semiparametric panel data models with
cross-sectional dependence

It is clear that all of the aforementioned methods focus on the linear specification of regres-
sion relationship. However, these simple parametric panel data models may be misspecified,
which possibly results in misleading inference. There exists a rich literature on nonparametric
and semiparametric panel data models which assume independence among cross-sectional units.
To name just a few examples, Cai and Li (2008), Henderson et al. (2008) and Lin et al. (2014)
and the references therein.

The first nonparametric panel data model with cross-sectional dependence, to the best of

our knowledge, is the following model proposed by Su and Jin (2012), given by

yio = gi(xi) +ajde +eir with ey = vifi +eir, (16)

xip = Aldy +Tif + vig, (17)
where g¢;(+) is an unknown continuous function from R? to R, which may assume different form
for different ¢. It is apparent from (8) and (9) that the above model includes the models in
Pesaran (2006) and Bai (2009) as a special case. Su and Jin (2012) propose using a sieve
estimation for the nonparametric heterogeneous functions by extending the CCE approach to
this nonparametric framework. They find that h; = (dj},z})’ can still be used as observable
proxies for f; under regularity conditions, where z; = % Zf\il z;; given in (10). Let {p;(x),l =
1,2,...} denote a sequence of known basis functions employed in sieve estimation. Therefore, for
any given grid point x, g;(x) is approximated by of p® (x), where p* (x) = (p1(x), ..., px(x))
and K — oo as T' — oo. To estimate ay,, the following augmented regression is considered

yir = o p"™ (xit) + ihy + €5, (18)
By rewriting (18) in a vector form, we obtain
yi = piag, + HY; + €7,
where p; = (pi1, - - -, pir)’s Pit = pX(xi) and H = (hy, ..., h7)". It follows that
Gy, = (P;Mp;) " piMy;
and
gi(x) = p" (x)'dy,,

where M = I+ — HH'H)'H'. If g;(-) = ¢(:) for all 4, a similar argument leads to

N TN
by = (ZpéMpz) > P My;
i=1 i=1
so that g(x) = p®(x)'d,. Su and Jin (2012) derive the convergence rate and the asymptotic

normality for both §;(x) and §(x) when both N and T are large. It is well known that a sieve
method is a global approximation which can not well capture the local properties of functionals.
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Huang (2013) also considers the model in (16) with g;(-) = g(-) for all ¢, without imposing
(17) and mainly concentrates on the case where d; = 1 under which the model reduces to
yir = 9(Xat) + i + vife + ar, (19)
where, if correlated with x;;, a; is treated as fixed effect. Following a similar argument as
in Pesaran (2006), Huang (2013) shows that the cross-sectional averages 7 = +; Zfil yi+ and
Xy = % Zf\il x;+ can be used to filter unobserved common factors and proposes to estimating
g(x;t) using a local linear approach to capture the local properties of functionals. Without
assuming % Zi\;l a; = 0, g(+) is not identified. He further shows that g; = % Zthl y:¢+ and
X = = Zle x;+ can be used to filter fixed effects. Based on these facts, Huang (2013) indeed

considers the following oversimplified model with common parameters across 7; that is,
Yir = 9(Xit) + PG + BoXe + Bayi + BiXi + €}y,
and derives the consistency and the asymptotic normality of the local linear estimator of g(-)

whose convergence rate relies on N7 and bandwidth h.

Su and Zhang (2013) consider homogeneous model (19) with o; = 0 and propose using
sieve estimation approach together with the QMLE in Moon and Weidner (2013) to estimate
the nonparametric function g(-). They derive the convergence rate for the sieve based QMLE
estimator, g(-), under some general conditions which are widely used in the literature on panel
data models with factor structure. To establish the asymptotic normality of §(-), they further
impose conditionally cross-sectional independence between (x;;,e:) and (x;s,€;,) for all 4 # j
and all t,s = 1,2,...,T, and conditionally strong mixing of {(x;,&:),t = 1,2,...,T} for
each i, conditional on the o-algebra generated by {(v;,f:),7 = 1,2,...,N;t = 1,2,...,T}.
The asymptotic distribution of g(-) involves a bias term based on what they propose a bias-
corrected estimator for g(-), which is denoted as gp.(+). They also propose a specification test for
the linearity of the functional form by considering the following null hypothesis and sequences

of Pitman local alternatives:
Hy : Prlg(xi) = x;;80] = 1 for some By € RP  versus Hj : g(x;t) = X80 + yn1rA(Xit),
where A(+) is a measurable nonlinear function and vy — 0 as (N,T) — oco. They construct

the test statistic based on the Lo-distance between the linear and bias-corrected estimators,

ie.,

N T
1 5 N 2
vt =57 > [ch(xit) —xyPomre| w(Xi),

i=1 t=1
where w(+) is a nonnegative weighting function. After being appropriately normalized, they
show that I'y7 follows the standard normal distribution asymptotically and has nontrivial
power to detect sequences of Pitman local alternatives that converge to the null at certain rate.
Su et al. (2015) also propose a residual-based test for Hy against H; in panel data models with

interactive fixed effects.

Models given in (16) and (19) are fully nonparametric with respect to g;(-) and g(-), re-
spectively. It is well known that nonparametric estimation suffers the so-called “curse of di-

mensionality” and lacks economic explanations. To overcome this difficulty, some dimension
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reduction models are developed recently. For example, recently, Dong et al. (2015) consider a
semiparametric single-index panel data model which is specified as follows:

yir = 9(x};00) + i + €ir,
where ¢g(-) is an unknown link function. The cross-sectional dependence among {x;;, e} is
characterized using a general spatial mizring structure that integrates the correlation across
individuals and time. Let x; = (x1¢,...,Xn¢) and e; = (e1¢,...,ene)’. The process {(x¢,e;) :
1 <t < T} is assumed to be strictly stationary and o-mixing. Dong et al. (2015) impose the

following conditions on the a-mixing coefficient aij(|t - s|) between {x;;,e;} and {Xjs, €;s}:

N N oo
ZZZ (cuij (t 77/ 4+m) _ O(N), and ZZ (s ( 77/ a+n) _ O(N), (20)
=1 j=1t=1 =1 j=1

where n > 0 is chosen such that E [|e;|*™] < oo and E [[x;[|*T"] < cc. It is to easy to see
that the strength of correlation among both dimensions is controlled by the first equation in
(20), while the strength of cross-sectional dependence at any given time is controlled by the
second equation in (20). Dong et al. (2015) use a single factor model structure to show that
the above conditions are verifiable. However, this requires that 7; converges to 0 at a certain
rate as % increases.

Finally, Cai et al. (2016) consider a varying-coefficient panel data model that g;(x;;) is
replaced by S3;(u;;)'x; in (16), where u;; € R? is a vector of smooth variables. To allow for the
possibility of correlation between u;; and common factors, Cai et al. (2016) adopt the following
fairly general model for both x;; and uy,

Zis = < it ) = Ald, + T, + vy,
Uit
Based on the idea of CCE approach, they show that d; and the cross-sectional average of z;;
can be utilized as observable proxies for f;, provided that
rank[E(T;)] < p+d.
They study the estimation of both heterogeneous and homogeneous coefficient functions us-
ing local linear estimation approach. For the estimation of §;(-), they consider the following
augmented regression
Yir = Bi(Wie)x;e + 9jar + €7,
where q; = (d}, & ZZ 125,)". Then, for any fixed uyp € R, B;(ug) and its first order derivative
ﬁi( )(uo) can be estimated by 2

A% _ Bl u
Bi(uo) = (hB(l()((;A)o)>

T 2
_ - (Bt T Yoy A ) o
= arg Ig}gl; |flht (th7xzt( h ) ( b ) 19zqt‘| kh(ult Uo),

2For ease of notation, Cai et al. (2016) only consider the case d = 1. They point out that extension to the
case d > 1 involves no fundamentally new ideas and models with large d are not practically useful due to “curse
of dimensionality”.
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where h is the bandwidth, &(-) is a kernel function and kj(-) = k(-/h)/h. Note that the above
local linear estimator can be viewed as the OLS estimator of the working linear model
K2 (u0)ys = KU (1o)X (o) + K7 (10) Q0 + K17 (o)
where K; 5, (uo) = diag(kn(u;1 —uo), .. ., kpn(wr — uo)), Xi is the T x 2p matrix whose t-th row
is (x},, xj; (*42)), and Q = (qu,...,qr)". Let
Mi(uo) = Ir — K/ (u0) QIQ K1 (u0) Q) QK (uo).

By the formula for partitioned regression, one can easily obtain

5 / 1/2 12, o1 gipl/2 1/2

B (o) = [XIK12 (10) Mi (o)K7 () X | XIK L7 (o) My o) K[ (o)
By the same token, Cai et al. (2016) propose a CCEP type estimator for the homogeneous

coefficient function 3(-) and its derivative, which is given by
A B(uo)
B*(ug) = .
( 0) hﬁ(l) (UO)

— [Zx K, (u0) My (uo) K (u0) X

Cai et al. (2016) show that [3;(ug) and 3(ug) are VTh and V' NTh consistent, respectively, and
both estimators are asymptotic normality when (N,T) — oo at certain rate; see Theorems 4.2
and 5.2 in Cai et al. (2016).

Zx K2 (o) Mi(uo) K, (uo)y:.

More importantly, Cai et al. (2016) propose a novel nonparametric test for a parametric
specification of the homogeneous coefficient function 3(-) against a nonparametric alternative.

Specifically, they consider the following null and alternative hypotheses
Hy: B(u) = Bo(u) versus Hy : B(u) # Bo(u),

where By(u) is an known parametric function of u. They construct the test statistic based on
the integrated squared difference between the parametric specification and varying coefficient;
that is, L = [[B(u) — Bo(u)]'[B(u) — Bo(u)]du. A feasible test statistic can be obtained by
replacing 8(u) with B(u) and replacing 8(u) with a /NT consistent estimate fo(u). After
several steps of simplification, they obtain a test statistic which is of the following form

N N
. 1 » 5
LNT = 7N2T2h E E ViK(ZZ',Zj)l/j,

=1 j£i
Where ZN/Z = (ﬁila .. .,lN/iT)/ = MQ(yZ — f(Xz,U )) Q = IT — Q[Q/Q] 1Q/ (X“U )
(%5180 (wir), - - -, XjpBo(usr))’, and K(z;, z;) is a matrix whose (¢, s)th element is x},x; k(=452 ).

Under certain regularity conditions, they show that (NTh'/ Q)ﬁ N1/ \/‘T/ is asymptotically stan-
dard normal under Hy, where

N N
’ 2 ~9 - 2 — Ujs
:NszhZZ Z Vit”j ltX]S) k ( h é)
i=1 j#i 1<t,s<T
is a consistent estimator of the asymptotic variance of (N Th'/ Z)ﬁ ~T- Also, they establish the
consistency of the test statistic under fixed alternatives.

In other directions, there are also a number of papers in the nonparametric and semipara-
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metric literature to address cross-sectional dependence by directly imposing certain moment
conditions on error terms. For example, Robinson (2012) was the first to consider the following
model

Yit = o + B + e€it, (21)
where «; and (; are individual and time effects, and e;; are unobserved random variables such
that E(e;;) = 0 for all 4,t; E(eiejr) = wy; for all i,4,t; E(eiejn) = 0, # u for all 4, j, ¢, u.
The main interest in Robinson (2012) is to estimating the time trend, which is represented
by B¢, when T is large and N is fixed. Taking cross-sectional average of (21) and imposing
Z?;l a; =0, one can get

Ut = Br + €,

where 7, = N1 Zi\il yir and &, = N1 Zfil e;¢. Robinson (2012) points out that g; is a mean-
square consistent estimator for g if IV is large and the degree of cross-sectional dependence is
limited by

N@oc% Z Zwij < 00. (22)

Unfortunately, (22) does not hold for the multifactor error structure model given in (8), unless
further restrictions are imposed on the factor loadings. Instead of estimating 5; using ¥,
Robinson (2012) treats [3; as a smooth function of ¢; that is, 8; = B(t/T), and estimates 3(-)

using a kernel method.

Chen et al. (2012) extend the work of Robinson (2012) to a semiparametric partially linear

panel data model with cross-sectional dependence,
Yit = X8+ fr + i+ e, and X = gr + Xi + Vit

where f; = f(t/T) and g; = g(t/T) are unknown time trend functions, «; and x; are individual
specific effects that satisfy Zil a; = 0and vazl x:; = 0, respectively. A pooled semiparametric
profile likelihood dummy variable estimation method is developed to estimate § and f(-). To
this end, based on the local linear estimation approach, for a given grid point 7, f(7) and its
first order derivative f()(7) can be estimated by

fa’ () ; o\ / t 2 t—71T
(560 ) = mempE - -o-oms (f-)] 2 ()

=1 t=1
for given a = (aa,...,ay)" and 8. Then, aandﬁcan be estimated by
2
" .t
&,p5) = arg min [1 X — i — fa }
@5 g min 2;21 yir = Xi, 3 foup(5)

For the purpose of deriving the asymptotic properties of 3 and f (1), Chen et al. (2012) impose

the following moment conditions on {v;;}, which allow for cross-sectional dependence,

N S
NZE VitViy) = ZZ%Z] O(N), and FE ZV“

= O(N%/?)
i=1 j=1 i=1

as N — oo, where ¥, is a positive definite matrix and 7, (i,7) = E(vi1v];) +2 372, E(vavy,).
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Similar conditions are also imposed on {e;;}. Under fairly general conditions, Chen et al. (2012)
show that 3 is asymptotic normality and achieves v/ NT convergence rate as both N and T tend
to infinity, while the local linear estimator of the trend function is also asymptotically normally
distributed with a v/ NTh convergence rate.

85 Conclusion

Since the pioneer papers by Pesaran (2006) and Bai (2009) on panel data models with cross-
sectional dependence, both linear and nonlinear (nonparametric and semiparametric) panel data
modeling with cross-sectional dependence has become an integral part of research in economet-
rics. The literature is already vast and continues to grow swiftly, involving a full spread of
participants for both econometricians and statisticians and engaging a wide sweep of academic
journals, including some top economics journals. The field has left indelible mark on almost
all core areas in econometrics. The popularity of this field is also witnessed by the fact that
graduate students and young researchers in economics, finance, mathematics, and statistics are
expected to take courses in this discipline or the like and review the important research papers
in this area to search for their own research interests, particularly dissertation topics for doctor-
al students. On the other hand, this area also has made an impact in the applied economics and
financial economics. We hope that this selective review has provided the reader a perspective
on this important field in econometrics and statistics and some open research problems.

Finally, we would like to point out some interesting and challenging future research topics in
this field. For panel data models with cross-sectional dependence, it assumes commonly that T is
large so that for each individual, regressors x;; may be possibly nonstationary such as integrated
processes and trending stationary as in (22) considered by Chen at al. (2012). Therefore, a
variety of panel data models with cross-sectional dependence when regressors are integrated are
still open. These can be regraded an extension of the papers for functional coefficient time series
models by Cai et al. (2009) and Sun et al. (2013) and time varying coefficient models in Cai and
Wang (2014) and Cai at al. (2015) when regressors are integrated. Secondly, although there
are some testing procedures available in the literature on testing whether the cross-sectional
independence holds for real applications, as mentioned earlier, the misspecification test issues as
in Su and Zhang (2013) and Cai at al. (2016) are of great importance in economics when panel
models are applied to the real applications. Therefore, more research on hypothesis testing is
in demand. Finally, the other type models for panel data with cross-sectional dependence such
as quantile regression models as in Cai et al. (2015) are deserved for an investigation in the

future.
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