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Abstract 
This article proposes a generalized conditional autoregressive expectile model, including autoregres
sive components in assessing tail risk, which can be treated as an infinite version of the conditional 
autoregressive expectile model proposed by Kuan, Yeh, and Hsu (2009) and can be implemented as a 
vehicle for estimating the CAViaR model proposed in Engle and Manganelli (2004) and studied by Xiao 
and Koenker (2009). Due to the unobservable latent components in the proposed model, the quasi- 
maximum likelihood estimation method is suggested and a HAC covariance matrix estimator is 
proposed. Furthermore, a dynamic expectile test is proposed for both in-sample model adequacy eval
uation and out-of-sample forecasting for comparison purposes. Finally, Monte Carlo simulations and a 
real example are conducted to illustrate that the proposed methodology is practically useful. Our em
pirical study demonstrates that the tail risk characterized by the proposed model achieves a better per
formance in the period of the Covid-19 epidemic.
Keywords: conditional autoregressive expectile model, COVID-19 pandemic, dynamic testing, expectile model
ing, quasi-maximum likelihood estimation, tail risk
JEL classifications: C32, C51, C58, G17

Assessing tail risk is one of most important tasks in financial risk management. Due to the 
recent outbreak of the Covid-19 epidemic, how to capture downside risk exposures is a big 
demanding task not only for financial institutions and regulators but also for academic re
search. The commonly adopted risk measure Value-at-Risk (VaR), the quantile of a portfo
lio loss distribution, which evaluates the potential maximum loss for a specified probability 
level, has been criticized to provide a too conservative risk measure in the case of the occur
rence of catastrophic events, because a quantile based risk measure focuses on the probabil
ity of the occurrence of extreme losses but by nature, is insensitive to the size of extreme 
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losses. By rectifying the undesirable property of VaR, an alternative risk measure expectile 
has recently received increased attentions in the literature of financial risk management.

Expectile, first introduced by Newey and Powell (1987), is a risk measure based on the 
minimization of asymmetrically weighted mean square errors. Contrary to a quantile based 
risk measure using an absolute loss function in the check function, expectile is sensitive to 
the magnitude of extreme losses owing to the adoption of a quadratic loss function. In ad
dition, expectile has more desirable properties among alternative risk measures. For in
stance, the expectile is a coherent risk measure as in Artzner et al. (1999), satisfying 
properties of translation invariance, sub-additivity, positive homogeneity and monotonic
ity, while the VaR is lack of the sub-additivity property, which violates the principle of di
versification in risk management. Compared to another coherent risk measure expected 
shortfall (ES), Gneiting (2011) showed that the ES does not enjoy the desirable property of 
elicitability, which is proven to be correlated to backtesting as in Embrechts and Hofert 
(2014) and Ziegel (2016). The reader is referred to the recent survey paper by Tian, Cai, 
and Fang (2019) for more details about the properties of these risk measures.

In response to the aforementioned desirable properties of expectiles, an increased num
ber of conditional expectile models have been developed in the literature in recent years. 
For example, Kuan, Yeh, and Hsu (2009) proposed a class of conditional autoregressive 
expectile (CARE) models, in which positive and negative lagged returns are allowed to cap
ture asymmetric dynamic effects on tail expectiles. Furthermore, using one-to-one relations 
among quantile, expected shortfall and expectile, Taylor (2008) considered using CARE 
models to estimate both VaR and ES. By assuming that the error term follows an asymmet
ric normal distribution, Gerlach and Chen (2016) and Gerlach, Walpole, and Wang (2017)
proposed the CARE-R and CARE-X models by incorporating realized ranges and realized 
volatility into tail risk forecasting, respectively. To better capturing time-varying features 
of conditional expectiles, Xu, Mihoci, and H€ardle (2018) utilized a local parametric ap
proach to study the parameter instability of tail risk dynamics. Using nonparametric esti
mation, Xie, Zhou, and Wan (2014) introduced a varying coefficient expectile model, 
while Cai, Fang, and Tian (2018) proposed a partially varying coefficient expectile model, 
in which some coefficients are allowed to be constant but others are allowed to vary with 
other random variables. More recently, Jiang, Hu, and Yu (2022) proposed a single index 
expectile model to estimate both conditional VaR and ES. Further, Daouia, Girard, and 
Stupfler (2018, 2020), Daouia, Gijbels, and Stupfler (2019), and Xu, Hou, and Li (2022)
investigated the expectile models in the extreme tails. Other related literature on expectile 
models includes, but not limited to, Bellini and Di Bernardino (2017), Zhang and Li 
(2017), Mohammedi, Bouzebda, and Laksaci (2021) and the references therein.

In this article, we propose a generalized conditional dynamic expectile model by specify
ing autoregressive components of lagged expectiles in the model, termed as a generalized 
conditional autoregressive expectile (GCARE) model. Compared to the model in Taylor 
(2008) for allowing one autoregressive expectile in the CARE model, our GCARE model is 
general enough to handle more autoregressive components of expectile and lags of covari
ates. Following a similar idea of the conditional autoregressive Value-at-Risk (CAViaR) 
model by Engle and Manganelli (2004), we expect the addition of lagged expectiles to not 
only better capture the dynamic effects in return distributions but also provide a parsimoni
ous model since the GCARE model can be transformed into a CARE model with infinite 
dimensions. Clearly, the GCARE model not only allows for dynamic effects of lagged 
returns on conditional expectiles as the CARE model does, but also allows for the evolu
tion of expectiles over time.

However, the inclusion of the autoregressive expectiles brings new challenge to the 
model estimation. The estimation approach used in the CARE models cannot be directly 
employed since the expectile autoregressive components are not observable at time t. 
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Instead, we propose a quasi-maximum likelihood method to estimate the GCARE model 
using an iterative estimation procedure. Furthermore, model specification tests for condi
tional autoregressive expectile models are still less developed. To the best of our knowl
edge, the paper by Kuan, Yeh, and Hsu (2009) is the only work in the literature to consider 
an encompassing test to judge model adequacy between two given non-nested expectile 
models. However, this test cannot be directly applied, when lagged expectiles are included. 
To fill this gap, we propose dynamic expectile (DE) tests, which can serve as a valuable ad
dition to the traditional toolkit in this area. To be specific, the in-sample test can be imple
mented as a model specification test for model selection purposes, and the out-of-sample 
test can be used to compare forecasting performances between competing expectile models. 
Finally, we apply our GCARE model to a portfolio insurance strategy for the S&P 500 in
dex from March 2018 to December 2022, which includes the period of the Covid-19 epi
demic. To guarantee a minimum portfolio value, which is called a floor, at the end of a 
given time horizon, the strategy needs to determine a proportion of the total portfolio value 
invested in risky assets, which is called a multiple, and the remaining part in risk-less assets. 
We apply the CAViaR model, the variants of the CARE models and our GCARE models to 
estimate the multiple, which represents the leverage of the portfolio risk exposure. The tail 
risk characterized by the GCARE model achieves a better performance, particularly in the 
period of the Covid-19 epidemic and the detailed analysis is given in Section 5.

The main contributions of this paper are outlined as follows. First, we propose the 
GCARE model, which offers enhanced flexibility to accommodate more autoregressive 
components and lags of covariates. Notably, Taylor’s (2008) CARE models are a special 
case of GCARE(p, q), when both p and q equal 1. Moreover, we also provide an EBIC to 
facilitate the selection of the parameters p and q within the GCARE models. Furthermore, 
the asymptotic theory of the GCARE model is derived, which permits the constructing of 
model specification test as well as the prediction evaluation method. Also, the in-sample 
DE test and out-of-sample DE test are proposed. The in-sample test serves as a model speci
fication test for model selection purposes, while the out-of-sample test can be utilized to 
compare forecasting performances between competing expectile models. Finally, empirical 
studies have demonstrated that GCARE(p, q) models, particularly for p;q>1, exhibit su
perior performance. For example, in Section 4.2, we have shown that second order expect
ile lag component is highly significant and that GCARE(p, q) models outperform GCARE 
(1,1) model for both in-sample DE test and out-of-sample DE test considering the p-value 
of the test statistics. In Section 4.3, our findings indicate that GCARE(p, q) models outper
form alternative models based on the returns and Sharpe ratio of time invariant portfolio 
protection (TIPP) based portfolios.

The rest of this article is organized as follows: Section 1 introduces the GCARE model 
and its estimation procedure. Section 2 investigates the asymptotic properties of the pro
posed QMLEs, the heteroskedasticity and autocorrelation consistent (HAC) covariance 
matrix, and dynamic expectile tests. Monte Carlo experiments and empirical analysis 
results of a real data example are reported in Sections 3 and 4, respectively. Section 5 con
cludes the article. All technical proofs are deferred to Appendix with the detailed proofs of 
some lemmas given in the Supplementary material.

1 GCARE Model
1.1 Model Setup
Assume that Yt;Xtf gt2Z is a sequence of strictly stationary random variables, where Yt is a 
scalar variable of interest and Xt is a k-dimensional vector of covariates, which is allowed 
to include lagged values of Yt, Z denotes the set of integers. Let F t ¼ σ Ys;Xsð Þ; s≤ t −1

� �

be the information set (σ-field) available at time t, H F tð Þ be the Hilbert space consisting of 
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those random variables which are measurable with respect to F t, and eτ Wt;θ0;τð Þ denote 
the τth conditional expectile of Yt given Wt, where Wt 2H F tð Þ is a vector of random varia
bles and θ0;τ is an unknown parameter in the parameter space Q. Note that Wt is allowed 
to include both covariates Xt and some lags of latent variable et;τ θ0;τð Þ. The τth conditional 
expectile of Yt given Wt is then defined as 

et;τ θ0;τð Þ ¼ eτ Wt; θ0;τð Þ ¼ arg min
u2R

E Qτ Yt − uð ÞjWt
� �

;

where Qτ uð Þ ¼ jτ − I u≤0ð Þju2, which, as pointed out by Newey and Powell (1987), is con
tinuously differentiable in u, and I �ð Þ denotes an indicator function. Note that the minimi
zation problem is well defined for E jYtjð Þ<1. This paper considers a class of 
GCARE p;qð Þmodels as follows: 

et;τ θ0;τð Þ ¼ α0;τþ
Xp

i¼1

α>i;τXt − iþ
Xq

j¼1

βj;τet − j;τ θ0;τð Þ ¼ α0;τþA Lð ÞXtþB Lð Þet;τ θ0;τð Þ; (1) 

where θ0;τ ¼ ðα0;τ;α>1;τ . . . ;α>p;τ;β1;τ; . . . ;βq;τÞ
>
2 Rkpþqþ1 with p≥0, q>0, et − j;τ is the jth 

lag of et;τ, AðLÞ ¼
Pp

i¼1 α>i;τLi, and BðLÞ ¼
Pq

j¼1 βj;τLj with L denoting a lag operator. For 
ease of notation, in what follows, τ is dropped from θ0;τ, αi;τ for 0≤ i≤p and βj;τ 
for 1≤ j≤q.

Note that p in GCARE p;qð Þ refers to the order of lags of covariates Xt, and q means the 
order of the expectile lags. If model (1) is stationary, then it can be rewritten as 

et;τ θ0ð Þ ¼ α0 1 − B 1ð Þð Þ
− 1
þA Lð Þ 1 − B Lð Þð Þ

− 1Xt ¼ α0 1 −
Xq

j¼1

βj

0

@

1

A

− 1

þ
X1

i¼1

γ>i Xt − i;

which can be considered as an infinite-dimensional CARE model proposed by Kuan, Yeh, 
and Hsu (2009). Clearly, γi for i≥1 in the above equation is obtained from the power series 
expansion of A Lð Þ 1 − B Lð Þð Þ

−1.
First, one can see that model (1) is also general enough to include many other existing 

expectile models as special cases. For instance, when we set p¼ q¼ 1 and Xt ¼ jYt − 1j in 
model (1), it becomes a symmetric absolute value CARE model of Taylor (2008), 

et;τ ¼ α0þ α1jYt − 1j þ β1et − 1;τ:

If p¼ q¼ 1 and Xt ¼ ðYþt − 1;Y
−
t − 1Þ

>, model (1) is restricted to the asymmetric slope CARE 
model of Taylor (2008), 

et;τ ¼ α0þα1;1Yþt − 1þα1;2Y −
t − 1þ β1et − 1;τ;

where vþ ¼max v;0ð Þ and v− ¼max −v;0ð Þ. Moreover, the CARE-R model as in Gerlach 
and Chen (2016) and the CARE-X model as in Gerlach, Walpole, and Wang (2017) are 
obtained simply by defining Xt to be the realized range or the realized measures of volatility 
in model (1), respectively. It is important to acknowledge that the aforementioned CARE 
models, including the CARE-R and CARE-X variants, extend beyond the scope of the 
model framework established by Kuan, Yeh, and Hsu (2009).
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Next, we establish a relation between the linear GARCH model as in Taylor (1986) and 
the proposed GCARE model. Note that the linear GARCH p;qð Þmodel is given by  

Yt ¼ σtεt with σt ¼ α0þ
Xp

i¼1

αijYt − ij þ
Xq

j¼1

βjσt − j; (2) 

where εt is an i.i.d. sequence of random variables with zero mean and unit variance. 
Compared to the linear GARCH model, according to Taylor (1986) and Xiao and 
Koenker (2009), and the references therein, the standard GARCH model is too sensitive to 
extreme values so that the former has been widely adopted to model financial returns. 
Following the idea of Xiao and Koenker (2009), by multiplying both sides of Equation (2) 
by eτ εtð Þ, where eτ εtð Þ is the τth expectile of εt, the τth conditional expectile of Yt at time t, 
et;τ, has the following representation: 

et;τ ¼ �α0;τþ
Xp

i¼1

�αi;τjYt − ij þ
Xq

j¼1

βjet − j;τ; (3) 

where �αi;τ ¼ αieτ εtð Þ for 0≤ i≤p. This is exactly the GCARE p;qð Þ model, which has been 
introduced in the subsection.

A byproduct of model (3) is an ES p;qð Þ model. As discussed by Newey and Powell 
(1987) and Taylor (2008), we can find the qt;η satisfying et;τ ¼ qt;η with qt;η denoting the 
conditional quantile of Yt at a probability level η corresponding to τ, then a link between 
expectile and ES can be formulated in the following expression: 

ESt;η ¼ 1þ
τ

1 − 2τð Þη

� �

et;τ −
τ

1 − 2τð Þη
E Ytð Þ;

where ESt;η is the ηth conditional ES of Yt. If E Ytð Þ ¼ 0, it can be simplified to 

ESt;η ¼ 1þ
τ

1 − 2τð Þη

� �

et;τ;

which clearly provides an easy way to estimate the conditional ES via GCARE.

1.2 Estimation Procedure
Similar to estimating conditional quantile models as in Engle and Manganelli (2004) and 
White, Kim, and Manganelli (2015), the QMLE approach can be used to estimate model 
(1) by maximizing the following quasi-likelihood 

QLT;τ θð Þ � T − 1
XT

t¼1

ln ql Yt; et;τ θð Þ
� �

;

where the conditional quasi-likelihood function at time t is 

ql Yt; et;τ θð Þ
� �

¼
2
σ

ffiffiffiffiffiffiffiffiffiffi
π

1 − τ

r

þ

ffiffiffi
π
τ

r !− 1

exp − jτ − I Yt < et;τ θð Þ
� �

j
Yt − et;τ θð Þ
� �2

σ2

( )

;
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which is denoted as an asymmetric normal distribution first used in Gerlach and Chen 
(2016) and Gerlach, Walpole, and Wang (2017). The above maximization problem is 
equivalent to minimizing the following classical asymmetric least squares (ALS) 
loss function, 

LT;τ θð Þ � T − 1
XT

t¼1

wt;τ θð Þ Yt − et;τ θð Þ
� �2

;

where wt;τ θð Þ ¼ jτ − I Yt≤ et;τ θð Þ
� �

j.
As shown above, the ALS function is continuously differentiable, and the second deriva

tive of the ALS function is almost surely continuous. To obtain QMLE, an iterative optimi
zation procedure similar to that in Bollerslev (1986) is called. Define r as the first-order 
partial derivative operators with respect to θ. Let θ ið Þ denote the estimated parameter after 
the ith iteration. Then, θ iþ1ð Þ is calculated as 

θ iþ 1ð Þ
¼ θ ið Þ þ λi

1
T

XT

t¼1

wt;τ θ ið Þ
� �

ret;τ θ ið Þ
� �

r>et;τ θ ið Þ
� �

 !− 1

rLT;τ θ ið Þ
� �

;

where rLT;τ θ ið Þ
� �

and ret;τ θ ið Þ
� �

are evaluated at θ ið Þ, and λi is a variable step length used 
to maximize the likelihood function in the given direction. Finally, θ̂T, the QMLE of the 
given GCARE(p, q) model, is obtained.

Remark 1.  As shown above, the estimation of GCARE models is similar to the 
implementation of GARCH models. Therefore, to ensure estimation accuracy, the 
main part of our computation codes are adjusted based on the source codes from 
the fGarch package in R. Specifically, the Nelder–Mead simplex algorithm and 
quasi-Newton method are used to identify the optimal parameter estimates. See, for 
example, Wuertz et al. (2017) for details.   

1.3 Model Selection
One question of implementing the GCARE models is how to choose the number of lags. 
For the selection of p and q, we adopt the following extended Bayesian information crite
rion (EBIC) based on the form of a penalized log-likelihood as in Chen and Chen (2008)
for mean regression and Lee, Noh, and Park (2014) for quantile setting: 

EBIC p; qð Þ ¼ log
XT

t¼1

Qτ Yt − et;τ θ̂T

� �� �
 !

þ kpþqþ1ð Þ
log T
2T

CT;

where CT diverges to infinity as T grows. Here, to ensure both the model complexity and 
computation efficiency, we set a maximum of p¼ 5 and q¼ 2 in our computations in 
Sections 3 and 4. The optimal model is selected with the minimal EBIC within the set of p 
and q.

2 Asymptotic Theory
In this section, the asymptotic properties for the proposed estimators θ̂T are derived, and 
an HAC covariance matrix estimator and a dynamic expectile test are also proposed.
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2.1 Notations and Assumptions
Now, the assumptions for deriving asymptotic results are listed below. Note that these 
assumptions given in this paper are sufficient conditions but not necessarily the weakest.

Assumption A  (Consistency):

A1. Ω;F;Pð Þ is a complete probability space, and the process Yt;Xtf gt2Z is (strong) 
α-mixing with mixing coefficient α �ð Þ of size − r= r −1ð Þ, with r>1. 

A2. The parameter space Q is compact, and θ0 is an interior point of Q. 
A3. For all t, Wt � h Xt; . . . ;X−1ð Þ :Ω ! Rm, where h �ð Þ is a measurable function. 
A4. For every t, the function eτ �;θð Þ : Wt ! R is measurable, and eτ Wt; �ð Þ : Q ! R is 

twice continuously differentiable almost surely (a.s.). 
A5. (Correct specification) Given τ 2 0;1ð Þ, there exists θ0 2Q which minimizes 

E jτ − I Yt ≤ et;τ θ0ð Þ
� �

j Yt − et;τ θ0ð Þ
� �2

jWt

h i

;

for every t. 
A6. For every θ 2Q and for all t, E½ret;τðθÞr>et;τðθÞ� is of full rank. 
A7. The error term εt;τ � Yt −et;τðθÞ forms a stationary process, and for all t,  

Eðjεt;τj
2rþ ɛ
Þ≤A0<1 with a given r>1, and some positive constants A0 and ɛ. 

A8. For every θ 2Q and for all t, Eðkret;τðθÞk2rþɛ
Þ≤B0<1 with a given r>1, and 

some positive constants B0 and ɛ. Furthermore, for every θ 2Q and for all t, it 
holds that Eðkret;τðθÞεt;τkÞ<1. 

Assumption B  (Asymptotic normality):

B1. For every θ 2Q and for all t, kret;τðθÞk<BðWtÞ, BðWtÞ is some stochastic function 
of variables Wt satisfying EðjBðWtÞj

4þ ɛ
Þ≤B1<1, for some positive constants 

B1 and ɛ. Furthermore, the error term εt;τ forms a stationary process, and for 
every θ 2Q and all t, jεt;τj<AðWtÞ, where AðWtÞ is some stochastic function of 
variables Wt such that EðjAðWtÞBðWtÞj

2rþ ɛ
Þ<B2 with a given r>1, and some 

positive constants B2 and ɛ. 
B2. Define two matrixes VTðθ0Þ ¼ T − 1PT

t¼1
PT

s¼1 E½ht;τðθ0Þh>s;τðθ0Þ� where ht;τðθ0Þ �

wt;τðθ0Þε�t;τret;τðθ0Þ with ε�t;τ ¼ Yt − et;τðθ0Þ and 

DTðθ0Þ ¼ T − 1PT
t¼1 wt;τðθ0Þret;τðθ0Þr

>et;τðθ0Þ. These two matrixes are 
invertible and assume that their inverses are uniformly bounded for θ0. 

B3. 
P1

t¼1 jE½jht;τðθ0Þ−Eðht;τðθ0ÞjF tÞj
2r

2r − 1�j
2r− 1

2r <1. 

Remark 2.  Assumption A1 ensures that the dataset is the realization of an α-mixing 
stochastic process on some suitable probability space. Assumptions A2 is a 
necessary condition for the proof of consistency. With Assumptions A3 and A4, the 
expectile lag components can be included in our model. Assumptions A5–A8 are 
used to establish the consistency of QMLEs, which are same as Assumptions C3– 
C6 in Engle and Manganelli (2004) under the quantile setting. Note that 
Assumptions AN1-AN4 in Engle and Manganelli (2004) is simplified to 
Assumptions B1–B3 and the proof of central limit theory for the functional ht;τ θ0ð Þ

of α-mixing process is provided. Assumption B3 is a necessary condition to 
establish the asymptotics of the measurable functions of infinite α-mixing 
random variables.  
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Remark 3.  Note that Assumption A4 is different from that in Newey and Powell (1987)
and Kuan et al. (2009), in which both assume a correct specification condition, 
E½jτ − IðYt≤ et;τðθ0ÞÞjðYt − et;τðθ0ÞÞ

2
j F t�, implying that fwt;τðθ0Þε�t;τg is a martingale 

difference sequence. However, in our setting, the process fYt;Xtgt2Z is instead strong 
mixing. In Assumption A3, Wt is defined as the measurable function of Xt and its 
lagged values. In other words, the HAC covariance matrix estimator is needed here.   

2.2 Asymptotic Properties
The consistency and asymptotic normality of the estimator θ̂T are provided in this subsec
tion. To simplify the presentation, we only describe the asymptotic results here, with all 
technical details relegated to Appendix. Next, we present the consistency and asymptotic 
normality of θ̂T in Theorems 1 and 2, respectively, as follows.

Theorem 1.  (Consistency) Given Assumption A, one has θ̂T !
P θ0, where θ̂T is given by  

θ̂T ¼ arg min
θ2Q

T − 1
XT

t¼1

wt;τ θð Þ Yt − et;τ θð Þ
� �2

;

where !
P

denotes the convergence in probability.   

Note that to establish the above consistency, it needs to employ Theorem 4.3 in 
Wooldridge (1994), so that it needs to verify Conditions M1–M3 in Wooldridge (1994).

Theorem 2.  (Asymptotic normality) Under Assumptions A1–A6 and B, one has 

ffiffiffiffi
T
p

θ̂T − θ0

� �
!
L
N 0;S θ0ð Þð Þ;

where !
L

denotes the convergence in distribution, and the asymptotic variance is 
given by S θ0ð Þ ¼D− 1

T θ0ð ÞVT θ0ð ÞD− 1
T θ0ð Þ with VT θ0ð Þ and DT θ0ð Þ defined in 

Assumption B2.   

Note that the main idea of establishing the asymptotic normality of the proposed estima
tor θ̂T is to express it as a linear estimator plus a higher-order term, similar to Theorem 3 
in Huber (1967). Therefore, it needs to show that Huber’s theorem holds and then, the as
ymptotic normality can be obtained by applying the central limit theorem to the linear 
term; see, for example, Weiss (1991).

2.3 HAC Covariance Matrix Estimation
To accommodate the case when innovations in the regression model are serially correlated, 
the long-run variance matrix estimation of expectile estimators is proposed. We first intro
duce the class of kernels K as in Andrews (1991). The class of kernels K is defined as: k �ð Þ
is continuous almost everywhere from R to −1;1½ �, k 0ð Þ ¼ 1, k xð Þ ¼ k −xð Þ, and 
Ð1

−1 k2 xð Þdx<1. Clearly, truncated kernel, Bartlett, Parzen, Tukey–Hanning and qua
dratic spectrum kernels are included in the class K.

By change of variables, VT θ0ð Þ can be rewritten as 

VT θ0ð Þ ¼
XT − 1

j¼− Tþ 1

Cov ht;τ θ0ð Þ;ht − j;τ θ0ð Þ
� �

;
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and the jth order auto-covariance Hj;τ θ0ð Þ � Cov ht;τ θ0ð Þ;ht − j;τ θ0ð Þ
� �

can be estimated by 

~Hj;τ θ̂T

� �
¼

1
T − j

XT − j

t¼1

ht;τ θ̂T

� �
h>tþ j;τ θ̂T

� �

where ht;τ θð Þ ¼wt;τ θð Þ Yt −et;τ θð Þ
� �

ret;τ θð Þ. Let ST denote the lag-truncation order or band
width value, the long-run variance estimator of VT θ0ð Þ is given by 

~VT θ̂T

� �
¼

XT − 1

j¼− Tþ1

T − jjj
T

k j=STð Þ ~Hj;τ θ̂T

� �
;

where k �ð Þ 2 K. Furthermore, the term DT θ0ð Þ, which captures the effect of the heteroske
dasticity, can be estimated by 

DT θ̂T

� �
¼

1
T

XT

t¼1

�
�
�
�τ − I Yt ≤ et;τ θ̂T

� �� ���
�
�ret;τ θ̂T

� �
r>et;τ θ̂T

� �
:

Finally, the HAC covariance matrix estimator for GCARE models is then given by 

S θ̂T

� �
¼ D − 1

T θ̂T

� �
~VT θ̂T

� �
D − 1

T θ̂T

� �
:

To establish consistency of S θ̂T

� �
, some notations which control the temporal depen

dence of ht;τ θ0ð Þ are introduced. Let 

κabcd t;tþ j;tþm;tþnð Þ

¼E ha;t;τ −E ha;t;τ
� �� �

hb;tþj;τ −E hb;tþj;τ
� �� �

hc;tþm;τ −E hc;tþm;τ
� �� �

hd;tþn;τ −E hd;tþn;τ
� �� �h i

−E ~ha;t;τ −E ~ha;t;τ

� �n o
~hb;tþj;τ −E ~hb;tþj;τ

� �n o
~hc;tþm;τ −E ~hc;tþm;τ

� �n o
~hd;tþn;τ −E ~hd;tþn;τ

� �n o� �

denote the fourth order cumulant of ðha;t;τ;hb;tþ j;τ;hc;tþm;τ;hd;tþn;τÞ, where ha;t;τ � ha;t;τðθ0Þ

is the ath element of ht;τðθ0Þ, and f~ht;τg denotes the Gaussian sequence with the same mean 
and covariance structure as fht;τðθ0Þg. The following assumptions are made to establish the 
consistency of Sðθ̂TÞ.

Assumption C  (HAC Covariance Matrix):

C1. For any positive integer a;b; c;d≤p, 
P1

j¼−1
P1

m¼−1
P1

n¼−1 κabcdð0; j;m;nÞ<1, in 
which ht;τðθ0Þ is a fourth order stationary sequence of random variables 
with 

P1
j¼−1 kEðht;τðθ0Þh>t − j;τðθ0ÞÞk<1. 

C2. There is a measurable function αð�Þ satisfying f ðyjWtÞ≤αðWtÞ, where f ðyjWtÞ is the 
conditional probability density function of Yt given Wt, and αðWtÞ is integrable 
with respect to y. 

C3. For every θ 2Q and for all t, kr2et;τðθÞk<MðWtÞ, where MðWtÞ is some stochastic 
function of variables Wt satisfying EðjMðWtÞj

2þ ɛ
Þ<M1<1, 

EðjAðWtÞMðWtÞj
2þ ɛ
Þ≤M2<1, and EðjAðWtÞBðWtÞMðWtÞj

1þ ɛ
Þ≤M3<1 for 

some positive constants M1, M2, M3 and ɛ. 
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Remark 4.  Assumptions C1 is a standard cumulant condition in the time series 
literature, which allows for conditional heteroskedasticity and autocorrelation, but 
prohibits unconditional heteroskedasticity. Assumptions C2 and C3 are used to 
obtain the consistency of ~VTðθ̂TÞ and DTðθ̂TÞ, in which Assumption C2 is same as 
Assumption 3 in Newey and Powell (1987) and Assumption C3 is equivalent to 
Assumption B(ii)–(iii) in Andrews (1991) under mean regression setting.   

Finally, the consistency result of HAC covariance matrix is as follows.

Theorem 3.  Suppose Assumptions A1–A6, B, and C hold, and S2
T=T!

P
0. Let k �ð Þ 2 K. 

Then, ST θ̂T

� �
is a consistent estimate of ST θ0ð Þ.   

2.4 Dynamic Expectile Test
The correct specification condition for any expectile model should be 

E wt;τ θ0ð Þε�t;τjWt
� �

¼ 0 (4) 

for every t and 1≤ t≤T. In Kuan, Yeh, and Hsu (2009), an encompassing test is proposed 
to select an appropriate model between two linear non-nested models. Because the null and 
alternative models need to first be determined, the encompassing test is not flexible enough 
to compare the performance of more different expectile models. Furthermore, the existing 
correct specification tests cannot address cases in which expectile lags are incorporated into 
the model framework. In this paper, we propose a dynamic expectile test of the form  

H0 : E wt;τ θð Þεt;τjWt
� �

¼ 0 versus H1 : E wt;τ θð Þεt;τjWt
� �

6¼ 0; (5) 

where wt;τðθÞ ¼ jτ − IðYt≤et;τðθÞÞj with et;τðθÞ denoting the expectile estimate or forecast of 
the testing model, εt;τ ¼ Yt − et;τðθÞ.

Although a general test of Equation (5) is desirable, however, it is still challenging for 
such a test because of the high dimensionality of Wt. In light of Engle and Manganelli 
(2004), we consider an unconditional test of Equation (5) where the intermediate statistics 
are used for testing specific implications of the general hypothesis such that particular inad
equacies of a model can be revealed. From Equation (4), the conditional expectation of 
wt;τðθÞεt;τ given Wt is zero, which implies that the expected value of wt;τðθÞεt;τ is zero too. 
Furthermore, wt;τðθÞεt;τ must be uncorrelated with its own lag values and with et;τðθÞ and/ 
or other expectile lags. Therefore, the selection of the instruments is very important for the 
power of the test. When we choose the instruments, which are not informative to reveal the 
particular inadequacies of a model, the test would have low power.1

To examine whether wt;τðθ̂Þε̂t;τðθ̂Þ satisfies the above conditions, we set up a test to check 
whether the test statistic T − 1=2PT

t¼1 Ztðθ̂Þwt;τðθ̂Þε̂t;τðθ̂Þ is significantly different from zero, 
in which ZtðθÞ is the instrument selected. Normally, the lagged wt − i;τðθ̂Þε̂t − i;τðθ̂Þ ði¼
1; . . . ;mÞ are suggested to be included in Ztðθ̂Þ, and other functions in the set of Wt can 
also be incorporated if they are suspected of being informative. It is worthy to mention that 
the new test can easily be extended to incorporate various alternatives.

1 We thank a referee to bring the following issue to our attention. In general, it is challenging to name the al
ternative hypothesis against which the test has the most/the least power. Nonetheless, by examining the con
struction of the Dynamic Expectile (DE) test, we can glean some insights. On one hand, since each GCARE(p, q) 
model can be reformulated as an infinite-dimensional CARE model as proposed by Kuan et al. (2009), the 
power of a test distinguishing between two GCARE(p, q) with different p and q is likely to be low. To address 
this, we advocate for the application of the EBIC to select the optimal p and q for GCARE models.
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Before deriving the distribution of in-sample and out-of-sample dynamic expectile tests, 
some required assumptions are introduced.

Assumption D  (In-sample dynamic expectile test):

D1. The function ZtðθÞ is a q×1 vector of some stochastic functions of variables that 
belongs to the information set, and for every θ 2Q and all t, kZtðθÞk<CðWtÞ, 
where CðWtÞ is some stochastic function of variables Wt such that 
EðjCðWtÞj

2þ ɛ
Þ≤C1<1 and EðjBðWtÞCðWtÞj

2rþ ɛ
Þ≤C2<1, with a given r>1, 

and some positive constants C1, C2 and ɛ. 
D2. For every θ 2Q and for all t, the function ZtðθÞ is differentiable, and it holds that 
krZtðθÞk<DðWtÞ, where DðWtÞ is some stochastic function of variables Wt 

such that EðjAðWtÞDðWtÞj
2þ ɛ
Þ≤D1<1 with some positive constants D1 and ɛ. 

D3. Let Xtðθ0Þ ¼ Ztðθ0ÞþðT − 1PT
t¼1 E½Ztðθ0Þwt;τðθ0Þr

>et;τðθ0Þ�ÞD− 1
T ret;τðθ0Þ.  

For every θ 2Q and all t, it holds that EkXtðθÞεt;τk
2rþ ɛ

<1 with a given r>1, 
and a positive constant ɛ. 

D4. 
P1

t¼1 jE½jgt;τðθ0Þ−Eðgt;τðθ0ÞjF tÞj
2r

2r −1�j
2r − 1

2r <1, where gt;τðθ0Þ � Xt;τðθ0Þwt;τðθ0Þε�t;τ. 

Assumption E  (Out-of-sample dynamic expectile test):

E1. Let Tr denote the number of in-sample observations, and Nr be the number of out- 
of-sample observations. Then, it holds that limr!1Tr ¼1, limr!1Nr ¼1, 
and limr!1Nr=Tr ¼ 0. 

E2. For every θ 2Q and all t, it holds that EðjAðWtÞCðWtÞj
2rþ ɛ
Þ≤C3<1 with a given 

r>1, and some positive constants C3 and ɛ. 

Remark 5.  Although our dynamic test method is inspired by the idea of dynamic 
quantile test as in Engle and Manganelli (2004), it is new in the expectile regression 
literature. Note that Assumptions D1–D4 are different from Assumptions DQ4–6 
in Engle and Manganelli (2004). Assumption D4 is a necessary conditions to 
establish the asymptotics of the measurable functions of infinite α-mixing random 
variables. Here, we provide primary conditions in time series setting which are 
sufficient to derive Assumptions DQ4–6 in Engle and Manganelli (2004). 
Assumptions E1 and E2 are the same as DQ8–9 in Engle and Manganelli (2004).   

The asymptotic distribution of the in-sample dynamic expectile test is considered in 
Theorem 4, and Theorem 5 is for the out-of-sample case.

Theorem 4.  (In-sample dynamic expectile test) Under Assumptions A1–A6, B, and D, 
when T ! 1, one has  

XT

t¼1

Zt θ̂T

� �
wt;τ θ̂T

� �
ε̂t;τ θ̂T

� �
" #

Λ − 1
I θ0ð Þ

XT

t¼1

Zt θ̂T

� �
wt;τ θ̂T

� �
ε̂t;τ θ̂T

� �
" #

!
L χ2

q;

where ΛIðθ0Þ � T − 1PT
t¼1
PT

s¼1 EðXtðθ0Þwt;τðθ0Þε�t;τX
>
s ðθ0Þws;τðθ0Þε�s;τÞ with its 

inverse function uniformly bounded, and q denotes the dimension of Ztðθ̂TÞ.  

Remark 6.  The in-sample DE test is a model specification test for the expectile model 
under study, and it is particularly useful for model selection purposes. Note that 
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when ZtðθÞ is selected to be the regressors of alternative model and the latent 
variable et − j;τ θð Þ is not included, our in-sample test is simplified to the 
encompassing test as in Kuan, Yeh, and Hsu (2009).   

Let θ̂Tr be the QMLE estimated using in-sample observations. The out-of-sample DE test 
is as follows.

Theorem 5.  (Out-of-sample dynamic expectile test) Under Assumptions A1–A6, B, D1, 
and E, when r ! 1, one has  

XTr þNr

t¼Tr þ1

Zt θ̂Tr

� �

wt;τ θ̂Tr

� �

ε̂t;τ θ̂Tr

� �
2

4

3

5Λ − 1
O θ0ð ÞÞ

XTr þNr

t¼Tr þ1

Zt θ̂Tr

� �

wt;τ θ̂Tr

� �

ε̂t;τ θ̂Tr

� �
2

4

3

5 !
L χ2

q;

where ΛOðθ0Þ �
PTrþNr

t¼Trþ1
PTrþNr

s¼Trþ1 EðZtðθ0Þwt;τðθ0Þε�t;τZ
>
s ðθ0Þws;τðθ0Þε�s;τÞ with its 

inverse function uniformly bounded, and q denotes the dimension of Ztðθ̂TrÞ.   

The out-of-sample DE test can be used to compare the relative performances of differ
ent expectile models in terms of predictive ability. Note that the out-of-sample DE test has 
a nice feature that it does not depend on the estimation procedure. To implement the test, 
only the sequences of expectile forecasts and return series are needed.

Remark 7.  In the out-of-sample DE test, the constant and expectile forecast are 
excluded from the instruments. According to Engle and Manganelli (2004), for 
some particular models, there was collinearity with the matrix of derivatives when 
the constant and expectile forecast are included. Furthermore, it is worth 
mentioning that the selection of Zt θð Þ is very important for the power of in-sample 
DE test and out-of-sample DE test. As reminded by one of our anonymous referees, 
there is a trade-off between the number of instruments used and the estimation 
uncertainty that arises. From the simulation results in Example 3, one can see that 
the adding of an informative instrument would effectively increase the power of the 
test, while the size of test deteriorate with a higher number of instruments.   

3 Simulation Studies
In this section, we consider three simulation examples to examine the finite sample per
formances of our proposed estimators, model selection criterion EBIC and test statistics, re
spectively. In all of the examples, when generating the series of Yt, the initial value is set to 
be zero and the first 200 observations are dropped to reduce the impact of the ini
tial values.

Example 1.  The data generating process (DGP) follows a linear GARCH(1,1) model 
given by 

Yt ¼ σtεt with σt ¼ α0þα1jYt − 1j þ β1σt − 1; (6) 
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where α0 ¼ 0:1, α1 ¼ 0:3, and β1 ¼ 0:5, and εt is generated from an i.i.d. Gaussian. The 
corresponding GCARE(1,1) model is then given by  

et;τ ¼ �α0;τþ �α1;τjYt − 1j þ β1et − 1;τ;

and the parameters �α0;τ ¼ α0eτ εtð Þ, �α1;τ ¼ α1eτ εtð Þ, where eτ εtð Þ is the τ-th expectile 
of εt. We then apply the estimation procedure developed in the Section 1.2 to 
estimate the parameters.   

Two probability levels τ ¼ 0:01 and 0.05 are considered and simulations are repeated 
500 times with three different sample sizes T ¼ 500, 1000 and 2000, respectively. To mea
sure estimation performance, the median and the standard deviation (SD) of the absolute 
deviation of errors (ADE) are reported, where ADE kð Þ

θj
� jθ̂ kð Þ

j − θjj for 0≤ j≤ pþqð Þ, and 
θ̂ kð Þ

j is the estimator in the k-th simulation replication.
The median and SD (in parentheses) of the ADE values of the corresponding QMLE esti

mators α̂0 (ADEα0 ), α̂1 (ADEα1 ), and β̂1 (ADEβ1
) in all cases are reported in Table 1. It is 

easy to find that the median and SD of ADE values for all the QMLE estimators decrease 
with the sample sizes. For example, when the sample size T ¼ 500, the median and SD of 
the ADEα1 are 0.1283 and 0.1190 under the probability level τ¼ 0:01, and they decrease 
respectively to 0.0937 and 0.0940 when the sample size increases to T ¼ 1000. 
Furthermore, we can observe a same pattern for ADEα0 as well. Specifically, when the sam
ple size is 500 and the probability level is 0.05, the median and SD are 0.0506 and 0.0691, 
respectively. When the sample size increases to 1000, the corresponding median and SD de
crease to 0.0308 and 0.0375, respectively. Finally, the performance for ADEβ1 

improves 
when the sample size increases. The median and SD of ADEβ1 

are 0.0927 and 0.1161 under 
the sample size T ¼ 1000 and probability level τ ¼ 0:01, and they decrease to 0.0654 and 
0.0698 when the sample size is doubled.

Example 2.  Let Yt ¼ et;τþ εt;τ, where εt;τ follows an i.i.d. asymmetric normal 
distribution AND ð0;σ2

εt;τ
; τÞ with density function 

f εt;τð Þ ¼
2

σεt;τ

ffiffiffiffiffiffiffiffiffiffi
π

1 − τ

r

þ

ffiffiffi
π
τ

r !− 1

exp − Qτ
εt;τ

σεt;τ

� �� �

;

and σεt;τ ¼ 0:5, which was also used in Gerlach and Chen (2016), Gerlach, Walpole, 
and Wang (2017), and Xu, Mihoci, and H€ardle (2018). Note that the τth expectile 
of εt;τ equals 0, which satisfies the model identification condition. We consider the 
following three settings:

A: et;τ ¼ α0þα1jYt − 1jþβ1et − 1;τ with α0 ¼ −0:4, α1 ¼ −0:2, and β1 ¼ 0:6, 
B: et;τ ¼ α0þα1jYt − 1jþα2jYt − 2jþα3jYt − 3jþβ1et − 1;τ with α0 ¼ −0:6, α1 ¼ − 0:1,  

α2 ¼ −0:2, α3 ¼ 0:4, and β1 ¼ 0:6, 
C: et;τ ¼ α0þα1jYt − 1jþα2jYt − 2jþα3jYt − 3jþβ1et − 1;τþβ2et − 2;τ with α0 ¼ − 0:6,  

α1 ¼ −0:1, α2 ¼ −0:2, α3 ¼ 0:4, β1 ¼ 0:2, and β2 ¼ 0:6. 

Two probability levels τ ¼ 0:01 and 0.05 are considered and simulations are repeated 
500 times with three different sample sizes T ¼ 500, 1000 and 2000, respectively. We then 
use the estimation method introduced in Section 1.2 to estimate the parameters of the 
model. To measure estimation performance, the median and the SD of the ADE are 
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reported. Moreover, the accuracy of EBIC criterion for all the experimental settings A, B, 
and C is reported as well.

The median and SD (in parentheses) of the ADE values of the corresponding QMLE esti
mators α̂0 (ADEα0 ), α̂1 (ADEα1 ), α̂2 (ADEα2 ), α̂3 (ADEα3 ), β̂1 (ADEβ1

) and β̂2 (ADEβ2
) in all 

cases are reported in Table 2.
First, we find that the median and SD of ADE values for all the QMLE estimators de

crease as the sample size increases. For example, when T ¼ 500 in Setting A, the median 
and SD of the ADEβ1 

are 0.0907 and 0.1193 under the probability level τ¼ 0:05, and they 
decrease to 0.0409 and 0.0393, respectively, when the sample size increases to 2000. 
Clearly, the same pattern for ADEα0 can also be observed. Indeed, when τ ¼ 0:01 and the 
sample size is 500, the median and the corresponding SD are 0.0496 and 0.0502 in Setting 
B. When the sample size increases to 1000, the median and the corresponding SD decrease 
to 0.0379 and 0.0355, respectively. Finally, the performance for ADEα1 , ADEα2 and ADEα3 

is better than that for ADEα0 , ADEβ1 
and ADEβ2

. We find that when the sample size is 500 
in Setting C, the median and SD of ADEα1 are 0.0316 and 0.0286 under the probability 
level τ¼ 0:05, and they decrease to 0.0193 and 0.0209 as the sample size doubled.

Table 3 reports the accuracy of EBIC criterion for selecting the correct p and q for all the 
experimental settings A, B, and C. Under three settings and all probability levels, we find 
that the accuracy increases as the sample size increases. For example, when T ¼ 500, the 
accuracy of EBIC for selecting the correct order of Setting A are 98:6% and 93:6% under 
the probability level τ ¼ 0:01 and 0.05, and they increase to 98:8% and 97:8%, respectively, 
when the sample size increases to 1000. Similar results for Setting B can also be observed. 
For Setting C, the accuracy of EBIC for selecting the correct order when T ¼ 500 are 
87:0% and 69:0% under the probability level τ ¼ 0:01 and 0.05, and when the sample size 
is 2000, they increase to 99:8% and 99:4%, respectively.

Example 3.  In this example, we examine the finite-sample properties of the proposed 
test. To this end, let Yt ¼ et;τþ εt;τ, where εt;τ follows an i.i.d. asymmetric normal 
distribution ANDð0;σ2

εt;τ
; τÞ with σεt;τ ¼ 0:5. Here we consider the DGP based on the 

following set up: 

et;τ ¼ 1 − γð Þ α0þα1Xt − β1et − 1;τð Þ− γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a0þ a1X2
t þb1e2

t − 1;τ

q

;

with α0 ¼ −0:1, α1 ¼ −0:05, β1 ¼ 0:5, a0 ¼ 0:1, a1 ¼ 0:2, and b1 ¼ 0:95, where 
Xt ¼ 0:3Xt − 1 −0:5Xt − 2þvt in which vt follows a normal distribution N 0;22

� �
. To 

permit the stationarity of the series, γ is a selected between 0 and 1 with a series of 
grid points. The model is referred to as the null model when γ ¼ 0, with all other 
values of γ indicating alternative models. 

Table 1. Median and SD (in parentheses) of the ADE values in Example 1.

τ ¼ 0:01 τ ¼ 0:05

T 500 1000 2000 500 1000 2000

ADEα0 0.0778 0.0483 0.0361 0.0506 0.0308 0.0229
(0.0963) (0.0628) (0.0360) (0.0691) (0.0375) (0.0258)

ADEα1 0.1283 0.0937 0.0621 0.0924 0.0545 0.0437
(0.1190) (0.0940) (0.0664) (0.1001) (0.0711) (0.0566)

ADEβ1
0.1504 0.0927 0.0654 0.1534 0.0883 0.0686

(0.1678) (0.1161) (0.0698) (0.1936) (0.1121) (0.0853)
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Four different probability levels τ ¼ 0:01, 0.05, 0.10, and 0.25 are considered. 
Simulations are repeated 10,000 times for each of the given sample sizes T ¼ 1500 and 
3000. We then examine the finite-sample performance of the proposed in-sample DE test 
and out-of-sample DE test by rejection rates under the null and alternative models, respec
tively. To investigate how the number of instruments may affect the finite sample proper
ties of the test, we have explored scenarios incorporating one, two, three, and four lags of 
wt;τðβ̂Þεt;τðβ̂Þ together with one and expectile forecast within the instrument set Ztðθ̂Þ, 
denoted as instruments Setting A, Setting B, Setting C, and Setting D, respectively.

First, we demonstrate the variation in rejection rates for both in-sample and out-of- 
sample tests across varying γ values. Four distinct probability levels: τ ¼ 0:01, 0.05, 0.10, 
and 0.25, with fixed sample sizes of T ¼ 1500 and T ¼ 3000, are considered. As depicted 
in Figures 1 and 2, the rejection rates for the in-sample and out-of-sample tests are 

Table 2. Median and SD (in parentheses) of the ADE values under three settings.

τ ¼ 0:01 τ ¼ 0:05

T 500 1000 2000 500 1000 2000

Setting A

ADEα0 0.1009 0.0639 0.0500 0.1126 0.0869 0.0530
(0.1155) (0.0639) (0.0477) (0.1717) (0.0836) (0.0549)

ADEα1 0.0205 0.0153 0.0105 0.0329 0.0223 0.0165
(0.0201) (0.0137) (0.0099) (0.0296) (0.0212) (0.0144)

ADEβ1
0.0622 0.0303 0.0294 0.0907 0.0650 0.0409

(0.0673) (0.0379) (0.0280) (0.1193) (0.0620) (0.0393)

Setting B

ADEα0 0.0496 0.0379 0.0254 0.0975 0.0591 0.0459
(0.0502) (0.0355) (0.0255) (0.0916) (0.0605) (0.0404)

ADEα1 0.0198 0.0134 0.0092 0.0419 0.0255 0.0181
(0.0178) (0.0126) (0.0085) (0.0313) (0.0239) (0.0166)

ADEα2 0.0242 0.0147 0.0112 0.0459 0.0386 0.0238
(0.0216) (0.0143) (0.0093) (0.0395) (0.0292) (0.0201)

ADEα3 0.0191 0.0131 0.0096 0.0382 0.0264 0.0190
(0.0183) (0.0120) (0.0079) (0.0330) (0.0237) (0.0163)

ADEβ1
0.0417 0.0278 0.0197 0.0835 0.0531 0.0366

(0.0374) (0.0275) (0.0185) (0.0789) (0.0510) (0.0341)

Setting C

ADEα0 0.0971 0.0725 0.0526 0.1489 0.1046 0.0698
(0.1522) (0.0785) (0.0518) (0.1715) (0.1221) (0.0790)

ADEα1 0.0243 0.0171 0.0117 0.0316 0.0193 0.0132
(0.0217) (0.0153) (0.0105) (0.0286) (0.0209) (0.0124)

ADEα2 0.0228 0.0160 0.0103 0.0262 0.0188 0.0135
(0.0218) (0.0140) (0.0096) (0.0245) (0.0178) (0.0117)

ADEα3 0.0260 0.0178 0.0116 0.0313 0.0222 0.0158
(0.0257) (0.0160) (0.0110) (0.0270) (0.0205) (0.0150)

ADEβ1
0.0396 0.0268 0.0180 0.0502 0.0319 0.0227

(0.0428) (0.0264) (0.0172) (0.0531) (0.0356) (0.0211)
ADEβ2

0.0388 0.0248 0.0188 0.0473 0.0324 0.0245
(0.0443) (0.0252) (0.0165) (0.0500) (0.0325) (0.0211)
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presented for different γ values under instrument Setting C. These figures clearly illustrate 
that the rejection rates for both tests increase with γ and are particularly pronounced for 
probability levels τ¼ 0:05, 0.10, and 0.25. It is easy to find that the DE tests suffers from 
substantial size distortion for expectiles in the extremal tails (τ ¼ 0:01) when the sample 
size T ¼ 1500. The similar situation has also been observed in Horvath et al. (2022) for 
quantiles. However, the size distortion immensely disappears when the sample size 
increases to T ¼ 3000.

Table 4 reports the finite-sample rejection rates for null model (γ ¼ 0) and alternative 
model (γ ¼ 1) of in-sample DE test. In general, the performance of the in-sample DE test is 
quite good under the probability level of τ ¼ 0:25, 0.10 and 0.05. For example, when the 
sample size is T ¼ 3000 and the instrument is Setting C, the rejection rate of the in-sample 
DE test under null model is 0.0527, 0.0521, and 0.0602 with the probability level 
τ¼ 0:25, 0.10 and 0.05, respectively. Meanwhile, the power of the in-sample DE test under 
alternative model (γ ¼ 1) is 1.0000 for the probability level τ¼ 0:25, 0.10, and 0.05, and 
0.9554 for τ ¼ 0:01, respectively, when the sample size is T ¼ 1500.

Our analysis has identified a trade-off between the number of instruments utilized and 
the resultant estimation uncertainty, within the framework of the in-sample DE test. This 
trade-off is pronounced at probability levels of τ¼ 0:05 and τ¼ 0:01. For instance, when 
the sample size is T ¼ 3000, the rejection rate of the in-sample DE test under the null hy
pothesis for instrument Setting B is 0.0525, 0.0513, 0.0573, and 0.1041 for the probability 
level τ¼ 0:25, 0.10, 0.05 and 0.01, respectively. Under the same sample size and for 
τ¼ 0:25, 0.10, 0.05, and 0.01, the rejection rate increase to 0.0527, 0.0521, 0.0602, and 
0.1202, respectively, when instrument Setting C is employed. Moreover, the power of the 
in-sample DE test, given T ¼ 1500 and τ¼ 0:01, is 0.7946 for instrument Setting A. This 
power increases to 0.9705 upon switching to instrument Setting D, further illustrating the 
impact of the choice of instruments on the test’s efficacy.

Table 5 reports the finite-sample rejection rates for the null model (γ ¼ 0) and alterna
tive model (γ ¼ 1) of out-of-sample DE test. It is evident that size distortion still exits 
when the probability τ¼ 0:01 and sample size T ¼ 1500, however, the situation has been 
improved when the sample size increases to T ¼ 3000. Generally, the out-of-sample DE 
test performs well under probability levels of τ¼ 0:25, 0.10 and 0.05. For instance, when 
the sample size is T ¼ 3000 and the instrument is Setting B, the rejection rate of the out- 
of-sample DE test under null model is 0.0530, 0.0550 and 0.0659 for τ ¼ 0:25, 0.10 and 
0.05, respectively. Meanwhile, the power of the out-of-sample DE test under alternative 
hypothesis is 1.0000 for the probability level τ ¼ 0:25, 0.10, and 0.05, and 0.9978 for 
τ¼ 0:01, respectively, under the same sample size. Furthermore, it is observed that the 
power of the out-of-sample DE test increase with the number of the instruments. 
Conversely, the situation is reversed when considering the size of the test. This observa
tion highlights the trade-off between the number of instruments used and the estimation 
uncertainty that arises.

Table 3. Model selection results under three settings.

τ ¼ 0:01 τ ¼ 0:05

T 500 1000 2000 500 1000 2000

Setting A 98.6% 98.8% 99.8% 93.6% 97.8% 100.0%
Setting B 99.0% 99.4% 99.8% 94.2% 99.2% 100.0%
Setting C 87.0% 99.2% 99.8% 69.0% 95.0% 99.4%
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Table 5. Finite-sample rejection rates for null and alternative model: out-of-sample test.

γ ¼ 0 γ ¼ 1

τ 0.25 0.10 0.05 0.01 0.25 0.10 0.05 0.01

Setting A

T ¼ 1500 0.0592 0.0624 0.0655 0.1133 1.0000 1.0000 1.0000 0.8065
T ¼ 3000 0.0535 0.0570 0.0652 0.0921 1.0000 1.0000 1.0000 0.9754

Setting B

T ¼ 1500 0.0528 0.0647 0.0732 0.1482 1.0000 1.0000 1.0000 0.9169
T ¼ 3000 0.0530 0.0550 0.0659 0.1119 1.0000 1.0000 1.0000 0.9978

Setting C

T ¼ 1500 0.0543 0.0624 0.0764 0.1845 1.0000 1.0000 1.0000 0.9591
T ¼ 3000 0.0554 0.0599 0.0667 0.1325 1.0000 1.0000 1.0000 0.9988

Setting D

T ¼ 1500 0.0566 0.0629 0.0851 0.2165 1.0000 1.0000 1.0000 0.9710
T ¼ 3000 0.0558 0.0582 0.0687 0.1429 1.0000 1.0000 1.0000 0.9993

Note: Settings A–D are defined as same as in Table 4.

Table 4. Finite-sample rejection rates for null and alternative model: in-sample test.

γ ¼ 0 γ ¼ 1

τ 0.25 0.10 0.05 0.01 0.25 0.10 0.05 0.01

Setting A

T ¼ 1500 0.0506 0.0554 0.0631 0.1021 1.0000 1.0000 1.0000 0.7946
T ¼ 3000 0.0496 0.0510 0.0573 0.0813 1.0000 1.0000 1.0000 0.9919

Setting B

T ¼ 1500 0.0516 0.0572 0.0697 0.1468 1.0000 1.0000 1.0000 0.9127
T ¼ 3000 0.0525 0.0513 0.0573 0.1041 1.0000 1.0000 1.0000 0.9994

Setting C

T ¼ 1500 0.0536 0.0608 0.0646 0.1714 1.0000 1.0000 1.0000 0.9554
T ¼ 3000 0.0527 0.0521 0.0602 0.1202 1.0000 1.0000 1.0000 0.9999

Setting D

T ¼ 1500 0.0518 0.0585 0.0771 0.2047 1.0000 1.0000 1.0000 0.9705
T ¼ 3000 0.0462 0.0546 0.0614 0.1374 1.0000 1.0000 1.0000 1.0000

Note: Setting A: Ztðθ̂Þ ¼ ð1; ê t;τ;wt −1;τðθ̂Þεt − 1;τðθ̂ÞÞ>.

Setting B: Ztðθ̂Þ ¼ ð1; êt;τ;wt − 1;τðθ̂Þεt − 1;τðθ̂Þ;wt − 2;τðθ̂Þεt −2;τðθ̂ÞÞ>.

Setting C: Ztðθ̂Þ ¼ ð1; ê t;τ;wt −1;τðθ̂Þεt − 1;τðθ̂Þ;wt −2;τðθ̂Þεt − 2;τðθ̂Þ;wt −3;τðθ̂Þεt − 3;τðθ̂ÞÞ>.

Setting D: Ztðθ̂Þ ¼ ð1; êt;τ;wt − 1;τðθ̂Þεt − 1;τðθ̂Þ;wt − 2;τðθ̂Þεt −2;τðθ̂Þ;wt − 3;τðθ̂Þεt −3;τðθ̂Þ;wt − 4;τðθ̂Þεt −4;τðθ̂ÞÞ>.
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4 Assessing Tail Risk for the S&P500 Index Using GCARE Models
4.1 Data
To illustrate the practical usefulness of our proposed model and its estimation procedure, 
we apply the GCARE model to estimate tail risks for the S&P500 index daily data from 
March 29, 2018 to December 31, 2022, with 1,200 observations in total. The data are 
downloaded from CSMAR Database, and the daily returns are computed as the difference 
of the log transformation of the index multiplying 100; that is, Yt ¼ log pt=pt − 1ð Þ � 100, 
where pt is the daily index. Table 6 presents the summary statistics of the return series. 
Although the average return is positive, the S&P500 return series is negatively skewed with 
fat tails, which provides motivation to use expectile to model tail risks. Figure 3 presents 
the histogram (left panel) and time series plot (right panel) of the return series. The histo
gram clearly shows that S&P500 return series has a high peak and fat tail.

Moreover, the time series plot shows that it is relatively stable in the period from 2018 
to 2019 but becomes more volatile at the beginning of 2020, the period of the outbreak of 
the COVID-19 epidemic.

4.2 Empirical Results
To model the aforementioned financial data, Kuan, Yeh, and Hsu (2009) proposed the 
ABS(p) model 

et;τ ¼ a0;τþ
Xp

i¼1

δi;τYþt − iþ
Xp

i¼1

λi;τY −
t − i;

and the SQ(p) model, 

et;τ ¼ a0;τþ a1;τYt − 1þ
Xp

i¼1

bi;τ Yþt − i

� �2
þ
Xp

i¼1

γi;τ Y −
t − ið Þ

2;

which have the ability to capture asymmetric properties in the tail risk for financial data. 
For ABS(p) model and SQ(p) model, we set a maximum value of p¼ 5 for the application 
of the EBIC in model selection. To compare the relative performance of in-sample fitting 
and out-of-sample predictability with ABS(p) model and SQ(p) model, two corresponding 
GCARE type models are proposed. To be specific, the GABS(p, q) model is given by 

et;τ ¼ α0;τþ
Xp

i¼1

δi;τY þt − iþ
Xp

i¼1

λi;τY −
t − iþ

Xq

j¼1

βj;τet − j;τ;

and the GSQ(p, q) model, 

et;τ ¼ α0;τþα1;τYt − 1þ
Xp

i¼1

bi;τ Yþt − i

� �2
þ
Xp

i¼1

γi;τ Y −
t − ið Þ

2þ
Xq

j¼1

βj;τet − j;τ:

Note that both GABS(p, q) model and the GSQ(p, q) model are special cases of GCARE(p, 
q) by selecting particular p, q and Xt.

Before implementing the aforementioned models and related tests, the construction of 
instruments Zt θ̂ð Þ in the DE test should be firstly addressed. We follow the empirical strat
egy as in Engle and Manganelli (2004) and Taylor (2008). To be specific, three lags of 
wt;τ θ̂ð Þεt;τ θ̂ð Þ are included in Zt θ̂ð Þ for the in-sample DE test, while a constant and expectile 
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forecast are added into the Zt θ̂ð Þ in the out-of-sample DE test. Note that the in-sample 
data is from March 29, 2018 to March 16, 2022, with 1000 observations in total. The sub
sequent out-of-sample period consists of 200 data points, which is from March 17, 2022 to 
December 31, 2022.

Table 7 reports estimation and testing results of four models under different values of τ. 
Generally speaking, compared to the CARE type models, the GCARE type models are 
more parsimonious in terms of the number of included parameters and with better out-of- 
sample performances. For instance, when τ¼ 0:05, the EBIC leads to the ABS(4) and SQ(5) 
models which need to estimate 9 and 12 parameters, respectively. However, the EBIC 
chooses more parsimonious GCARE models. Although the GCARE(1,1) model is adequate 
to capture the evolution over time at a probability level of τ¼ 0:05, under τ ¼ 0:01, the 
EBIC leads to the GABS(2,2) model and GSQ(3,2) model can also be observed in Table 7. 
The in-sample DE test cannot reject any of the four models under different τ values. When 
τ¼ 0:05, all GCARE type models pass the out-of-sample DE test, whereas the ABS(4) 
model is strongly rejected. However, at the extreme case that the value of τ is 0.01, none of 
the models meet the criteria of the out-of-sample DE test, a result attributable to the size 
distortion, as illustrated in simulation Example 3.

Now, we look into the estimation of these coefficients in all these dynamic expectile 
models. For the GCARE type models, the coefficients of all lagged et;τ are highly significant 
which demonstrate a strong correlation over time in the tail return distribution. In the 
GABS(1,1) and GSQ(1,1) models, the estimates of the first-order lagged expectiles, et − 1;τ, 
are both positive, with values of 0.65 and 0.57, respectively. When two lagged expectiles 
are included, such as in GABS(2,2) and GSQ(3,2), the coefficients of first-order and 
second-order lagged expectiles are all significant. Indeed, the first-order lagged expectiles 
are positively significant for GABS(2,2) and GSQ(3,2) model, while the second-order 

Table 6. Summary statistics of return series.

Mean Min Median Max SD Skew. Kurt.

0.0306 − 12:7652 0.0992 8.9683 1.3907 − 0:7735 13.0873

Note: Sample period: March 29, 2018 to December 31, 2022.

Figure 3. Time series and histogram plot of stock return series: S&P500.
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lagged expectiles are negatively significant for these two models. For SQ and GSQ models, 
the coefficients of Yt − 1 are all significant, but positive in SQ models while negative in GSQ 
models. The underlying rationale is that the incorporation of lagged expectiles may exert 
an influence on the magnitude of the coefficients associated with Yt − 1. The coefficients of 
ðY −

t − 1Þ
2 in all SQ models are positively significant. In the GSQ(3,2) model, the coefficients 

of ðYþt − 1Þ
2 is positively significant when τ ¼ 0:01. In the GABS(2,2) model, the coefficients 

of Yþt − 2 and Y −
t − 2 are negatively significant when τ ¼ 0:01, with an asymmetric effect in the 

magnitude. In the GABS(1,1) model, the coefficient of Y −
t − 1 is negatively significant when 

τ¼ 0:05, indicating that recent negative returns are likely to depress the conditional expect
ile. However, most coefficients, except the coefficients of the constant term, in ABS and SQ 
models are insignificant maybe due to the fact of including too many irrelevant lagged 
terms. Generally speaking, the estimation results demonstrate a relatively strong impact 
from lagged negative returns on tail risks.

4.3 Time Invariant Portfolio Protection Strategy
Next, we apply the proposed GCARE model to the popular proportion portfolio insurance 
strategies, and compare its performances to other competing risk measure models. We con
sider a portfolio invested into the S&P 500 index and into the well-recognized risk-less 
asset, the daily treasury bill rates of one year.2 The sample data are split into two sub- 
samples: the in-sample data is from April 9, 2014 to March 28, 2018, with 1000 observa
tions in total; the out-of-sample period consists of 1200 data, which is from March 29, 
2018 to December 31, 2022. The proportion portfolio strategies need to determine a so 
called multiple, a proportion invested into risky assets, and the remaining is invested into 
risk-less assets to guarantee a minimum value of the portfolio over a given investment hori
zon, which is called a floor in the literature. Obviously, the multiple represents the portfo
lio’s risk exposure. Many conditional tail risk models can be used to determine the multiple 
in a portfolio. Among various proportion portfolio strategies, we consider the recently de
veloped TIPP strategy.

Let us first introduce the TIPP strategy. Denote Vt the value of the covered portfolio at 
time t 2 0;Tð �, and suppose it’s initial value V0 ¼ 100. The minimum value of the portfolio 
that is acceptable for an investor at any time t, the floor, is defined as 

Ft � max νF � e − rft � T − tð Þ
; ν sup

s≤ t
Vs

� �

≤Vt;

where F is the guarantee at the maturity T and we set F¼ 105:77 considering the asset ap
preciation with expected annualized risk-free rate of 1.4533%,3 rft is the risk-free rate, ν 2
ð0;1Þ is defined as the floor percentage. In TIPP strategy, an 80% floor means that the trad
ing program will be constructed so that the portfolio can never decline below 80% of the 
highest value it ever reached. As suggested by Hamidi, Maillet, and Prigent (2014), ν is usu
ally defined as equal to 90%. The excess of the portfolio value above the floor, Ct ¼ Vt − Ft, 
is defined as the cushion value. In the strategy, the amount of Gt ¼mCt with m denoting 
the multiple invested into the risky asset with return Rt, and the remaining amount of the 
portfolio value is invested into the risk-less asset. The performance of the strategy is 
completely determined by the multiple.

Assume a discrete-time trading between two rebalancing times t and tþ1. According to 
the strategy introduced, the portfolio value evolves as follows: Vtþ1 ¼ VtþGtRtþ1þ

ðVt − GtÞrftþ1 and the cushion value satisfies Ctþ1 ¼ Ctf1þmRtþ1þð1 −mÞrftþ1g. The 
2 It is downloaded from https://home.treasury.gov/policy-issues/financing-the-government/interest-rate-statistics.
3 It is calculated using the average return of daily treasury bill rates of one year from April 10, 2013 to April 

9, 2014.
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above equation proves that, if the guarantee holds at the time t, it will also hold at time 
tþ1 provided that the term ð1þmRtþ1þð1− mÞrftþ1Þ is positive. Assume that 
Rtþ1 − rftþ1ð Þ may be non-positive and rft is negligible in a very short period, the upper 

bound of multiple m is easily derived with 

m≤ − R −
tþ 1

� �− 1
;

where R−
tþ1 ¼min 0;Rtþ1ð Þ, which indicates how the multiple reacts to the market condi

tions. Using a quantile hedging method, Jiang, Ma, and An (2009) proposed to compute 
the updated multiple using the tail risk measure VaR, namely, 

mt ¼ jVaRη;tj
− 1
;

where VaRη;t is the ηth conditional VaR of the risk asset Rt. Many dynamic quantile mod
els can be used in the quantile hedging approach, such as the CAViaR model. However, 
since the VaR has recently been criticized for its insensitiveness to the magnitude of ex
treme losses at tails, the ES was introduced by Hamidi, Maillet, and Prigent (2014) to com
pute the conditional multiple such as 

mt ¼ jESη;tj
− 1
;

where ESη;t is the ηth conditional ES of the risk asset Rt. Then using the one-to-one link be
tween expectiles and ES illustrated in Section 1.1, we can apply the CARE and GCARE 
type models to compute the conditional multiples.

To be specific, the four dynamic expectile models considered in section 4.2 are employed 
to establish the ES based TIPP strategy. The probability level η of VaRη;t and ESη;t is se
lected as 0.01 as in Hamidi, Maillet, and Prigent (2014). To compute a corresponding τ for 
the given η, a linear interpolation technique as in Taylor (2008) is conducted. Further, the 
EBIC leads to ABS(5) model, SQ(5) model, GABS(1,2) model, and GSQ(3,1) model, respec
tively. For the aim of comparison, the historical simulation method using moving windows 
of length 250, 500, and 1000days together with the RiskMetrics are implemented as the 
benchmark models. Further, we also consider a quantile based TIPP strategy based on the 
CAViaR(p, q) model, which has the form 

qt;η ¼ α0;ηþ
Xp

i¼1

αi;ηY þt − iþ
Xp

i¼1

γi;ηY
þ
t − iþ

Xq

j¼1

βjqt − j;η;

and the EBIC leads to a CAViaR(2,2) model. To overcome the potential look-ahead bias, 
m is estimated using the day-ahead post-sample predictions of the aforementioned models 
on a rolling window of length 1000. In practice, we follow Xu, Mihoci, and H€ardle (2018)
to truncate the multiple at m¼ 12 and m¼ 1 for all TIPP strategies. To elaborate, the value 
of m is adjusted to m¼ 12 or m¼ 1 when it exceeds 12 or falls below 1, respectively.

As suggested by one of our anonymous referees, we have also introduced a mean- 
variance (M-V afterwards) strategy for comparative analysis with the TIPP strategy. In this 
comparative framework, the S&P 500 index and the treasury rate are designated as the 
assets under consideration. This re-estimation occurs on a rolling window with a length of 
1000 observations. Specifically, the efficient portfolio targeting an expected annualized re
turn of 1.4533% is selected. The portfolio weights for the mean-variance strategy are deter
mined based on the last 1000 observations from the dataset.
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Figure 4 depicts the path of portfolio values based on different TIPP strategies and M-V 
strategy during the investment horizon. We use blue, aquamarine, yellow, pink, black, red, 
green, lightcyan, orange, lightblue and tan lines to denote the time series of portfolio values 
based on the S&P500 index, M-V strategy, the ABS(5) model, the SQ(5) model, the GABS 
(1,2) model, the GSQ(3,1) model, the GABS(1,1) model, the GSQ(1,1) model, historical 
simulation method with window size 1000, RiskMetrics and the CAViaR(2,2) model, re
spectively. Note that the performance of each portfolio mainly depends on its performance 
under extreme market conditions. The occurrence of extreme losses may destroy the port
folio when a model cannot capture the risk precisely and therefore obtains an inappropri
ate multiple. From Figure 4, one can also see that all of the dynamic multiple-based 
cushioned portfolios guarantee the target floor at every trading day during the investment 
horizon even when large market downturn occurs at the beginning of 2020, which is more 
clearly shown in Figure 5. Figure 5 depicts the heat map of the multiple values during the 
investment horizon, and we can see that the multiple values of all the portfolios drop to a 
safe value (near 1) quickly during the large downturn in the investment horizon (January 
2020–March 2020).

In general, the risk-sensitive portfolio can take the chance to make a fortune in market 
jumps. However, this approach inherently involves a trade-off. To curtail exposure to 
downside risk, such portfolios are often calibrated to favor lower multiples. As a result, 
they may not track the index closely, particularly during periods of bullish trends, thus po
tentially forgoing some of the gains associated with bull markets. To see how the proposed 
model performs for the Covid-19 pandemic period,

Figure 6 gives the time series plots of the portfolio values during the Covid-19 pandemic 
period (January 2020.01–June 2020) and Figure 7 displays heatmap of the multiple values 
(January 2020.01– June 2020). From both Figures 6 and 7, one can see clearly that the 
ABS(5) model, GABS(1,2) model, GSQ(3,1) model and CAViaR(2,2) model have higher 
multiples when the market is recovering from the large downturn, which leads to higher 
returns for these models. It can also be observed from Figure 6 that the portfolio based on 
SQ(5) model drop to the guarantee during the large downturn at the beginning of March, 
2020. Note that the portfolios based on HS1000 and RiskMetrics have relatively stable 
multiple values in the specific period.

Finally, Table 8 summarizes the descriptive statistics of the portfolio returns of different 
TIPP strategies together with the M-V strategy. First, we use the difference of the log trans
formation of the portfolio values to compute the daily returns.

Then, the annualized return, annualized volatility and annualized Sharpe ratio are 
reported in Table 8, from which, one can see that all the cushioned portfolios have lower 
volatility than S&P500 series. Among all the portfolio insurance strategies, the GABS(1,2) 
model exhibits the best performance. The annualized return of GABS(1,2) model is 3:99%

with the annualized Sharpe ratio 0.3982. It is also observed that the GABS(1,2) model and 
GSQ(3,1) model based strategies perform relatively better than the corresponding GABS 
(1,1) model and GSQ(1,1) model. Meanwhile, the M-V strategy consistently favor holding 
the treasury rate, so that it has the lowest volatility. Note that the SQ(5) model based strat
egy performs worst. The annualized return and annualized Sharpe ratio of the SQ(5) model 
are 0.78% and −0:1318, respectively. The empirical analysis results suggest the usefulness 
of our GCARE model for the given dataset.

5 Conclusion
In this article, we introduce a class of generalized conditional autoregressive expectile 
(GCARE) models which include the expectile autoregressive components. An EBIC is pro
posed to select the number of lagged expectiles and covariates. The QML estimation 
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method is employed to estimate the proposed model and the consistency and asymptotic 
normality of the QMLEs are established. In addition, dynamic expectile tests are con
structed to evaluate in-sample model goodness of fit and out-of-sample predictive ability. 
Finally, the proposed GCARE models are applied to the TIPP strategy by determining the 
portfolio’s risk exposure. The empirical results demonstrate that the GCARE model out
performs other existing models with the highest Sharpe values.

Supplemental Material
Supplemental material is available at Journal of Financial Econometrics online.

Funding
The authors gratefully acknowledge the financial supports, in part, from the National 
Science Fund of China (NSFC) with grants #72103207 and the key project grants 
#72033008 and #72133002, Basic Science Center Program of NSFC with grant 
#71988101, and “the Fundamental Research Funds for the Central Universities”, 
Zhongnan University of Economics and Law with grant #2722023BY018.

Conflict of interest
We confirm that this work is original and has not been published elsewhere, nor is it cur
rently under consideration for publication elsewhere. Also, we declare that we have no 
known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. We have no conflicts of interest to disclose. 
Finally, we declare that we do not use any generative AI and AI-assisted technologies in the 
writing process.

Table 8. Portfolio performance based on the TIPP strategy.

Return (%) Volatility (%) Sharpe

S&P500 5.4147 22.1974 0.1701
M-V 1.2484 0.6771 −0.3845
HS250 1.0957 3.9387 −0.1049
HS500 0.8602 3.9855 −0.1627
HS1000 1.2784 4.1460 −0.0555
RiskMetrics 1.9480 6.7491 0.0651
ABS(5) 2.2684 5.3956 0.1408
SQ(5) 0.7795 5.5310 −0.1318
GABS(1,2) 3.9900 6.2305 0.3982
GABS(1,1) 2.7226 5.7899 0.2097
GSQ(3,1) 2.6482 6.4427 0.1769
GSQ(1,1) 2.1117 5.5242 0.1092
CAViaR(2,2) 2.0739 6.7604 0.0836

Note: In-sample period: April 9, 2014 to March 28, 2018. Out-of-sample period: March 29, 2018 to December 
31, 2022.
M-V: Mean-Variance strategy with expected annualized return 1:4533%.
HS250, HS500, HS1000: Historical simulation utilizing moving windows of lengths 250, 500, and 1000 days.
RiskMetrics: The conventional RiskMetrics method based on Gaussian IGARCH(1,1) model.
CAViaR(p, q): qt;η ¼ α0;ηþ

Pp
i¼1 αi;ηYþt − iþ

Pp
i¼1 γi;ηYþt − iþ

Pq
j¼1 βjqt − j;η.

ABS(p), SQ(p), GABS(p, q), and GSQ(p, q) are same as in Table 6.
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Appendix: Mathematical Proofs
Note that the detailed proofs of main theorems are presented in this appendix with the de
tailed proofs of some lemmas given in the Supplementary material.

Proof of Theorem 1:  Let L0;τ θð Þ � E LT;τ θð Þ
� �

¼ T − 1PT
t¼1 E lt;τ θð Þ

� �
, and Rt;τ θð Þ ¼

E lt;τ θð ÞjWt
� �

with lt;τ θð Þ �wt;τ θð Þε2
t;τ. Then we have the following lemma.  

Lemma A1.  Let θ0 be a interior point in Q. For θ 2Q and a large enough T, if

i) supθ2Q jLT;τ θð Þ−L0;τ θð Þj!P 0; 
ii) L0;τ θð Þ has a unique minimum at θ0; 
iii) LT;τ θð Þ is convex in θ, 

then θ̂T ¼ argminθ2QLT;τ θð Þ exists with probability approaching one and θ̂T!
P θ0.   

In this proof, the conditions (i)–(iii) imposed in Lemma A1 are verified. For condition (i), 
the uniform convergence of LT;τðθÞ to L0;τðθÞ is checked here. We know from Assumption 
A1 that fYt;Xtgt2Z is α-mixing process, then it is also ergodic by Proposition 3.44 in White 
(2001). Since the sequence lt;τðθÞ 2HðF tÞ is measurable with respect to F t, by Theorem 
3.35 in White (2001), it is easy to show that lt;τðθÞ is also an ergodic process. Now, for a 
given r>1 and ɛ>0, one has E½jlt;τðθÞjrþ ɛ=2

�≤CE½jεt;τj
2rþ ɛ
�<1 according to Assumption 

A7. Here and throughout the appendix, C denotes a generic constant, which takes different 
values at different places. Then, by the weak law of large numbers for ergodic sequences of 
Theorem 3.34 in White (2001), one has 

LT;τ θð Þ ¼ T − 1
XT

t¼1

lt;τ θð Þ!P T − 1
XT

t¼1

E lt;τ θð Þ
� �

¼ L0;τ θð Þ:

Further, as lt;τ θð Þ is a convex function for every t, 1≤ t≤T, which leads LT;τ θð Þ
� �

to be a se
quence of random convex functions. For a compact set Q, one has 

sup
θ2Q

jLT;τ θð Þ− L0;τ θð Þj!P 0;

by Convexity Lemma in Pollard (1991), therefore condition (i) is verified.
To prove condition (ii) that L0;τ θð Þ is uniquely minimized at θ0, it is easy to show that 

krlt;τ θð Þk≤2kret;τ θð Þ Yt −et;τ θð Þ
� �

k, and it is dominated by an integrable function by 
Assumptions A8. Therefore, it follows that 

@Rt;τ θð Þ
@θ

¼ −2E ret;τ θð Þ τ
ð1

et;τ θð Þ
y−et;τ θð Þ
� �

f yjWtð Þdyþ 1−τð Þ

ðet;τ θð Þ

−1
y−et;τ θð Þ
� �

f yjWtð Þdy

( )" #

;

where f yjWtð Þ is the conditional probability function of Yt given Wt. Given the fact that 
Ð z
1

y −zð Þf yjWtð Þdy is continuously differentiable in z, and its derivative −
Ð z

−1 f yjWtð Þdy 
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is uniformly bounded by 1, we know that @Rt;τ θð Þ
@θ is continuously differentiable. Therefore, 

one has 

@2Rt;τ θð Þ
@θ@θ>

¼ 2E ret;τ θð Þr>et;τ θð Þ τ
ð1

et;τ θð Þ
f yjWtð Þdyþ 1 − τð Þ

ðet;τ θð Þ

−1
f yjWtð Þdy

( )" #

¼ 2E wt;τ θð Þret;τ θð Þr>et;τ θð Þ
� �

:

Let f¼min τ;1 − τð Þ, it follows that @
2Rt;τ θð Þ
@θ@θ> − 2fE ret;τ θð Þr>et;τ θð Þ

� �
is positive semi-definite 

by Assumption A6. For any θ 2Q, by using the second order mean value expansion of 

R θð Þ around a fixed ~θ, one has 

Rt;τ θð Þ− Rt;τ ~θð Þ ¼
@Rt;τ ~θð Þ
@θ>

θ − ~θð Þþ θ − ~θð Þ
> @2Rt;τ �θð Þ

@θ@θ>
θ − ~θð Þ

¼
@Rt;τ ~θð Þ
@θ>

θ − ~θð Þþ 2 θ − ~θð Þ
>

E ret;τ �θð Þr>et;τ �θð Þwt;τ �θð Þ
h i

θ − ~θð Þ

≥
@Rt;τ ~θð Þ
@θ>

θ − ~θð Þþ 2fMekθ − ~θk2
;

(A1) 

where �θ lies between ~θ and θ, and Me>0 is the minimum eigenvalue of 
E½ret;τð�θÞr>et;τð�θÞwt;τð�θÞ�. By the above inequality, it is readily seen that Rt;τðθÞ>Rt;τð~θÞ
for θ outside some closed ball centered at ~θ. By the continuity of Rt;τðθÞ, it has a minimum 
θ0 inside this ball, then θ0 is a global minimum given that Rt;τðθ0Þ≤Rt;τð~θÞ. Moreover, with 

Assumption A5 one has @Rt;τðθ0Þ

@θ ¼ 0. Then, by the convexity of Rt;τðθÞ, the fact that θ0 is a 
unique minimum of Rt;τðθÞ follows from Equation (A1) with ~θ ¼ θ0. Finally, Condition (iii) 
is automatically satisfied given the convexity of lt;τ θð Þ for every t, 1≤ t≤T, and the consis
tency of θ̂T to θ0 is, therefore, established.

Proof of Theorem 2:  Define ξ̂ ¼
ffiffiffiffi
T
p

θ̂T − θ0

� �
, then ξ̂ minimizes the function 

GT ξð Þ ¼
XT

t¼1

Qτ ε�t;τ − T − 1=2ξ>ret;τ θ0ð Þ
� �

− Qτ ε�t;τ
� �n o

;

where ε�t;τ ¼ Yt −et;τ θ0ð Þ, GT ξð Þ is a convex function in ξ.  

Lemma A2.  Under Assumptions A1-A6 and B, when T ! 1, one has 

GT ξð Þ ¼ ξ>DT θ0ð Þξþ
2
ffiffiffiffi
T
p

XT

t¼1

h>t;τ θ0ð ÞξþRT ξð Þ;

where supξ2R jRT ξð Þj ¼ op 1ð Þ for any compact set R.    
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From Lemma A2 and the convexity lemma in Pollard (1991), ξ̂ can be explicitly 
expressed as  

ξ̂ ¼ − T − 1=2D − 1
T θ0ð Þ

XT

t¼1

ht;τ θ0ð Þþop 1ð Þ;

which is equivalent to 

ffiffiffiffi
T
p

θ̂T − θ0

� �
¼ − T − 1=2D − 1

T θ0ð Þ
XT

t¼1

ht;τ θ0ð Þþop 1ð Þ: (A2) 

It is easy to show that ht;τðθ0Þ 2HðF tÞ is a vector of random variables which is measur
able with respect to F t, and by Assumption B1, it satisfies that 
Eðkwt;τðθ0Þε�t;τret;τðθ0Þk

2rþ ɛ
Þ<1, for some ɛ>0. At the same time, one has Eðht;τðθ0ÞÞ ¼

E½ret;τðθ0ÞEðwt;τðθ0Þε�t;τjWtÞ� ¼ 0 for the first order condition. Together with Assumptions 
B2 and B3, the central limit theory for functionals of mixing sequences (see Theorem 
18.6.2 in Ibragimov and Linnik (1971)) can be applied, and one has 

T − 1=2
XT

t¼1

ht;τ θ0ð Þ !
L

N 0;VT θ0ð Þð Þ;

where 

VT θ0ð Þ ¼ Var T − 1=2
XT

t¼1

ht;τ θ0ð Þ

 !

¼ T − 1
XT

t¼1

XT

s¼1

E ht;τ θ0ð Þh>s;τ θ0ð Þ
h i

;

which, together with Equation (A2), concludes that the proof is completed.

Proof of Theorem 3:  We will split the proof into two parts. For the consistency of DT, 
one has the following lemma.  

Lemma A3.  Suppose Assumptions A1–A6, B, and C hold. Then one has 

DT θ̂T

� �
! DT θ0ð Þ:

For the analysis of ~V θ̂T

� �
, consider the identity 

~VT θ̂T

� �
− VT θ0ð Þ ¼ ~VT θ̂T

� �
− ~VT θ0ð Þþ ~VT θ0ð Þ− VT θ0ð Þ;

where ~VT θ0ð Þ ¼
PT − 1

j¼− Tþ1
T − jjj

T k j=STð Þ ~H j;τ θ0ð Þ, with 

Hj;τ θ0ð Þ ¼
1

T − j

XT − j

t¼1

ht;τ θ0ð Þh>tþ j;τ θ0ð Þ:

Here we first prove that ~VT θ̂T

� �
− ~VT θ0ð Þ ¼ op 1ð Þ. To this end, a mean value 

expansion of ~VT θ̂T

� �
about θ0 yields 

ffiffiffiffi
T
p

ST

~VT θ̂T

� �
− ~VT θ0ð Þ

� �

¼ S − 1
T r

> ~VT
~θð Þ

ffiffiffiffi
T
p

θ̂T − θ0

� �

¼ S − 1
T

XT − 1

j¼− Tþ1

T − jjj
T

k j=STð Þr> ~Hj;τ ~θð Þ
ffiffiffiffi
T
p

θ̂T − θ0

� �
;
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where ~θ lies between θ̂T and θ0. In addition, one has 

supj≥ 1 kr
~Hj;τ ~θð Þk ¼ supj≥ 1

�
�
�
�
�
T − 1

XT

t¼jjj þ 1

ht;τ ~θð Þrh>t − jjj;τ
~θð Þþ ht − jjj;τ ~θð Þrh>t;τ ~θð Þ

� �
�
�
�
�
�

≤C T − 1
XT

t¼1

sup
θ2Q

kht;τ θð Þk2

 !1=2

T − 1
XT

t¼1

sup
θ2Q

krh>t;τ θð Þk2

 !1=2

;

in which 

T − 1
XT

t¼1

sup
θ2Q

kht;τ θð Þk2
¼ T − 1

XT

t¼1

kht;τ θ0ð Þk
2
þT − 1

XT

t¼1

sup
θ2Q

krh>t;τ θð Þk2 ~θ − θ0

� �
;

where ~θ lies between θ and θ0. Together with the following two facts  

P T − 1
XT

t¼1

kht;τ θ0ð Þk
2 ≥ sup

t≥ 1
E kht;τ θ0ð Þk

2
� �

 !

≤
E T − 1 P

T

t¼1
kht;τ θ0ð Þk

2

 !

supt≥ 1 E kht;τ θ0ð Þk
2

� � < 1;

and 

P T − 1
XT

t¼1

sup
θ2Q

krh>t;τ θð Þk2 ≥ sup
t≥ 1

E sup
θ2Q

kht;τ θ0ð Þk
2

� �
 !

≤
E T − 1

XT

t¼1

sup
θ2Q

krh>t;τ θð Þk2

 !

sup
t≥ 1

E sup
θ2Q

kht;τ θ0ð Þk
2

� � < 1;

as well as Assumption C3, supj≥1 kr
~Hj;τ ~θð Þk ¼Op 1ð Þ is proved. This results 

Theorem 2 and the fact that S− 1
T
PT − 1

j¼− Tþ1 jk j=STð Þj !
Ð1

−1 jk xð Þjdx<1 prove the 
claim. Further, by Theorem 1 in Andrews (1991), it is easy to show that 
~VT θ0ð Þ−VT θ0ð Þ ¼ op 1ð Þ. Therefore, the consistency of ~VT θ̂T

� �
to VT θ0ð Þ is proved, 

and the proof of Theorem 3 is complete.  

Proof of Theorem 4:  To establish the asymptotic result of test statistic 
T − 1=2PT

t¼1 Zt θ̂T

� �
wt;τ θ̂T

� �
ε̂t;τ, where ε̂t;τ ¼ εt;τ θ̂ð Þ, we first employ a continuously 

differentiable function to approximate the discontinuous function wt;τ θ̂T

� �
. Then, 

the mean value theorem is applied around θ0, and the new test statistics is proved to 
converge in distribution to the normal distribution stated in Theorem 4. Finally, the 
approximation of the test statistic to the new test statistic is proved.   
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Define w�t;τ θ̂T

� �
¼ τþ 1 −2τð Þ 1þ exp c− 1

T ε̂t;τ
� �� �−1

� τþ 1 −2τð ÞI�T ε̂t;τð Þ, where cT is a non- 
stochastic sequence such that limT!1 cTT1=2 ¼ 0. Then, one has 

rw�t;τ θ̂T

� �
¼ 1 − 2τð Þc − 1

T exp c − 1
T ε̂t;τ

� �
1þ exp c − 1

T ε̂t;τ
� �� �− 2

ret;τ θ̂T

� �

� 1 − 2τð ÞKcT ε̂t;τð Þret;τ θ̂T

� �
:

Applying the mean value theorem gives 

T − 1=2
XT

t¼1

Ztðθ̂TÞw�t;τðθ̂TÞε̂t;τ ¼ T − 1=2
XT

t¼1

h
Ztðθ0Þw�t;τðθ0Þε�t;τ þfr

>Ztð~θÞw�t;τð~θÞ~εt;τ

þZtð~θÞð1 − 2τÞKcT ð~εt;τÞr
>et;τð~θÞ~εt;τ

− Ztð~θÞw�t;τð~θÞr>et;τð~θÞgðθ̂T − θ0Þ
i
;

(A3) 

where ~θ lies between θ̂T and θ0, ~εt;τ ¼ Yt −et;τ ~θð Þ. Reformulate the above equation by add
ing and subtracting appropriate terms, one has  

T −1=2
XT

t¼1

Ztðθ̂TÞw�t;τðθ̂TÞε̂t;τ

¼T−1=2
XT

t¼1

h
Ztðθ0Þwt;τðθ0Þε�t;τþðZtðθ0Þw�t;τðθ0Þε�t;τ −Ztðθ0Þwt;τðθ0Þε�t;τÞ

þfr>Ztð~θÞw�t;τð~θÞ~εt;τþZtð~θÞð1−2τÞKcT ð~εt;τÞr
>et;τð~θÞ~εt;τ −Ztð~θÞw�t;τð~θÞr>et;τð~θÞgðθ̂T −θ0Þ

−Ztðθ0Þwt;τðθ0Þr
>et;τðθ0ÞD−1

T ðθ0ÞT−1
XT

t¼1

ht;τðθ0ÞþZtðθ0Þwt;τðθ0Þr
>et;τðθ0ÞD−1

T ðθ0Þ

T −1
XT

t¼1

ht;τðθ0Þ−E½Ztðθ0Þwt;τðθ0Þr
>et;τðθ0Þ�D−1

T ðθ0ÞT−1
XT

t¼1

ht;τðθ0Þ

þE½Ztðθ0Þwt;τðθ0Þr
>et;τðθ0Þ�D−1

T ðθ0ÞT−1
XT

t¼1

ht;τðθ0Þ
i

In the following lemma, some of the terms in the above equation are proved to be op 1ð Þ.

Lemma A4.  Under the same assumptions as in Theorem 4, when T ! 1, one has

i) kT − 1=2PT
t¼1 Zt θ0ð Þw�t;τ θ0ð Þε�t;τ −Zt θ0ð Þwt;τ θ0ð Þε�t;τ
� �

k ¼ op 1ð Þ; 

ii) kT − 1=2PT
t¼1 r>Zt ~θð Þw�t;τ ~θð Þ~εt;τþZt ~θð Þ 1 − 2τð ÞKcT ~εt;τð Þr>et;τ ~θð Þ~εt;τ −Zt ~θð Þw�t;τ ~θð Þ

�n

r>et;τ ~θð ÞÞ θ̂T − θ0

� �
− Zt θ0ð Þwt;τ θ0ð Þr

>et;τ θ0ð ÞD− 1
T θ0ð ÞT − 1PT

t¼1 ht;τ θ0ð Þgk ¼ op 1ð Þ; 

iii) kT − 1PT
t¼1 Zt θ0ð Þwt;τ θ0ð Þr

>et;τ θ0ð ÞD− 1
T θ0ð ÞT − 1=2PT

t¼1 ht;τ θ0ð Þ−E Zt θ0ð Þwt;τ θ0ð Þ
�n

r>et;τ θ0ð Þ�D− 1
T θ0ð ÞT − 1=2PT

t¼1 ht;τ θ0ð Þgk ¼ op 1ð Þ. 

Then, it follows from Lemma A4 that 
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T − 1=2
XT

t¼1

Zt θ̂T

� �
w�t;τ θ̂T

� �
ε̂t;τ

¼ T − 1=2
XT

t¼1

Zt θ0ð Þwt;τ θ0ð Þε�t;τ þE Zt θ0ð Þwt;τ θ0ð Þr
>et;τ θ0ð Þ

� �
D − 1

T θ0ð ÞT − 1
XT

t¼1

ht;τ θ0ð Þ

( )

þop 1ð Þ

¼ T − 1=2
XT

t¼1

Zt θ0ð Þþ T − 1
XT

t¼1

E Zt θ0ð Þwt;τ θ0ð Þr
>et;τ θ0ð Þ

� �
 !

D − 1
T θ0ð Þret;τ θ0ð Þ

( )

wt;τ θ0ð Þε�t;τ þop 1ð Þ

� T − 1=2
XT

t¼1

Ξt θ0ð Þwt;τ θ0ð Þε�t;τ;

and it is easy to show that gt;τðθ0Þ � Xt;τðθ0Þwt;τðθ0Þε�t;τ 2HðF tÞ is a vector of 
random variables which is measurable with respect to F t, and by Assumption D3, it 
satisfies that Eðkgt;τðθ0Þk

2rþɛ
Þ<1, for some ɛ>0. At the same time, one has 

E gt;τ θ0ð Þ
� �

¼ E gt;τ θ0ð ÞjWt
� �

�¼ 0 

for the first order condition. Then, with Assumption D4, the central limit theory for 
functionals of mixing sequences (see Theorem 18.6.2 in Ibragimov and Linnik 
1971) can be applied, and the proof is complete.  

Proof of Theorem 5:  Following the same manner as in Eqution (A3), one has 

N − 1=2
r

XTr þNr

t¼Tr þ 1

Ztðθ̂TrÞw
�
t;τðθ̂TrÞε̂t;τðθ̂TrÞ

¼ N − 1=2
r

XTr þNr

t¼Tr þ1

½Ztðθ0Þw�t;τðθ0Þε�t;τ þfr
>Ztð~θÞw�t;τð~θÞ~εt;τ

þZtð~θÞð1 − 2τÞKcT ð~εt;τÞr
>et;τð~θÞ~εt;τ − Ztð~θÞw�t;τð~θÞr>et;τð~θÞgðθ̂Tr − θ0Þ�;

where ~θ lies between θ̂Tr and θ0, and ~εt;τ ¼ Yt −et;τ ~θð Þ. Assumption E1, consistency 
of θ̂Tr , and Slutsky’s theorem yield 

lim
r!1

N − 1=2
r

XTr þNr

t¼Tr þ1

Ztðθ̂TrÞw
�
t;τðθ̂TrÞε̂t;τðθ̂TrÞ

¼ lim
r!1
½N − 1=2

r

XTr þNr

t¼Tr þ 1

Ztðθ0Þw�t;τðθ0Þε�t;τ þ
Nr

Tr

� �1=2 1
Nr
fr>Ztð~θÞw�t;τð~θÞ~εt;τ

þZtð~θÞð1 − 2τÞKcT ð~εt;τÞr
>et;τð~θÞ~εt;τ − Ztð~θÞw�t;τð~θÞr>et;τð~θÞgT1=2

r ðθ̂Tr − θ0Þ�

¼ lim
r!1

N − 1=2
r

XTr þNr

t¼Tr þ 1

Ztðθ0Þw�t;τðθ0Þε�t;τ:

With Assumption E2, the proof is completed by the same procedure as in the proof 
of Theorem 4.  
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