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1. Introduction

A long-term issue in financial econometrics is to test whether or not an asset return process is predictable by a
set of lagged predictors (say, financial ratios or/and macroeconomic variables), but the conclusions based on predictive
mean regressions are mixed despite an enormous amount of efforts devoted to this problem in the literature, see, for
example, the papers by Ang and Bekaert (2007) and Welch and Goyal (2008). The indefinite conclusions are partially
due to the econometric issues caused by those highly persistent regressors where conventional test statistics are invalid
with a serious size distortion, which is more serious if the innovations of predictors and return errors are contemporarily
correlated, as studied by Campbell and Yogo (2006), Torous et al. (2004), Zhu et al. (2014), Choi et al. (2016), Yang et al.
(2019), and among others.! The heterogeneous predictability of asset returns could be another reason. For example, a
stronger prediction power is usually found in recession periods for stock markets; see Gonzalo and Pitarakis (2012), which
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implies potentially greater predictability at lower quantiles. As mean regressions reflect the average predictability over all
quantiles, they may fail to find evidence for the predictability of asset returns at some quantiles, particularly in tails. That
has motivated researchers to examine the predictability of asset returns using quantile regressions, which reveal more
information about the predicability under the entire underlying conditional distribution; see, for example, the papers by
Koenker (2005), Xiao (2009), Lee (2016) and Fan and Lee (2019) for details.

Testing the predictability in a quantile setting is of importance in economics and finance and also of practical
attractiveness. First, from economic perspective, empirical evidences have documented that investors’ interest in asset
returns is beyond their mean and variance. For example, Harvey and Siddique (2000) and Dittmar (2002) found that
the higher order moments are helpful to explain cross-sectional variation in US stock returns, whereas Cenesizoglu and
Timmermann (2008) concluded that the entire distribution of future stock returns is informative for investment decisions
of risk averse investors. Second, from the econometric point of view, quantile regressions are more suitable when the
distribution is skewed and/or heavy tailed, which is a stylized fact in financial econometrics, and the quantile regression
technique has been applied widely in risk management operations. For example, the Value-at-Risk is defined by the
unconditional/conditional quantile and is widely used to measure the tail risk in practice. Finally, predictive quantile
regressions avoid the order-imbalance issue, a well known theoretical challenge that arises for mean regressions where
the dependent variable commonly behaves as martingale differences, while the regressors, fundamental variables, are
highly persistent as argued in Phillips (2015).

Modeling predictive quantiles and examining their predictability with possible nonstationary regressors are not trivial.
Some challenging econometric issues in mean regressions causing the failure of traditionally econometric inferences of the
predictive regression still exist for predictive quantile regressions. To overcome these difficulties, Maynard et al. (2011)
tried to extend the Bonferroni’s method to predictive quantile regressions with highly persistent regressors. However, as
pointed out by Phillips (2015), the Bonferroni’s method is hard to be extended to multivariate cases, which are typical
in applied research. To the best of our knowledge, the papers by Lee (2016) and Fan and Lee (2019) were the first to
investigate the asymptotic theory for multivariate predictive quantile regressions with both various degrees of persistency
and embedded endogeneity. Indeed, Lee (2016) extended the instrumental variable filtering methodology by Magdalinos
and Phillips (2009), Phillips and Magdalinos (2009), and Kostakis et al. (2015) for mean regressions to quantile regressions,
termed as IVX-QR approach. Further, Lee (2016) obtained the asymptotic distribution of test statistics that are robust to
the degree of persistency under the null hypothesis. Recently, Fan and Lee (2019) applied the IVX-QR method in Lee
(2016) to the situation with conditionally heteroskedastic errors. The key idea of the IVX-QR approach is to generate a
mildly integrated process as the instrument of the persistent and possibly endogenous regressor, by which it succeeds in
correcting the size distortion, but sacrifices some convergence rates which may lead to a loss of the power. As pointed
out by Lee (2016), the improvement of the size control and the magnitude of the power loss are similar to the two sides
of a coin, relying on the choice of the filtering parameters in the generation of the mildly integrated process. Though Lee
(2016) provided a practical rule for choosing these parameters, it is still unclear how these tuning parameters affect the
test performance exactly.

The main contribution of this paper is to propose a novel and easy-to-implement approach, termed as the double
weighted method, to develop a uniform (robust) inferential theory for predictive quantile regressions with highly
persistent variables. The newly proposed method is based on a quantile regression with an auxiliary regressor, which
is generated as a weighted combination of an exogenous simulated nonstationary process and a bounded transformation
of the original regressor. The weight, which plays a role of filtering, is chosen by a data-driven approach, such that the
auxiliary regressor enjoys having the same persistency degree with the original predictor asymptotically. In addition, to
avoid efficiency loss as well as eliminate the impact of the embedded endogeneity, we construct a weighted estimator
using the coefficients of both original regressor and auxiliary regressor, with a similar idea of rotation. Under some mild
conditions, it shows that the self-normalized test statistics based on the weighted estimator converge to a standard normal
or x2-distribution. Comparing to the IVX-QR approach, our method possesses a good property that the weighted estimator
reaches the local power under the optimal convergence rate T with nonstationary predictors and +~/T with stationary
predictors, respectively. Meanwhile, our method can be easily generalized to multiple regressors with mixed persistency
degrees, and allows for testing of a general linear hypothesis of coefficients, which is seminal in the related econometrics
literature. Simulations are conducted to demonstrate the effectiveness of our newly proposed approach. For most cases,
our method has better size control and power performance in a finite sample compared with other existing methods.

Indeed, our motivation for this study is to implement the newly proposed approach for re-examining the predictability
of US stock market returns using eight popular financial ratios and macroeconomic indicators. For the convenience of
comparison, the same data set used by Lee (2016) is taken with the sample period from 1927 to 2005. To see whether
there is any change after the 2008 global crisis, the data set is updated to December of 2018. The main empirical findings
can be summarized as follows. First, the predictability for the middle quantile levels is weaker than both lower and upper
quantiles, which is consistent with the previous findings. Second, in the multivariate prediction quantile regression, many
variables lose their prediction power after controlling other variables. Third, after the World War II, we do not find much

et al. (2016), the weighted empirical likelihood approach by Zhu et al. (2014), Liu et al. (2019), and Yang et al. (2021), and the variable addition
(VA) or augmented regression or control function approach by Elliott (2011) and Breitung and Demetrescu (2015) and Yang et al. (2021). The reader
is referred to the recent survey paper by Liao et al. (2018) for more discussions.
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evidence of the prediction power for some well-known financial ratios, such as earnings to price (d/p) ratio, dividend to
price (d/p) ratio and book to market (b/m) ratio. However, the macroeconomic indicators, like T-bill rate (tbl), default
yield spread (dfy), term spread (tms), show some strong evidence of significant prediction power, especially at lower and
upper quantile levels. The detailed analysis of this empirical example is reported in Section 5.

In some way, our paper is tied to the regression with auxiliary variables. Indeed, Toda and Yamamoto (1995), and
Dolado and Liitkepohl (1996) first proposed a robust testing strategy irrespective of the persistency type of regressor
through a regression with additional (redundant) variables, such that the coefficients to be tested are attached to station-
ary variables, whereas Bauer and Maynard (2012) considered the VA approach in the context of vector autoregressive
processes with unknown persistency. In particular, Breitung and Demetrescu (2015) argued that the traditional VA
approaches suffer from a loss of power. Different from Breitung and Demetrescu (2015), our paper particularly constructs
the additional regressor in its own way and proposes a new test statistic.

The rest of this paper is organized as follows. Section 2 introduces the model framework and provides the procedures
for estimating parameters and constructing the test statistics as well as presents the asymptotic theories for the proposed
estimators and the test statistics. An extension to the multiple regressors with mixed persistency degrees is discussed in
Section 3. Section 4 is for the Monte Carlo simulation studies and Section 5 reports the detailed results for an empirical
application. Finally, Section 6 concludes the paper. The detailed proofs of the main asymptotic results are given in
Appendix A.

Throughout this paper, the standard notations =, < and % are used to represent weak convergence and convergence
in distribution as well as convergence in probability, respectively. All limits are for T — oo in all theories, and 0,(1) is
stochastically asymptotically bounded while o,(1) is asymptotically negligible.

2. Econometric modeling procedures
2.1. Model framework

Assume that y; is a dependent variable and its tth conditional quantile is Qy, (v | 7—1) such that Pr
(yt <Q (T ] Fo1) | .7-}_1) = t € (0,1), where F;_; is the information set available at time t — 1. For simplicity, a
linear? predictive quantile regression is given by

Qy[(T |]:t71) = Qy[(ﬂxtfl) = Ur + ,Brxtfl» (1)

where x;_; is a predictor to be the presentative (proxy) of F_;, such as dividend-price ratio, earnings-price ratio,
macroeconomic variable and so on, which is a time series, commonly modeled by an autoregressive (AR) model as

Xt = pXe—1+ v, p=1+¢/T% 1<t <T, (2)

where « = 0 or 1 and xy = op(ﬁ). Of course, a higher order AR model can be considered for x; in (2). For simplicity,
we begin with the univariate predictive quantile regression to illustrate the main idea in this paper. For x;, the following
typical types of persistency with different values of ¢ and « are considered: (1) stationary (I0): « = 0 and |1 +¢| < 1;
(2) local to unit root (NI1): @ = 1 and ¢ < 0; (3) unit root (I1): ¢ = 0; (4) local to unity on the explosive side (LE): « = 1
and ¢ > 0.

Of course, it is interesting to consider the other cases as 0 < a < 1, corresponding to the so-called mildly integrated
(MI) processes (c < 0) or mildly explosive (ME) processes (¢ > 0). The latter can be used to explore the mild economic or
financial bubbles and other applications, see Phillips et al. (2015) and the references therein. As this paper mainly focuses
on the methodology contribution, we focus on the current setting with « = 0 or 1 and leave the MI and ME processes
with « € (0, 1) as topics for future studies.’

Here, following Lee (2016), a general weakly dependent innovation structure of the linear process on {v;} in (2) is
imposed and listed below.

Al. Assume that v, follows a linear process given by v; = Z;:o Fyjer—j, where ¢, is a martingale difference sequence
(MDS) with E(g;|F;—1) = 0 and var(g;e;|Fi—1) = X, for ¥, > 0 and E|l&:]|>"” < oo for some v > 0. Here, Fyg = I, K is
the dimension of x; and } = jl|Fy|l < oo and F(1) = 3= Fy > 0, where Fy(z) = 35, FjZ'. The variance matrix of v
can be expressed as £2,, = Y po . E(vev ) = F(1)ZF(1)T.
Remark 1. Assumption A.1 allows for linear process dependence for v; and imposes a conditionally homoskedastic MDS
condition for &;. Also, note that K = 1 for the univariate case.

2 of course, it would be interesting to investigate a nonlinear or nonparametric predictive quantile regression and it would be a future research
topic.

3 Note that Phillips and Lee (2016) extended the IVX approach to both MI and ME processes in the framework of predictive mean regression,
and we conjecture that our method would still hold for MI and ME cases. However, the theoretical deviation to establish the limiting theory should
be very challenging.

229



Z. Cai, H. Chen and X. Liao Journal of Econometrics 234 (2023) 227-250

Define u¢; = y; — Qy,(t|Fr—1), which is commonly called the quantile measurement error, similar to the measurement
error in the predictive mean regression model, and define ¥, (u;;) = © — 1(u;; < 0). Under Assumption A.1, it is easy to
verify that P(u;; < 0|F_1) = 7, E($:(uer )| Feo1) = 0, E(W2(ugr )| Fe—1) = t(1 — ) and the fourth moment E[v, (u, )*] =
E{E[Y:(ue )| Feo1]} = =314+ 67° — 47% + 7. Further, define Xy, = Y>> E[¥(Uer )vesn] = F(1E[(uer e ]. Under
Assumption A.1, using the iterative law of expectation, one can show easily that X, , < oco. Then, similar to Lee (2016),
the functional central limit theorem (FCLT) for {v;(u;.), v¢} holds

[IT)
1 Ve (Uer) By, (1) (1—-1) Xy

— v = BM ™, 3
ﬁ ; ( Ut = Bv(r) wav 24y ( )
where [By, (1), B,(r)]T is a vector of Brownian motions. Furthermore, the local to unity limit law implies that Xty / VT =
Ji(r)for 0 < r < 1, where Ji(r) = for el"=sdB,(s) with NI1, I1 and LE predictor; see Phillips (1987) and Lee (2016) for

details.
Next, define A, ; = Corr(y;(us), vr) and assume that A, = A, for simplicity. Then, similar to Campbell and Yogo

(2006) for the predictive mean regression model, Lee (2016) seminally showed that the conventional t test statistic ts,
of the predictive quantile regression with nonstationary predictor has the following asymptotic behavior

6, = J1-32Z+0 / JEBrY, 20, f Je(rpdr,

where Ji(r) = Jo(r) — f Ji(r)dr is the demeaned Ornstein-Uhlenbeck process and Z represents the standard normal
distributions.” Clearly, A, measures the degree for the so-called embedded endogeneity as in Campbell and Yogo (2006) for
the predictive mean regression model. Therefore, the conventional test statistics in predictive quantile regression with the
NI1, I1 and LE predictor x; are invalid if A; # 0. Moreover, it is almost impossible to distinguish the difference between 10
and NI1, and/or between NI1 and I1, and so on, because it is extremely challenging to estimate consistently the nuisance
parameter ¢ and to test if the persistency « equals one or not. Thus, it is necessary to develop a unified inference method
to avoid the mistake of making a false judgement about the persistency of predictors under a quantile framework.

Now, some regular assumptions on the conditional density of u;, are imposed, similar to those in Xiao (2009) and Lee
(2016).

A2, (i) The sequence of conditional stationary probability density functions {f,,, (—1(-)} of {u:} given F;_; evaluated at
zero satisfies a moment condition with a non-degenerate mean f,, (0) = E(f,,,+—1(0)) > 0 and E LZM_1(O)) < oo for some
9 > 1.

(ii) For each t and = € (0, 1), fu/[,,t—1(x) is bounded with probability one around zero, i.e., fu/[,,t—l(e) < oo and
furr t—1(€) < oo almost surely for all |¢| < 5 for some 1 > 0.

Remark 2. As argued in Xiao (2009), the conditions in Assumption A.2 are quite standard and not restrictive. Under
the above conditions, one can show that the Bahadur representation as in Theorem 1 (see later) holds and f,,(0) can be
estimated using observed data.

2.2. Estimation approach

Motivated by the VA approach of predictive mean regression studied by Elliott (2011) and Breitung and Demetrescu
(2015), the following new approach is proposed for the predictive quantile regression. The model in (1) can be re-written
as follows:

Qyt(ﬂxt—l) = e + BeXeo1 = e + ﬂrX;i] + YieZe-1, (4)

where X;_; = X,_1 — z—1 and z;_, is an additional (auxiliary) variable which is chosen in Section 2.3 in detail. Note that
yr = B; in (4) is used to construct weighted combined estimator for §; later. Clearly, i, B; and y; in (4) can be estimated
by running the following quantile regression

T

. . T

Gr = (/:Lrs ,817 JA/'l,') = arg min Zpr (yt - MU — ,Brx;k_1 - Vrzt—l) ) (5)
M B ve =2

where p.(u) = u[t — 1(u < 0)] is the so-called check function in the literature. Note that the VA approach proposed by

Breitung and Demetrescu (2015) uses only 7., the estimator of the coefficient of the auxiliary variable z, to construct the

test statistic in the predictive mean regression, and requires z; to be an additional variable less persistent than x;, in order

to guarantee that the asymptotic distribution of the test statistic is irrelevant to the nuisance parameter c. If so, however,

the corresponding test statistic suffers from the loss of power for the case with nonstationary x;.

4 By(r) is defined by the orthogonal decomposition of Brownian motion as dBy, (r) = dBy, (1) + Z‘,,T,J.Q;v‘de(r), see Phillips (1989) for details.
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To avoid this problem, the VA approach is improved in the following two aspects. First, a combined approach is used
to construct the appropriate additional variable z;, such that its persistency is always the same as that for the predictor x;,
while its key component is independent of x; for NI1, I1 and LE cases. Second, a weighted combined estimator is proposed
by using the coefficients of x{_, and the additional variable z;. With these two improvements, one can show that the test
statistic based on the weighted estimator, after a self-normalization to eliminate the nuisance parameter c, can avoid not
only the size distortion but also the loss of power with arbitrary persistency.

Next, it turns to the discussion on how to construct the weighted estimator for given z; and then, elaborating the
choice of z, which is presented in Section 2.3. As mentioned earlier, the identity y, = g, implies that it should be better
to combine B; and y, together to obtain a weighted estimation for 8,. Consequently, the rotation idea in the principle

component analysis is applied to constructing the estimator for 8., which is the weighted sum of B, and 7., denoted by

w
T

~w w, o . W,
:31 = ﬂr +
Wi+ W, Wi+ W,
where Wq and W, are two weighting functions. By selecting some appropriate weights W, and W5, one can construct a
¥, whose asymptotic distribution follows a mixture normal distribution® and is irrelevant to the nuisance parameter c
after normalization. For this purpose, the weights W, and W, are taken to be

T T T
Wy = fo_lzt,1/T2 — fo_l Zzt,1/T3, (7)
t=2 t=2 t=2

Ve (6)

and

T T 2
W, = X:ztz_l/T2 - (sz‘l) JT3. (8)
t=2 t=2
In Section 2.4, more detailed arguments will be provided to explain the reason on why the above W; and W, are used.

2.3. Choice of auxiliary variable

This subsection is devoted to constructing the additional regressor z;_q, such that our method is valid for both
stationary and nonstationary predictor without sacrificing any convergence rate. To achieve this target, a three-step
approach is proposed to construct z;_;. First, an exogenous unit root process ¢;_; = ZZ;} ¢s is generated, where
gs ~ iid(0, 1). Therefore, W, r(-) = B(-) based on the FCLT, where W, ¢(r) = CLTTJ/\/T for0 < r < 1andB(-) is
the standard Brownian motion. Second, obtain the ordinary least squared estimator 777 from the following regression

Xe—1 = o + 181 + €. (9)

Third, define z;_; as a linear combination of ¢;_; and a bounded transformation of x;_; as
Zio1 = M18e—1 + Xe—1/4/ 1 +X?,1~ (10)

Note that the second term in the above equation x;_1/,/1+ qu is always bounded with probability 1 for any stationary
and nonstationary x;_1.

Remark 3. Indeed, the idea of using an independent random walk process as the instrumental variable is similar to that
in Breitung and Demetrescu (2015) under the framework of predictive mean regressions, by considering two types of
instruments: Type-I and Type-II instruments. Type-I instruments are generated from the original predictor x,_; but are
required to be less persistent than x;_;. A special case of Type-I instruments is the mild integrated instrument variable
adopted in the IVX approach in Kostakis et al. (2015). Type-II instruments include strictly exogenous nonstationary

variables, deterministic terms and Cauchy type instrument. Therefore, in this sense, both ¢;_; and x;_1/,/1+ xf_1 can be
regraded as Type-II instruments, as x;_1/,/1 + xf_] converges to the Cauchy instrument sign(x;_) for nonstationary x,_1,

see Choi et al. (2016). However, the random walk instrument ¢;_; does not work for stationary cases, whilex;_1/,/1+ xﬁl
cannot handle the predictive regression with intercept term for nonstationary cases without some necessary adjustments.®

5 For the definition of mixture normal, the reader is referred to the paper by Phillips (1987). That is, Y ~ MN(u, ¥') means Y ~ N(u, X') given
1 and ¥, which might be random.

6 In predictive mean regressions with intercept term, Zhu et al. (2014) and Liu et al. (2019) applied the sample splitting approach to remove the
impact of intercept, with a loss of information. However, the sample splitting approach does not work in the quantile regression framework.
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Here, we take a weighted combination of ¢;_; and x,_1/,/1+ xf_l, with the weight 77 estimated from (9). By doing so,

our method is robust to both nonstationary and stationary cases, and can be easily extended to the multivariate case with
mixed persistency.

Remark 4. Note that the form of bounded transformation of x,_; might not be unique. One could define z;_; as a linear
combination of £;_; and a general bounded transformation g(x;_1) like z;_{ = 71¢,_1+&(x;_1). To guarantee the validity of
our approach, g(x;_1) just needs to satisfy two conditions. First, for nonstationary x;_1, the transformation g(x;_) should
be bounded. Second, for stationary x;_1, Var [g(x;_1)] exists and deviates from zero, i.e., g(x;_1) is not degenerate, so the
central limit theory can be applied.’”

From the regression (9), it is easy to establish the asymptotic properties of 7; for the cases with stationary and
nonstationary x;, respectively. For nonstationary x;_1, it is easy to show that

T T
m=Z>‘<f_1Et_1/ZE£1=/ (r)i(r dr// r?dr + 0p(1) = 71 + 0p(1),
t=2 t=2

where X;_1 = X;—1 — ZLZ Xe—1/T, Ceo1 = o1 — ZLZ ¢t—1/T, and 77 is a nonzero random variable due to the spurious
correlation between x;_; and ¢;_; similar to that in Phillips (2014). For stationary x;_1, 71 converges to zero with the
convergence rate T, i.e., 77 = Op(1/T).

Given the above asymptotic results of 771, one can show that, for nonstationary cases, the second term x;_1/,/ 1+ qu
in Eq. (10) is dominated by the first term 71¢;_1, while for stationary cases, the first term is dominated by the second term
X—1/4/ 1+ xf_l. In certain sense, the coefficient 771 plays a role of filtering such that the auxiliary variable z,_; has the
same persistency as X;_1 does, and that is why our method can achieve the optimal convergence rate for both stationary
and nonstationary cases.

Next, we can establish the asymptotic property of Wy 4+ W,, which is useful to derive the main results of the paper.
For nonstationary x;_1, as z;_1 is determined by 71¢;_1, can show easily that

T
W1+W2=7%1Z)'ct,lg:t,l/Tz-i-op(l):fn/ (r)JS(r)dr + op(1). (11)
t=2

For stationary X;_1, z;_1 is determined by x;_1/,/1 + xffl, and then,

T(W; + W) = th Xe—1/y/ 1+ 52 +0p(1) = E[x2(1 4+ x7)"*] + 0,(1 (12)

2.4. Large sample theory

To obtain the asymptotic distribution of B;" , first, we establish the so-called Bahadur representation for é,, which is
commonly used for stationary quantile regression to get an explicit expression of estimators; see, for example, Cai and
Xu (2008) for details. To this end, denote 6, = (i, B, ¥:)' as the vector of true values of coefficients in Eq. (4). Also,
define the weighting matrix Dy = diag(~/T, T, T) for NI1, I1 and LE, and D; = diag(~/T, ~/T, +/T) for 10. The following
theorem states the Bahadur representation for Dr(ét — 6;), and its mathematical proof is given in Appendix A. Note that
this result is new in the literature when regressors might be nonstationary and is of own interest.

Theorem 1 (Bahadur Representation). Under Assumptions A.1 and A.2,

T

Dr(0r — 6:) = fu, (0) "Ny D7 D~ A1) + 05(1), (13)

t=2

where A1 = (1,x*_,z1)", No =D; ' 3, A, 1 A]_,Dy', and f,,,(0) is defined in Assumption A.2.

Remark 5. From Theorem 1, one can see clearly that the right-hand side of (13) still involves x{_,, leading to a nonstandard
distortion in the asymptotic distribution if A, # 0, see Lee (2016). To construct a pivotal test statistic free of nuisance

7 To check whether our method is sensitive to the forms of the transformation, we conduct simulations with other bounded transformations,
and find that the performance of our test is quite similar. To save space, we skip to report the simulation results for this study in the paper, but
the codes and results are available upon request.
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parameter c, the weighted estimator Bi“ is constructed as in (6), with a similar idea of rotation in factor analysis, to get
rid of the impact of x{_,. It will then be shown by (A.8) in Appendix A that the following result holds for 8,

(Wi + Wo)T(BY — Be) = fu, (0 Z[ (zt 1—24 1/T) Vet )/ VT + 05(1) (14)

Evidently, the right-hand side of (14) involves only z;_; but not x,_; or x{_;, so that it makes the asymptotic (or mixture)
normality of B;” dependent only on z;_1.

Remark 6. It is very interesting to see whether W; and W, could be defined under some other criteria, for instance,
maximizing the local power. As this paper focuses on the robust inference across different types of persistent predictors,
our target is to obtain a test statistic converging to a standard limiting distribution without any nuisance parameters. We
therefore choose Wy and W, as (7) and (8) to remove the impact of the nonstandard distortion in the limiting distribution
of the weighted estimator 8.

Next, one of the main results in this paper is stated in the following theorem with its detailed proof given in Appendix A.
Theorem 2. Under Assumptions A.1 and A.2, for 10, NI1, I1 and LE cases, the asymptotic distribution of B;" is given as follows

VI(BY - B) 5 N(0,02). 0,
T (BY — B) > N(0,02), NI, I1 and LE,

where 0?2 = (1 —1)/f2(0), 05 = o2 {E [x2(1+x})" ‘/2]}_2 Var [x(1+x2)""2] and . = [ B(r)J<(r)dr [fBz(r)dr]_l/z.

Remark 7. Clearly, Theorem 2 shows the convergence rate of the estimator of f};” with N1, I1 and LE x; is faster than
that for the IVX-QR method proposed in Lee (2016).

By a self normalization, we can construct the following t-test statistic t":
Y = fur (0) [War(1 = o)V (W + Wo)TBY,

where fuT(O) is a consistent estimator of f, (0) and the detailed construction offAuf(O) can be found in Lee (2016). The
following theorem states the asymptotic behavior of the proposed t-test statistic t* under both the null hypothesis and
the local alternative hypothesis with its detailed proof delegated to Appendix A.

Theorem 3. (1) Under the null hypothesis Hy : . = 0, t* converges to the standard normal. (2) Under the local alternative
hypothesis Hy : B; = b, /T2 for any b,, t* converges to the standard normal plus a constant b, /og,, if X,_ is I0, and it
converges to the standard normal plus a random variable b, |r.|/o, if x,—1 is NI1, I1 or LE, where og_, 7. and o, are defined
in Theorem 2.

Remark 8. From Theorem 3, one can conclude that the test statistic t* reaches the optimal convergence rate T for
NI1, I1 and LE predictor x,_; and /T for 10 predictor x,_;. In particular, for nonstationary case, the quantity b, |z.|/o,
the deviation from the standard normality, varies between (—oo, 0) or (0, +00), relying on the sign of b, only. Thus, t*
enjoys an additional increase of local power compared to the t-test statistic in Breitung and Demetrescu (2015), where
its local lower relies on a deviation varying between (—oo, +00), see Part 1 of Corollary 3 and Remark 4 in Breitung and
Demetrescu (2015).

3. Multiple predictive quantile regressions

When some of regressors are nonstationary and some are stationary in a multiple regression, it is well known in the
literature that the convergence rates for estimators of coefficients are totally different for nonstationary and stationary
regressors; see, for example, Cai and Wang (2014). When regressors are nonstationary, as pointed out by Phillips and
Lee (2013), the Bonferroni’s method in Campbell and Yogo (2006) and the weighted empirical likelihood approach in Zhu
et al. (2014), Liu et al. (2019), and Yang et al. (2019) cannot be easily extended to multiple regressions. In contrast, our
method can be easily extended to multivariate predictive quantile regressions with mixed persistency.

Particularly, we consider the following multivariate predictive quantile regression model:

Q (t1Xe=1) = 1tr + B X1, (15)
where 8, = (i, Bocs ..., Bxe)" is a K x 1 vector and X;_; is a K x 1 vector of predictors, which might contain
both stationary and nonstationary predictors. To this end, X;_; is written as X;_; = (XL_],XL_l)T with X;, 1 =
(X1,6—1, X201 - ,xKl,t_1)T being nonstationary and X ;1 = (Xk,+1,c—1, Xk 42,615 ...,Xc(_1)' being stationary. It is

assumed there is no cointegration relationship among X; ;_;. Note that 0 < K; < K and K; = 0 means all elements
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in X;_; are I0, while K; = K means all elements in X;_; are NI1, I1 or LE. Now, x;; can be modeled by an AR(1) as
Xir = piXir—1 + vir, where p; = 14+ ¢/Tfor 1 <i <Kyand p; =1+ ¢ with |[1+¢| < 1forK; +1 <i < K for all
1 <t < T. Thus, different predictors in multivariate predictive quantile regression are allowed to have different degrees
of persistency. Similar to the univariate case, the local to unity limit law holds for all nonstationary predictors and for
i=1,...,K, x; LrTj/ﬁ = ],fj(r) and ],ff(r) = for e(r*S)‘devi(s), where B, (s) is the ith element of B,(s), which is a vector
of Brownian motions defined in (3).

Remark 9. The model in (15) covers some known models in mean models in the literature. For example, if there is
nonstationary part (K; = 0), (15) reduces to the model studied by Amihud et al. (2009) for mean regression models.

To estimate w, and B, in (15), let X{_; = X;—1 — Z;_; and Z,_; be the vector of additional variables. Then, . and g,
can be estimated based on the VA as follows:

T
. T
(lara ﬂra yz) = arg “ n}lny Zpt (yt — M — ﬂ;rxf_] - yfTZt—l) s
T>P1 /T t=2

where Z; = (21,22 -+ , k)" is constructed by three steps similar to the univariate case as in Section 2.3; that is, first,
foreachi, i1 = Z;} Gis, where ¢;s ~ iid(0, 1) generated by simulation and thus, independent of y; and X;. Therefore,
Wi 1(-) = Bi(-) based on the FCLT, where W;, r(r) = g“m/ﬁ for 0 <r < 1 and B;(-) is the standard Brownian motion.
Secondly, for each 1 <i < K, run the regression x;; = no i+ 1,i Sir—1 +ei; to obtain the ordinary least squared estimator
N . A d . =

#1,. Similarly, one can show that #,; — #1; = [ Bi(r)x (r)dr/ [ Bi(r)*dr, where Bi(r )— [ Bi(r)dr for nonstationary
xir while 771; = Op(T —1) for stationary X;¢. Thirdly, we define z;;_¢ as a linear comblnatlon of ¢;;—1 and one bounded
transformation of x; ;1 as zir—1 = A1.iCit—1+Xir—1/4/ 1+ x, ¢—1- Since the procedure could be implemented one predictor
by one predictor and each step does not rely on others, then our proposed method is valid in multivariate predictive
quantile regression with mixed persistency.

. . . . . . AW . . . . . . . . .
Similar to the univariate case, the weighted estimator 8, in the multivariate predictive quantile regression is given as
follows:

B = (W, +W,)! (Wlﬁz +W2)71) ,

where W; = Y1 Z, (X:_ )T/T2 =Y 7 S (xx | /T3 andW, =Y1 7, 42] T>-> 2. Y, z] T2
Without loss of generallzatlon the asymptotic property of ﬂ is presented for the special case with K = 2 in the following
theorem. For different mixed persistency cases, we define the weighting matrix Dy as follows: Dy = diag(~/T, ~/T), if
K; = 0; Dy = diag(T, V/T), if K; = 1; Dy = diag(T, T), if K; = 2.

Furthermore, to describe the asymptotic properties for [Ai:) we define the following two matrices V; and V, for three
cases as follows:

Case 1 (K; = 0):

E (X%,r/ 1 +xit) E (x“xz,t/ 1+ x{t>

Vi = , (16)
E (xl,txz’[/ 1+x5,) E (xit/ 1+ xjt)

and
Var (xl,t/ 1+x3, Cov <x1,[/\/1 + X3, xz,[/\/l ~|—x§t>
V, = 17)
Cov (x“/ 1+ %00/ /14 x§t> Var (xz,t/ 1 +X§,t)
Case 2 (K; = 1):
\'2 =diag{ﬁ1,1/1§1(r)];;(r)dr, E (x;t/ 1+x§1t>}, (18)
and
V, = diag {ﬁ121 /1_31 (r)*dr, Var <x2,t/ 1 ~|—x§,[>} } (19)
Case 3 (K; = 2):
(7 [Bi(r)Y(r)dr Ay [ Bi(r)(r)dr
Vl - ~ D 1 ~ D (%) 5 (20)
T2 [ Ba(r)xl (r)dr 71 [ Bo(r)2(r)dr
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and

ey, B Rt BB @

ﬁl,lﬁl,Z fBz(T)B](T')dT 7?12‘2 fBz(T)sz

Then, the asymptotic distribution for BI: is stated in the following theorem with its proof delegated to Appendix A.

Theorem 4. Under Assumptions A.1 and A.2, the asymptotic distribution of /}? is given by
~ AW d C1e—
Dr(B, = B:) = fu(0)'VITMN (0, z(1 = 1)Vy),

where Z;_y = Z;_y — + S 1, Z:_1, Vy and V, are defined in (16)-(21), respectively.

To test Hp : RB, =r,, where Ris a r x K matrix with the rank r, a Wald type test statistic Q. can be easily constructed
as follows:
w fur(o)z 2paY T -1 1T R
Qn = mT (RB, — 1) (R(W; + W)W, [R(Wl + W) ] (RB, —r1y),
where fu,(O) is a consistent estimator of f,,(0). The limiting distribution of Q) under the null hypothesis is stated in the
following theorem with its detailed proof given in Appendix A.

Theorem 5. Under Assumptions A.1 and A.2 and the null hypothesis Hy: RB, = r;, one can show that the limiting distribution
of QY is a x2-distribution with r degrees of freedom.

Remark 10. Theorem 5 implies that our method can be applied to test a general linear hypothesis of 8, for example, to
test the predicability of one specific predicting variable or a subset of predicting variables.

4. Monte Carlo simulations

To demonstrate the effectiveness of the proposed method, two Monte Carlo simulation experiments are considered.
The first experiment considers a data generating process (DGP) with a univariate predictor, while the second experiment is
devoted to a bivariate case with mixed persistences. For each experiment, we conduct a comparison between our method
and the IVX-QR approach, except for the single test in the bivariate case.

Example 1. In this example, the following DGP is set up for the univariate quantile regression:
Ve =3+ Bxe—1) + (0 + BXxe—1)ur, and x = pXe_q + vy,

where u = 1 and p = 1+ ¢/T“. To create the embedded endogeneity among innovations, the innovation processes are
1 —0.95
—0.95 1

it is easy to see that the conditional quantile of y; given x;_; at the quantile level 7 is given by
Q (T|Fi—1) = Qu(T) + 3 + BlQu (7) + 3IXe—1 = e + BrXe—1,
where 1, = Q,,(t) + 3, B: = B[Qu,(t) + 3] and Q,,(7) is the rth quantile of u,.®

We first compare the size performance of our method and the IVX-QR approach. Similar to Lee (2016), the IVX-QR
based on the simple QR testing procedure is implemented with the filtering parameters chosen according to the practical
rule suggested by Lee (2016). The nominal size is set at 5% and the sample size T is set at 700. We consider a large
sample size as long time series data are often available in financial applications. Note that we also conduct simulations
with sample sizes T = 150 and 300 and conclusions are similar so that they are not presented here to save space and
available upon request. For nonstationary setting, the values of ¢ are chosen from (1.5, 0, —5, —25), corresponding to the
LE, I1, NI1 and NI1 (with large deviation from unit root) processes. For stationary setting, the values of ¢ are chosen from
(—0.05, —0.1, —0.15, —0.2), corresponding to the stationary AR(1) processes with p = (0.95, 0.9, 0.85, 0.8). For each
setting, the rejection rate is calculated based on 500 simulations, and we repeat 100 times of simulations and calculations.
The mean and the standard error in parenthesis of 100 rejection rates are then reported in Panel A and B of Table 1 for
the nonstationary case (@ = 1) and the stationary case (o« = 0), given different values of the persistency parameter ¢ and
at different quantile levels .

The following findings can be evidently observed from Table 1. First, our method shows better size performance
compared to the IVX-QR approach for most cases. Second, for quantile level 7 close to 0.5, the size of the proposed
method is very close to the nominal size at 0.05, while IVX-QR tends to over-reject for the case of LE predictors. Third,
due to less data points in tails, both methods have size distortions for the extreme quantile levels.

generated as (u;, v;)' ~ iidN(03x1, Zx2), Where ¥ = ) By Proposition 1 of Gaglianone et al. (2011),

8 Following Maynard et al. (2011), we set the DGP process as a random coefficient model to allow the impact of x;_; to vary across the quantiles
of u;. We also conduct simulations using the same DGP of Lee (2016), which is a location shift model with a fixed 8;, and our main conclusions
are similar.
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Table 1
Size performances with the nominal size 5% and T = 700.
Panel A: o =1
T 0.05 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0.95
c=15 0.069 0.059 0.051 0.049 0.048 0.047 0.047 0.049 0.051 0.060 0.071
(0012)  (0.010) (0.009) (0.009) (0.010) (0.011) (0.009) (0.009) (0.011) (0.010) (0.011)
c=0 0.069 0.061 0.054 0.050 0.050 0.051 0.051 0.052 0.054 0.061 0.070
tY (0.011) (0.011) (0.012) (0.010) (0.009) (0.010) (0.012) (0.009) (0.010) (0.011)  (0.012)
c=-5 0.068 0.058 0.052 0.049 0.047 0.046 0.046 0.048 0.051 0.060 0.069
(0.010) (0.011)  (0.010) (0.010) (0.010)  (0.009)  (0.009) (0.010) (0.010) (0.010) (0.012)
c=-15 0.070 0.059 0.053 0.051 0.050 0.049 0.049 0.050 0.052 0.060 0.071
(0.011)  (0.009) (0.009) (0.009) (0.010) (0.009) (0.010) (0.010) (0.009) (0.010) (0.011)
c=15 0.147 0.142 0.117 0.146 0.104 0.103 0.104 0.143 0.115 0.140 0.146
(0.015)  (0.015) (0.015) (0.015) (0.014) (0.013) (0.014) (0.014) (0.015) (0.015)  (0.014)
c=0 0.103 0.094 0.070 0.093 0.059 0.059 0.059 0.092 0.070 0.094 0.102
IVX-QR (0.012)  (0.012)  (0.011) (0.013) (0.009) (0.010) (0.011) (0.012) (0.011) (0.012)  (0.013)
c=-5 0.071 0.059 0.046 0.050 0.041 0.041 0.042 0.049 0.044 0.057 0.069
(0.011)  (0.009) (0.010) (0.010) (0.009)  (0.009)  (0.009) (0.009) (0.009) (0.010) (0.012)
c=-25 0.088 0.073 0.059 0.056 0.055 0.054 0.054 0.057 0.060 0.073 0.089
(0.012) (0.012) (0.011) (0.011) (0.011) (0.010) (0.008) (0.010) (0.011)  (0.012)  (0.012)
Panel B: « =0

c=-005 0073 0.064 0.058 0.055 0.050 0.052 0.051 0.054 0.055 0.063 0.074
(0.013) (0.010) (0.012) (0.010) (0.010) (0.011) (0.010) (0.009) (0.010) (0.012)  (0.011)

c=-01 0.075 0.064 0.056 0.055 0.052 0.051 0.052 0.054 0.056 0.064 0.073

v (0.011)  (0.011) (0.009)  (0.009) (0.009) (0.010) (0.010) (0.010) (0.010) (0.010)  (0.013)
c=-015 0074 0.063 0.055 0.053 0.052 0.051 0.053 0.052 0.053 0.062 0.073

(0.013) (0.011) (0.010) (0.011) (0.010) (0.010) (0.010) (0.008)  (0.009) (0.012)  (0.011)

c=-02 0.075 0.063 0.055 0.053 0.051 0.052 0.052 0.051 0.054 0.060 0.074

(0.013) (0.010) (0.009) (0.010) (0.011) (0.010) (0.009) (0.009) (0.011) (0.011) (0.012)

—005  0.067 0.054 0.045 0.044 0.040 0.040 0.040 0.043 0.044 0.051 0.066
(0010)  (0.010) (0.009) (0.009) (0.010) (0.010) (0.009)  (0.009)  (0.009)  (0.009)  (0.011)
c=-0.1 0.067 0.053 0.046 0.044 0.042 0.042 0.040 0.043 0.045 0.053 0.067

IVX-QR (0.011) (0.010) (0.010) (0.010) (0.010) (0.010) (0.008) (0.010) (0.009)  (0.010)  (0.010)
c=-015 0.069 0.055 0.047 0.045 0.042 0.042 0.042 0.043 0.045 0.054 0.068

(0011)  (0.010) (0.010) (0.010) (0.009) (0.010) (0.009) (0.009) (0.010) (0.011)  (0.011)

c=-02 0.070 0.056 0.047 0.045 0.042 0.042 0.042 0.044 0.046 0.054 0.070

(0.013) (0.011) (0.010) (0.009)  (0.009) (0.010) (0.010) (0.010) (0.008)  (0.009)  (0.011)

n
Il

Note: The DGP is given by y, = 3(1 + Bx;—1) + (1 + Bx;—1)u; where 8 = 0 and x; = px;_1 + v with p = 1+ ¢/T*. The innovation processes are

generated as (u;, v;)" ~ iid N(0zx1, Z2x2), Where ¥ = (70]95 _0]'95).

Next, we conduct a comparison of the power of the proposed method with that for the IVX-QR method. To this end,
at the nominal size 5%, Figs. 1 and 2 display the results for « = 1 and @ = 0 with different c, given T = 0.5 and the
sample size T = 700. To see the local power, we set g = b/T(1+%)/2 and thus, B, = b, /T2 = b[Q,,(7) + 3]/T(+)/2,
Evidently, our method performs better than the IVX-QR method in terms of power for all cases. This finding confirms
the theory in Theorem 3, which states that the convergence rate of the newly proposed method is faster than that for
the IVX-QR method. Note that we also conduct the simulations for sample size T = 300 and t = 0.05, 0.5 and 0.95 and
obtain similar conclusions, omitted here to save space and available upon request.

Example 2. In this example, we consider a bivariate quantile regression model with mixed persistences. The DGP is set
up as follows:

Ve =3+ Bix1,c—1 + Baxae—1) + (1 + BiXre—1 + BaXa 1)U,
where = 1,x1 =(1+¢c1/T)X1t-1 + v1.r, and X3 = (14 )X 11 + v2¢ With

0 1 -0.78 0.4
(v, v u) ~ didN| (O], (—0.78 1 0.21
0 04 021 1

For the convenience of comparison, we use the same covariance matrix of (vq;, vy, U¢) as Lee (2016). The persistency
parameter c; is selected from (0, —5, —10), while c, is selected from (—0.1, —1.1). Obviously, x; is I1 or NI1 process,
and x, ; is 10 process. The conditional quantile of y; given x; ;1 and X, ;1 is given by

Qe (71 Ft-1) = plQu,(7) + 31+ B1lQu (1) + 3111 + B2l Qu () + 3z
= U¢ —+ ,Bllet—l + ,BZZXZt—lv
where i, = 1[Qu(v) + 3], Bir = FilQu(v) + 3], far = F2lQu(v) + 31, and Qu,(7) is the vth quantile of u;.
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Fig. 1. Local power performances of t* and IVX-QR for « = 1, 8; = b[Q,,(7) + 3]/T, T = 0.5 and T = 700.
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Fig. 2. Local power performances of t* and IVX-QR for « =0, 8; = b[Q,(7) + 3]/«/T, t=20.5and T = 700.

First, we consider a joint hypothesis test: Hy : 81 = B2 = 0. The sample size is set at T = 700 and the nominal size
is defined as 5%. Similar to Example 1, the rejection rate is computed based on 500 simulations, and we repeated 100
times of simulations and computations for each setting. The mean and the standard error in parenthesis of 100 rejection
rates are then reported given various combinations of persistency parameters (cq, ¢;) and at different quantile levels 1.
Table 2 reports the size performance of both the IVX-QR approach and the proposed method. It can be observed that both

237



Z. Cai, H. Chen and X. Liao Journal of Econometrics 234 (2023) 227-250

Table 2

Size performances of the joint test: Hy : 81; = B2, = 0, with a nominal size of 5%.
QY
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
(c1,¢2) = (0, —0.1) 0.087 0.064 0.052 0.048 0.046 0.045 0.048 0.050 0.052 0.065 0.085

(0.013) (0.010) (0.010) (0.009)  (0.009)  (0.009) (0.010) (0.010) (0.010) (0.010) (0.015)
(c1, ) = (=5, —0.1) 0.086 0.065 0.051 0.049 0.046 0.046 0.047 0.047 0.053 0.067 0.085
(0.012) (0.011) (0.010) (0.010) (0.008)  (0.008)  (0.009) (0.010) (0.010) (0.012) (0.012)
(c1, ) =(—10,-0.1)  0.086 0.065 0.052 0.050 0.047 0.044 0.048 0.048 0.053 0.065 0.085
(0.011) (0.011) (0.010) (0.009) (0.010) (0.010) (0.010)  (0.008) (0.010) (0.010)  (0.012)
(c1,0) = (0, —1.1) 0.087 0.066 0.056 0.049 0.046 0.046 0.046 0.049 0.053 0.068 0.088
(0.012) (0.013) (0.011) (0.009) (0.010) (0.010) (0.010) (0.010) (0.011) (0.011)  (0.013)
(c1, ) = (=5, —1.1) 0.087 0.065 0.052 0.050 0.048 0.046 0.047 0.050 0.053 0.068 0.086
(0.011)  (0.010) (0.010) (0.010) (0.008) (0.009) (0.011) (0.010)  (0.009) (0.012)  (0.012)
(c1,¢2) = (=10, —1.1)  0.087 0.068 0.052 0.048 0.049 0.047 0.045 0.048 0.054 0.068 0.087
(0.013) (0.011) (0.011) (0.009) (0.011) (0.009)  (0.009) (0.010) (0.010) (0.011) (0.013)

IVX-QR
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
(c1,0) = (0, —0.1) 0.160 0.113 0.076 0.066 0.064 0.061 0.065 0.069 0.076 0.112 0.159

(0.016) (0.012) (0.012) (0.012) (0.011) (0.011) (0.011) (0011) (0.012) (0.015) (0.016)
(c1, ) = (=5, —0.1) 0.095 0.070 0.053 0.049 0.046 0.046 0.047 0.049 0.054 0.069 0.097
(0.013)  (0.012) (0.010) (0.009)  (0.009) (0.010) (0.009)  (0.009) (0.010) (0.012)  (0.012)
(c1,6) = (—10,—0.1)  0.091 0.069 0.052 0.047 0.045 0.045 0.045 0.047 0.051 0.068 0.092
(0.013) (0.012) (0.010) (0.009) (0.009) (0.010) (0.010) (0.011) (0.011) (0.012) (0.013)
(c1,¢) = (0, —1.1) 0.149 0.106 0.073 0.061 0.058 0.057 0.056 0.062 0.071 0.103 0.150
(0.016)  (0.014) (0.011) (0.010) (0.010) (0.011) (0.011) (0.010) (0.012) (0.013) (0.018)
(c1, ) = (=5, —1.1) 0.095 0.069 0.052 0.048 0.044 0.046 0.045 0.048 0.052 0.070 0.096
(0.012) (0.011) (0.010) (0.011) (0.010) (0.008) (0.010) (0.010) (0.010) (0.010) (0.013)
(c1,0) = (—10,—1.1)  0.087 0.067 0.052 0.047 0.044 0.044 0.045 0.046 0.051 0.067 0.090
(0.014) (0.012) (0.010) (0.010) (0.009)  (0.008)  (0.009)  (0.009) (0.011) (0.012) (0.011)

Note: The DGP is a bivariate quantile regression given by y; = 3(1 + Bix1,c—1 + B2X2—1) + (1 + BiX1e—1 + Baxa—1)ur where gy = B, = 0,
X1 = (14 c1/Tx -1 + v1e, Xo0 = (1+ 20X 01 + V2

approaches perform reasonably well under the joint null hypothesis. While the empirical sizes are closed to the nominal
size 5% at inner quantiles, there still exist size distortions at extreme quantile levels for both methods. However, for most
cases, the proposed method shows better size performance than the IVX-QR. Table 3 compares the power performances.
It can be observed that two methods demonstrate comparable power performances. While our method has slightly better
power performance at inner quantiles t = 0.25, 0.5, 0.75, the IVX-QR is more powerful at extreme quantiles t = 0.05
and 0.95.

Next, one may be interested in testing the predictability for each predictor in the multiple regression. Thus, we also
conduct simulations for the single tests: Hy : 81, = 0 or Hp : B2, = 0, with the same DGP. Here, we only report the results
of our method, as the IVX-QR approach based on the simple QR testing procedure is only consistent under the joint null
hypothesis® as argued in Lee (2016). Table 4 reports the size performance of Q.Y with a nominal size of 5%. From Panel
A, which shows the results for the single test: Hy : 81, = 0, one may find that our method performs reasonably well,
with a slight size distortions at extreme quantiles. Panel B reports the results for the single test: Hy : 8, = 0, and similar
conclusions can be made.

Table 5 reports the power performance of Q7 with a nominal size of 5%. Panel A shows the results of the single test:
Hp : B1: = 0, and it can be observed that the rejection rate converges to 1 as the value of 8; increases, with a faster
rate at the inner quantiles compared to extreme quantiles. Panel B displays the results of the single test: Hy : S, = O.
Similarly, as the value of 8, increases, the rejection rate converges to 1, demonstrating the effectiveness of our method.
Comparing the results of both Panels A and B, it can be observed that the single test for the nonstationary predictor shows
faster convergence rate than that for the stationary predictor, consistent with the findings by Cai and Wang (2014) on
the different convergence rates for nonstationary and stationary regressors.

In summary, our method works reasonably well in terms of size and power for both univariate and bivariate predictive
quantile models. Comparing to other existing methods in the literature, such as the VA approach and the Bonferroni Q-test,
our method is still quite competitive.'°

9 Indeed, we also conduct simulations using the IVX-QR approach for the single tests, but it shows serious size distortions for most cases. The
simulation results are not presented here since Lee (2016) did not consider this test.

10 Following the suggestion from one of the referees, we extend the VA approach and the Bonferroni Q-test to predictive quantile regressions.
The simulations, omitted here to save space, show that, for most cases, our method demonstrates comparable or even slightly better performance
than these two methods. The codes and results are available upon request.
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Table 3
Power performances of the joint test: Hp : B1; = B2 = 0 with a nominal size of 5%.
by 0 15 3 45 6 7.5 9 10.5 12 135 15
b, 0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

T =0.05 0.088 0.096 0.113 0.152 0.207 0.272 0.349 0.429 0511 0.586 0.658
(0.012) (0.014) (0.015) (0.017) (0.018) (0.022) (0.021) (0.023) (0.023) (0.024) (0.022)
=025 0.051 0.087 0.203 0.381 0.565 0.730 0.848 0913 0.953 0.974 0.985
(0.009) (0.012) (0.017)  (0.021)  (0.023) (0.021)  (0.016)  (0.011)  (0.009)  (0.007)  (0.006)
w =05 0.046 0.118 0.329 0.587 0.792 0910 0.964 0.985 0.993 0.997 0.998
Qn (0.009) (0.015) (0.023) (0.022) (0.016) (0.013) (0.009) (0.005) (0.004) (0.002) (0.002)
T =0.75 0.051 0.145 0.408 0.688 0.867 0.952 0.983 0.993 0.997 0.999 0.999
(0.010) (0.017) (0.024) (0.019) (0.015) (0.009) (0.006) (0.003) (0.002) (0.002) (0.001)
T =0.95 0.088 0.165 0.378 0.620 0.804 0.909 0.958 0.982 0.993 0.996 0.998
(0.012) (0.019) (0.023) (0.021) (0.020) (0.013) (0.010) (0.006) (0.004) (0.003) (0.002)
T =0.05 0.156 0.157 0.189 0.246 0.324 0.423 0515 0.600 0.680 0.743 0.800
(0.016) (0.019) (0.017) (0.019) (0.021) (0.023) (0.023) (0.022) (0.021) (0.020) (0.020)
=025 0.065 0.086 0.167 0.320 0.506 0.678 0.801 0.882 0.928 0.955 0.971
(0.011) (0.014) (0.017) (0.023) (0.021) (0.022) (0.019) (0.014) (0.012) (0.010) (0.008)
IVX-OR =05 0.053 0.092 0.227 0.458 0.688 0.849 0.930 0.968 0.986 0.993 0.996
(0.010) (0.012) (0.019) (0.024) (0.020) (0.014) (0.011) (0.008) (0.005) (0.004) (0.003)
t=0.75 0.067 0.124 0.330 0.616 0.830 0.939 0.981 0.994 0.998 0.999 0.999
(0.012) (0.014) (0.019) (0.023) (0.016) (0.012) (0.006) (0.003) (0.002) (0.001) (0.001)
T =0.95 0.157 0.260 0.544 0.795 0.927 0.979 0.995 0.999 1.000 1.000 1.000
(0.014)  (0.022) (0.021) (0.017) (0.011)  (0.006)  (0.003)  (0.002)  (0.001)  (0.001)  (0.001)

Note: The DGP is given by y¢ = 3(1+ Bix1,—1 + PoXo—1) + (14 Pix1,—1 + PoXoc—1)uy Where By = b1/T, B = by /T, x1c = (14 ¢1/T)x1 -1 + 1,
=—1and ¢c; = —0.2.

X2t = (1 + C2)X2,0—1 + v, With ¢

Table 4

Size performances of the single tests for Q;/, with a nominal size of 5% and T = 700.

Panel A: Hy: 1, =0

T 0.05 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0.95
(c1,¢2) =(0,-0.1) 0.080 0.065 0.052 0.051 0.048 0.047 0.047 0.050 0.052 0.062 0.078
(0.014) (0.011) (0.011) (0.010) (0.012) (0.010) (0.009) (0.010) (0.010) (0.011) (0.013)
(c1,¢2) =(—5,-0.1) 0.080 0.062 0.054 0.049 0.048 0.047 0.047 0.047 0.053 0.063 0.079
(0.012) (0.012) (0.010) (0.011) (0.010) (0.008) (0.009) (0.009) (0.010) (0.011) (0.011)
(c1,¢2) =(—10,-0.1) 0.082 0.065 0.055 0.050 0.049 0.047 0.049 0.050 0.053 0.062 0.081
(0.013) (0.011) (0.011) (0.011) (0.009) (0.010) (0.011) (0.010) (0.010) (0.011) (0.011)
(c1,62) =(0,—-1.1) 0.075 0.062 0.050 0.049 0.046 0.045 0.047 0.048 0.051 0.063 0.074
(0.011) (0.010) (0.011) (0.008) (0.010) (0.009) (0.009) (0.010) (0.010) (0.013) (0.010)
(c1,63) =(—5,—-1.1) 0.076 0.062 0.052 0.048 0.047 0.047 0.048 0.049 0.054 0.062 0.073
(0.012) (0.011) (0.011) (0.010) (0.009) (0.009) (0.010) (0.010) (0.010) (0.012) (0.012)
(c1,60) =(—10,-1.1) 0.077 0.061 0.051 0.050 0.045 0.046 0.045 0.048 0.051 0.059 0.077
(0.013) (0.010) (0.010) (0.010) (0.009) (0.009) (0.009) (0.010) (0.009) (0.010) (0.012)
Panel B: Hy : B5; =0
T 0.05 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0.95
(¢1,62) =(0,-0.1) 0.109 0.081 0.068 0.059 0.050 0.049 0.051 0.058 0.066 0.082 0.105
(0.014) (0.013) (0.012) (0.011) (0.009) (0.010) (0.010) (0.011) (0.012) (0.011) (0.013)
(c1,¢3) =(—5,-0.1) 0.080 0.067 0.055 0.050 0.049 0.050 0.049 0.050 0.052 0.065 0.080
(0.013) (0.012) (0.009) (0.009) (0.010) (0.010) (0.009) (0.010) (0.012) (0.009) (0.013)
(c1, ) =(—10,-0.1) 0.080 0.065 0.054 0.051 0.048 0.047 0.049 0.050 0.054 0.063 0.077
(0.013) (0.012) (0.010) (0.010) (0.009) (0.008) (0.009) (0.009) (0.011) (0.012) (0.009)
(c1,¢2) =(0,—-1.1) 0.088 0.065 0.052 0.047 0.045 0.042 0.044 0.048 0.050 0.065 0.088
(0.012)  (0.010) (0.009) (0.009) (0.010) (0.009) (0.009) (0.010) (0.009) (0.011) (0.013)
(c1,¢3) =(—5,-1.1) 0.081 0.064 0.051 0.049 0.048 0.047 0.047 0.049 0.054 0.064 0.081
(0.012) (0.011) (0.010) (0.010) (0.010) (0.010) (0.009) (0.010) (0.009) (0.011) (0.012)
(c1,6) =(—10,—-1.1) 0.082 0.063 0.052 0.050 0.048 0.047 0.048 0.048 0.052 0.064 0.081
(0.011) (0.011) (0.010) (0.010) (0.009) (0.010) (0.009) (0.010) (0.010) (0.011) (0.012)

Note: The DGP is given by y: = 3(1+ B1X1.t—1 + BaxXac—1) + (1 + BiX1,e—1 + BaXa r—1)Ur Where X1 = (1+¢1/T)X1 -1+ vie, X260 = (1+C2)X2 -1 + V2t
For Panel A, ; = 0 and 8, = 2/+/T. For Panel B, ; = 15/T and 8, = 0.
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Table 5
Power performances of the single tests for Q\, with a nominal size of 5% and T = 700.

Panel A: Hy : 81, =0

by 0 4 8 12 16 20 24 28 32 36 40

T =0.05 0.076 0.119 0.245 0.401 0.551 0.666 0.753 0816 0.855 0.881 0.904
(0.013)  (0.014)  (0.018)  (0.021)  (0.021)  (0.021)  (0.019)  (0.018)  (0.014)  (0.014)  (0.013)

=025 0.051 0.270 0.605 0.807 0.899 0.942 0.964 0.973 0.979 0.982 0.985
(0.010)  (0.022)  (0.021)  (0.019)  (0.014)  (0.009)  (0.008)  (0.006)  (0.006)  (0.005)  (0.005)

1=05 0.045 0.405 0.765 0.907 0.957 0.976 0.983 0.987 0.990 0.991 0.993
(0.009)  (0.024)  (0.020)  (0.011)  (0.010)  (0.007)  (0.006)  (0.005)  (0.004)  (0.004)  (0.004)

=075 0.050 0.474 0.825 0.935 0.970 0.982 0.988 0.990 0.993 0.994 0.994
(0.010)  (0.024)  (0.018)  (0.011)  (0.008)  (0.005)  (0.005)  (0.004)  (0.003)  (0.004)  (0.003)

T =0.95 0.075 0.435 0.777 0.910 0.958 0.976 0.982 0.987 0.988 0.990 0.989

(0.012) (0.022) (0.017) (0.013) (0.009) (0.007) (0.006) (0.005) (0.004) (0.005) (0.004)
Panel B: Hy : B: =0

by 0 03 06 0.9 12 15 18 2.1 24 27 3

T =0.05 0.087 0.101 0.148 0218 0.307 0.407 0511 0614 0.703 0.776 0.838
(0.012)  (0.014)  (0.015)  (0.019)  (0.021)  (0.023)  (0.023)  (0.023)  (0.018)  (0.018)  (0.016)

1=025 0.052 0.135 0351 0.604 0.804 0.910 0.962 0.986 0.993 0.997 0.998
(0.010)  (0.017)  (0.019)  (0.022)  (0.018)  (0.014)  (0.009)  (0.005)  (0.003)  (0.003)  (0.002)

T=05 0.048 0.201 0.544 0.821 0.943 0.983 0.994 0.998 0.998 0.999 0.999
(0.010)  (0.018)  (0.022)  (0.016)  (0.010)  (0.006)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)

=075 0.051 0.250 0.638 0.886 0.971 0.992 0.997 0.999 0.999 0.999 0.999
(0.010)  (0.019)  (0.024)  (0.015)  (0.008)  (0.004)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)

T=0.95 0.085 0.249 0571 0.820 0.938 0.980 0.993 0.997 0.998 0.999 0.999

(0.013)  (0.020)  (0.023)  (0.016)  (0.011)  (0.006)  (0.004)  (0.002)  (0.002)  (0.001)  (0.001)

Note: The DGP is given by yr = 3(1+ Bix1,c—1 + BaX2,e—1) + (1 + B1x1,—1 + BaXa,c—1)ue Where X1 ¢ = (14 ¢1/T)X1 -1+ V1e, X20 = (1+ 22 01 +v2¢
with ¢; = —1 and ¢, = —0.2. For Panel A, 81 = by/T and B; = Z/ﬁ. For Panel B, 1 = 15/T and B, = bz/ﬁ.

Table 6

95% confidence intervals for p in different sample periods.
Predictor 1927-2002 1927-2005 1927-2018 1952-2002 1952-2005 1952-2018
d/p [0.983, 1.000] [0.985, 1.000] [0.986, 1.000] [0.988, 1.003] [0.989, 1.002] [0.989, 1.002]
e/p [0.979, 0.999] [0.978, 0.997] [0.978, 0.996] [0.986, 1.003] [0.984, 1.001] [0.980, 0.999]
b/m [0.971, 0.994] [0.973, 0.995] [0.976, 0.995] [0.985, 1.001] [0.985, 1.001] [0.987, 1.001]
ntis [0.957, 0.987] [0.957, 0.987] [0.971, 0.993] [0.954, 0.990] [0.954, 0.989] [0.970, 0.995]
dfe [0.991, 1.001] [0.993, 1.002] [0.983, 0.998] [0.989, 1.001] [0.993, 1.003] [0.975, 0.997]
tbl [0.984, 0.999] [0.984, 0.999] [0.986, 0.999] [0.976, 1.000] [0.976, 0.999] [0.982, 0.999]
dfy [0.962, 0.989] [0.962, 0.989] [0.961, 0.987] [0.954, 0.990] [0.954, 0.989] [0.953, 0.986]
tms [0.936, 0.974] [0.938, 0.975] [0.925, 0.964] [0.921,0.972] [0.926, 0.973] [0.914, 0.961]

5. An empirical application
5.1. Data

This section applies the newly proposed method to re-investigate whether or not stock market index returns are
predictable by a set of macroeconomic indicators and financial ratios. For a convenient comparison, our main results
are based on the same data set (monthly data) in Lee (2016), with a sample period from January 1927 to December
2005. An updated data set until December 2018 is considered too to see whether there is any change after the 2008
global crisis.!! The dependent variable is stock market excess returns, which is computed as the difference between S&P
500 index (including dividends) monthly returns and the one-month Treasury bill rate. Following the literature, eight
popular predictors are considered, including dividend-price (d/p), earnings-price (e/p), book to market ratios (b/m),
net equity expansion (ntis), dividend-payout ratio (d/e), T-bill rate (tbl), default yield spread (dfy), term spread (tms).12
These predictors are standard in the predictive regression literature, and could be further classified into three categories:
valuation ratios (d/p, e/p and b/m), corporate finance variables (ntis and d/e) and bond yield measures (tbl, tms and dfy),
see Cenesizoglu and Timmermann (2008) and Lee (2016).

Table 6 reports the 95% confidence interval of the first-order autocorrelation coefficient p for the eight predicting
variables during different sample periods. All predictors show strong evidence of high persistency for all periods, but we

1 1pe updated data set can be downloaded from http://www.hec.unil.ch/agoyal, the website of Professor Amit Goyal.
12 0Ope may refer to Welch and Goyal (2008) for details on how to construct economic foundations of all variables.
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Table 7

P-values (%) of quantile prediction tests using the univariate model (1927:01-2005:12).
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 0.2 0.3 2.7 221 232 252 135 1.3 0.3 0.5 0.2
e/p 0.1 0.7 6.0 25.9 26.0 22.9 17.2 3.6 1.0 0.8 1.0
b/m 8.4 135 40.6 448 50.1 68.2 18.7 42 0.6 0.3 0.0
ntis 29 04 0.1 9.9 141 10.0 45.8 56.5 64.8 58.1 57.3
dle 0.0 0.0 0.0 0.3 8.8 452 33.8 23 0.0 0.0 0.0
tbl 7.7 10.1 413 27.1 23 0.8 5.9 7.0 0.6 1.0 21
dfy 0.0 0.0 0.0 0.0 4.5 57.3 0.7 0.0 0.0 0.0 0.0
tms 36.8 426 334 61.4 35.6 499 79.5 66.0 54.1 15.5 133

Note: p-values are in bold if less than or equal to the significant level 5%.

Table 8

P-values (%) of quantile prediction tests using the univariate model (1952:01-2005:12).
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 18.6 28.6 36.7 27.2 22.8 31.1 36.6 28.0 39.7 104 9.5
e/p 18.6 30.7 40.1 27.4 20.2 31.6 39.0 30.1 36.0 16.2 12.3
b/m 53.7 64.2 64.6 59.6 16.4 32.8 72.5 43.8 48.1 50.7 22.1
ntis 394 38.7 18.6 415 27.6 23.1 24.7 6.0 43 0.7 0.5
dfe 122 31.0 434 17.2 123 46.9 48.6 68.1 473 13.6 28.3
tbl 5.8 34 25 1.1 04 2.6 22.0 72.3 71.9 40.4 43
dfy 50.9 71.6 65.9 46.0 30.2 70.5 229 17.3 2.9 04 0.0
tms 8.5 1.7 6.7 26.6 17.7 36.8 77.5 44.9 76.6 52.0 48.2

Note: p-values are in bold if less than or equal to the significant level 5%.

are still unable to identify the persistency category for each variable, see Fan and Lee (2019). Given that our new method
is robust to all persistency categories, it is expected to provide more reliable conclusions than traditional approaches
developed under a specific type of persistency.

5.2. Empirical results

First, we investigate the quantile predictability of stock returns for each individual predictor using the univariate model,
and then analyze the predictability of individual predictor and different combinations of predictors in the framework of
multivariate quantile regressions.

Table 7 reports the univariate regression results given the sample period from January 1927 to December 2005. The
p-values (%) shown in bold imply the rejection of the null hypothesis of no predictability at the 5% level. The main
findings can be summarized as follows. For the group of valuation ratios, we find significant lower and upper quantiles
predictability for both d/p and e/p ratios, but only upper quantiles predictability for the b/m ratio. For the group of
corporate finance predictors, the d/e, which represents the corporation dividend payment policy, has strong predictability
at both lower and upper quantiles, while the ntis, measuring the corporate issuing activity, has predictive ability at lower
quantiles only. For the group of bond yield measures, the dfy shows significant predictability at most quantiles except
at median level, and the tbl is significant at upper quantiles. However, we do not find any evidence of the significant
predictability for the tms at all quantiles. Compared to Lee (2016), we obtain similar testing results for d/p, d/e, ntis, tbl
and dfy, but different results for the other three. For the b/m ratio, Lee (2016) found significant predictability for both
lower and upper quantiles, while only upper quantiles predictability for our method. For the e/p, we find both lower
and upper quantiles predictability, but Lee (2016) only reported a significant predictability at the 80% quantile level.
Meanwhile, Lee (2016) found significant predictability at upper quantiles (0.9 and 0.95) for the tms, for which we do not
find any significant predictive ability. The difference is reasonable as our method corrects the size distortion and enjoys
improve the power due to a faster convergence rate of the estimator, compared to IVX-QR approach. Meanwhile, our
testing results show smoother changes across different quantiles, demonstrating a better performance on robustness and
stability.

Next, we conduct the quantile prediction tests for the post-1952 data until December 2005, and report the results in
Table 8. Compared with Table 7, in general, there are fewer variables with significant predicting power, implying that
the market efficiency is improved after World War II, see Campbell and Yogo (2006). Especially, we do not find any
significant predictability for value ratios (d/p, e/p and b/m) and the d/e ratio. For lower quantiles, only tbl and tms still
have significant predictive ability, while ntis and dfy are significant for upper quantiles. For middle quantiles, only tbl has
significant predicting power. Compared to Lee (2016), we share a similar finding that the bond yield measures, especially
the thl and dfy, maintain the significant quantile predictability, but we find a weaker predicting power of value ratios
during the sample period 1952:01-2005:12.

Because the stock returns might be affected by multiple variables, the univariate model may exaggerate the prediction
power for each variable. Therefore, we re-examine the stock market predictability in the framework of multivariate
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Table 9
P-values (%) for the test using the multivariate model (1927:01-2005:12).

Ang and Bekaert (2007)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 0.9 0.8 4.2 11.9 24.0 33.6 22.7 7.3 32 0.6 1.0
tbl 0.1 0.1 13 9.0 189 20.8 19.6 10.9 1.9 0.1 04
Joint test 0.1 0.0 1.0 10.9 26.4 17.3 55 0.6 0.1 0.0 0.1
Ferson and Schadt (1996)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 0.1 0.2 27 1.1 7.9 9.0 27.0 18.9 26.1 145 9.2
tbl 0.3 04 3.0 3.7 114 114 14.5 8.7 2.3 0.7 0.3
dfy 0.0 0.0 0.3 04 5.7 11.2 28.0 171 1.6 0.1 0.0
tms 0.0 0.1 0.6 0.6 4.7 4.9 24.8 20.6 31.0 16.2 8.4
Joint test 0.0 0.0 0.0 0.6 11.7 7.2 21 0.0 0.0 0.0 0.0
Kothari and Shanken (1997)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 0.1 0.1 0.7 13.9 15.4 17.2 15.8 33 0.5 0.1 0.0
b/m 0.2 0.1 1.3 10.8 17.3 20.2 244 8.7 1.1 0.3 0.0
Joint test 0.0 0.0 1.0 16.9 225 24.6 14.2 0.7 0.1 0.1 0.0
Lamont (1998)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 52 37 8.8 18.0 17.0 254 28.8 12.9 9.5 2.0 1.0
dfe 04 0.1 0.7 9.2 18.5 22.7 253 10.7 1.5 0.1 0.0
Joint test 0.2 0.0 0.8 19.2 20.0 28.2 17.0 0.7 0.1 0.0 0.0
Campbell and Vuolteenaho (2004)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
e/p 0.0 0.0 0.3 10.1 15.7 19.7 13.7 1.8 0.2 0.0 0.0
b/m 0.0 0.0 0.1 7.7 13.7 19.3 15.2 2.3 0.2 0.0 0.0
tms 0.0 0.1 0.7 30.1 24.2 26.8 15.9 26 0.2 0.1 0.0
Joint test 0.0 0.0 0.0 6.5 14.0 36.6 134 0.7 0.0 0.0 0.0
Full Model

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 7.9 149 16.1 14.2 17.5 18.6 21.7 20.8 10.1 2.3 2.1
e/p 6.2 5.0 1.5 1.0 14 4.6 7.2 10.7 13.0 6.5 53
b/m 9.8 18.1 20.6 13.2 16.5 15.6 171 16.3 8.8 24 21
ntis 1.3 53 8.8 35 11.8 119 24.5 16.7 7.5 1.8 1.6
tbl 12.6 24.3 22.0 10.0 7.5 7.3 6.3 4.3 31 1.5 1.6
dfy 0.0 0.0 1.0 6.3 27.3 219 28 0.1 0.0 0.0 0.0
tms 3.0 10.6 14.8 13.7 19.4 18.4 18.9 17.5 9.3 1.9 1.1
Joint test 0.0 0.0 0.0 0.0 0.1 0.8 0.1 0.0 0.0 0.0 0.0

Note: p-values are in bold if less than or equal to the significant level 5%. For the full model, d/e is excluded due to the multiple collinearity among
d/e, d/p and e/p ratios.

predictive quantile regression. Following Kostakis et al. (2015), we consider five popular prediction models in the literature
and a full model with seven predictors (d/e is excluded due to the multiple collinearity). For each model, we report the
single test results for each individual predictor and the joint test results for the combination of all predictors.

Table 9 depicts the test results during the sample period from January 1927 to December 2005. Interestingly, both single
tests and joint tests based on the first five predictive models do not find any significant predictability at middle quantile
levels, confirming the existing findings about a weak predictability at the mean/median of stock returns. However, all
five models show evidence of significant predictability at lower and upper quantiles, suggesting a stronger predictability
in the extreme market status. For the full model, after controlling other variables, some predictors lose their prediction
power, though the joint tests suggest that the full model has prediction power at all quantiles. It worths to be mentioned
that the bond yield measures, including tbl, dfy and tms, maintain the significant predictability at either lower quantiles or
upper quantiles or both. The persistency of the predictive ability for these macroeconomic variables is further confirmed
in Table 10, where only the predictive models containing bond yield measures keep prediction power in the post-1952
sample period. Because Lee (2016) only considered a bivariate case, a comparison with the results is not provided here.

To see whether there is any change on the market predictability in the recent years, we apply our method to the most
updated data set for two sample periods: 1927:01-2018:12 and the post-1952 sample period 1952:01-2018:12. The main
conclusions are roughly consistent with those using the sample period until December 2005.'3

13 1o save space, we skip to report the empirical results for the updated data set, which are available upon request.
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Table 10
P-values (%) for the test using the multivariate model (1952:01-2005:12).

Ang and Bekaert (2007)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 223 320 40.6 27.8 355 33.7 29.1 23.2 33.1 9.5 9.0
tbl 134 311 214 15.3 131 17.2 225 242 28.1 10.7 24
Joint test 18.0 375 35.1 21.0 19.9 26.8 32,0 26.8 42.7 11.2 21
Ferson and Schadt (1996)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 18.6 17.3 11.1 7.6 9.7 12.8 9.6 7.2 5.8 21 7.0
tbl 21.0 15.8 7.4 5.6 7.6 11.2 5.4 45 6.2 24 5.0
dfy 18.9 17.0 7.5 55 8.3 10.4 7.3 5.0 52 2.0 4.7
tms 23.0 16.6 8.9 7.0 7.5 12.2 6.9 53 6.3 2.2 6.3
Joint test 24.7 27.7 23.2 135 16.9 29.9 15.2 117 6.4 04 0.7
Kothari and Shanken (1997)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 133 18.4 26.1 17.0 14.0 20.1 21.0 234 25.5 10.3 5.8
b/m 129 20.3 232 16.3 12.1 18.4 20.3 23.1 24.7 8.6 52
Joint test 16.8 27.6 36.2 25.2 16.2 232 28.7 26.6 36.1 119 5.2
Lamont (1998)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 229 25.8 31.6 30.5 23.1 22.2 28.2 233 29.1 18.5 11.7
dfe 16.2 219 23.7 17.5 13.1 20.7 26.6 23.6 25.5 10.8 5.1
Joint test 20.2 28.4 41.1 27.6 204 33.0 38.6 29.0 39.3 9.7 6.2
Campbell and Vuolteenaho (2004)

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
e/p 14.3 15.1 171 12.8 10.7 14.9 18.1 16.8 23.0 113 11.7
b/m 10.1 224 14.9 9.3 11.0 14.8 17.6 16.9 24.8 14.8 15.2
tms 17.6 29.8 284 19.1 16.5 29.0 27.3 27.7 27.6 7.1 6.9
Joint test 18.5 374 35.7 18.4 13.0 29.9 375 279 30.7 53 1.5
Full Model

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p 16.3 19.6 18.7 13.7 115 11.7 15.6 234 27.0 16.4 10.9
e/p 14.6 18.4 17.6 19.8 18.9 25.2 216 16.3 15.0 7.8 44
b/m 115 18.7 14.7 13.2 15.7 15.2 14.7 134 155 8.9 7.9
ntis 19.4 18.1 8.8 12.9 14.7 19.9 16.5 17.8 16.0 7.2 10.5
tbl 1.5 4.8 8.5 49 42 4.5 5.0 49 6.7 5.8 49
dfy 7.2 15.2 19.8 16.7 134 125 9.4 5.6 5.3 1.7 24
tms 17.7 16.4 16.2 21.6 19.1 23.2 22.8 223 21.7 115 8.3
Joint test 0.1 0.6 0.3 04 0.3 1.1 1.8 1.1 1.2 0.0 0.0

Note: p-values are in bold if less than or equal to the significant level 5%. For the full model, d/e is excluded due to the multiple collinearity among
d/e, d/p and e/p ratios.

6. Conclusion

This paper investigates the inferential theory for predictive quantile regression with highly persistent predictors,
containing both the stationary case and the nonstationary case. A weighted estimator based on the VA approach is
proposed to construct the pivotal test statistic. By introducing a new additional variable whose key component is
independent of x, in NI1, I1 and LE cases and persistency is the same as that for x;, our method is not only free of
the size distortion but it can also achieve the local power under the optimal rate T with nonstationary predictors and
/T with stationary predictors. The numerical performance of the proposed tests is checked by simulation studies which
show that the proposed method outperforms the IVX-QR approach proposed by Lee (2016) in a finite sample. In the
empirical application, we apply the new method to test the predictability of US stock returns at different quantile levels.
Interestingly, after the World War II, we do not find much evidence for the prediction power for some well-known
financial ratios, such as e/p ratio, d/p ratio and b/m ratio. However, the macroeconomic indicators, such as dfy, tms and
tbl show strong evidence of significant prediction power, especially at lower and upper quantile levels.

Finally, we note several possible extensions of the present study. For example, it may be interesting to extend the
model in (1) to a nonparametric form similar to the model in Cai and Xu (2008) for stationary case. Also, one might
extend our model to the case that 0 < @ < 1, corresponding to the so-called mildly integrated MI processes (¢ < 0) or
mildly explosive ME processes (¢ > 0), as mentioned in Section 2.1. We leave such extensions as possible future research
topics.
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Appendix A. Mathematical proofs

Note that due to the limitation of space, the brief derivations of the main results are only provided and all lemmas with
the detailed proof are presented in the online appendix, which can be found at http://www.people.ku.edu/~z397c158/CCL-
Supplement.pdf.

Proof of Theorem 1. As the proof for 10 case is standard, we only provide the proof for NI1, I1 and LE cases. Define
the convex object function Zy(v) = Y,_, {0z [uee = v"DF Ac 1] — pe(uer)}. Following Xiao (2009), the minimization
problem in (5) is equivalent to mlmmlzmg Zr(v), i.e., if v is the minimizer of Zr(v), then v = DT(ér —6;), where 9, is the
solution of the minimization problem in (5).

Now, an application of the Knight identity as in Knight (1989) implies that

TD IA[]

Z VD A () + Z / e < )= 1 < O]l
Note that Zy(v) is derivable with respect with v, and define the new objective function Vr(v) = —dZr(v)/dv. It is easy to
show that
T T
=Y D7 Acavreue) — YDy Ay [ < v DF AC) = 1(ue < 0)]. (A1)

t=2

To prove Theorem 1, it suffices to verify that Vr(v) satisfies the conditions of Lemma A.1 in the online appendix. We first
check the condition (i), i.e., —v " Vr(Av) > —vTVy(v) for A > 1. Note that

—v Vr(hv) = —vTZD "Ar e Utr)+ZUTD "Aeor [1uee < 20DF A1) — 1(uge < 0)],
t=2 =2
so that it needs to show that —v ' Vy(Av) is a non-decreasing function of A. Given the fact that 1(u < x) — 1(u < 0)is a
non-decreasing function of x, one can show that 1(u;; < vaDfAt_l) — 1(u¢; < 0) is a non-decreasing function of A if
vTD;IA[,l > 0, and a decreasing function of A if vTD;IA[,l < 0. Thus, —vTV(1v) is always a non-decreasing function
of A, and the condition (i) in Lemma A.1 is verified.
Next, we check the condition (ii), i.e., supy,jullVr(v ) + fu (0)Nv — Ar|| = 0y(1) for 0 < M < oo. Define n; =

D' At [1(uer < v"DF' A1) — 1(up < 0)] and Ar = S, Dy A 19 (ug). Clearly, it follows from (A.1) that

=Ar — ZEH(m) - Z[')r — Ea(ne)]. (A2)
t=2 t=2

Therefore, to prove the condition (ii), it suffices to show that Zthz Ei—1(n¢) = fu, (0)Nv+o0,(1) and Zthz [ne — Ec—1(ne)] =
op(1). By Taylor expansion,

T
D Ea(n) = ZD Avi [Fue 10 D7 At) = Fuy 01(0)]
t=2

t=2

T
_ _ 1 _ _
= X:I)TlAt*1 [furr,tfl(O)AtT—lDT]U + Efl.:n.t—l(l*)vTDT1A[*]A:—1DT]vi|
=2
= B1 + By,
where I* € (0,v'D;'A,_4) if vTD’lAt 1 > 0and I* € (v'D;'A;4,0) if v'D;'A,; < 0. By Assumption A.2 and
w5 Y [ t1(0) = £, (0)]
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A.2 in the online appendix, Ny = D;l Zthz A[_1AtT_1DT’1 = N+o0p(1), where N is positive definite random matrix defined
in Lemma A.2. By using the similar idea as in Xiao (2009), it is easy to show that

qu”tl — fu(0)] D7 A1 AL Dy v+quT D' A1 Al D7
t=2

= fu (0)Nv + 0,(1).
To prove B, = 0,(1), first,

T

_ 1 _ _
1B2ll = | 3 S Dr Ao fi, oo D A AL DT
t=2
T
< fzsuptfu[,ﬂ XY VTID: Ao D A1 AL Dy M.

By Assumption A.2, supycg [f,jnytf](x)l = 0p(1), and by Lemma A.3 in the online appendix,
Y12y VTID; A0 TDF ' A1 A D7 v = 0,(1) for any [[v]] < M, 0 < M < oo. Then, [|B || < -=0,(1)0,(1) = 0,(1).
Combining the above results, we have

T
> " Ea(ne) = fu (0N + 05(1). (A3)

t=2

Furthermore, it is to verify the fact that Z[T:Z [7¢ — Et—1(n¢)] = 0p(1). Note that

T Yoo e = Eeea(mo)]
D oI —Eeamdl = | X0, [n2e — Eea(mao] |
- Yot [nse = Eeoa(n30)]
where ny = [1(utr = UTDflAtfl) — Wu < 0)] /ﬁ- Mt = X [1(utr = UTD'F1AI71) — Wu < O)] /T, and 53 =
[1(utr < UTDflAt,Q — u < 0)] /T. To save space, we provide the detailed proof for 7y, as an illustration to show
that Z[T:Z [nit — Ec—1(nit)] = 0p(1), i = 1, 2, and 3 and skip the rest for 7,; and ns.. For some 2 < t < T satisfying
v'Dr Ay > 0, e < 0D Ar1) — 1t <0)=1(0 <ty < v'D;' A1) € [0, 1], one can show that

T - E_1(nf,)

IA

Ee_1[1(uee <v'D7 A q) — 1(uer < 0)] = Fu, (v D7 A¢—1]Fi—1) — Fu (01F1)

Fueert— 1(lt) v DA 1S SUPlfuy-1(x - v Dy A (A4)
It (0, UTD Ar_1)

The last step holds by Taylor expansion. Similarly, for any 2 < t < T satisfying vTDfAt_] <0, Wug <0)— Wue, <
v'Dr A1) = 10D Ary < U < 0) € [0, 1], it s easy to verify that

_ 2 _
T-E1(nf,) = Eo1 [ 1(ure < 0'DF"Arq) + 1(ue <0)]° < suﬂgtfun.t_l(x)l|vTDT1At_1|. (A5)
XE.
Then, it follows by (A.4) and (A.5) that
1
Ec_a(ni) < 75UP Ve 1 (0] v DF A4l

Therefore,

ZEt 1(73) Zsuplfut,[ 1001 [0 DF A | = SUPlfi, - 1X)|fZ|vTD "Acal,

t=2

Note that SUPxem[f.f”‘tq(X)l = 0p(1) by Assumption A.2, and % ZLZ |vTD;]AI,1| = 0py(1), for any [v|| < M,
0 < M < oo. Thus,

T
Y Eealim) < 0,(10,(1/5T) = 05(1)
t=2

By the same token, one can obtain that Zthz [Ec—a(mo)]? = 0p(1) and the fact that [ny — Ec—1(n1,)] is MDS im-
plies that Var (ZLZ [n1e — E[—l(ﬂn)]> = 0,(1). Hence, ZLZ [71t — Ec—1(n1c)] = o0p(1). Similarly, one can show that
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S [n2e — E—1(nae)] = 0p(1) and Y1, [n3 — Er—1(n3:)] = 0,(1). Therefore,

T
> e — Eeoa(no)l = 0p(1). (A6)

By (A.2), (A.3) and (A.6), for any |[v]| < M, 0 < M < oo, Vr(v) = Ar — f,(0)Nv + 0,(1). Therefore, for 0 < M < oo,
Supy<m IVr(v) + fu, (0)Nv — Ar|| = 0p(1) holds. By Lemma A.2, it is straightforward to show that [|Ar|| = 0,(1).
Clearly, all conditions of Lemma A.1 are verified so that an application of Lemma A.1 leads to

T

Dr(b — 6:) = £ (0) "Ny "D Y~ A a¥e(uee) + 0p(1),

t=2

which completes the proof of Theorem 1. O

Proof of Theorem 2. For simplicity, we only offer the proof for the NI1, I1 and LE cases, because the proof for the case 10
case is standard. By the Bahadur representation stated in Theorem 1, we have

T T T
x*
D> > 3 st
=2 =2 =2
T T T ﬁ(lat — ) T
X (x* )2 Zp X A 1 X1 e (ute
i S5O IR 1B ) | =07 DR | o). (A7)
t=2 t=2 t=2 T(y: — Br) t=2
T T T T
Z—1 X_1%-1 %1 Ze—1 Ye(Uir)
D 25 P v
=2 =2 =2 r=2
1 0 0
Define S = OT 1 0. Then, by pre-multiplying S on both sides of (A.7), one has
T31/2 thz zZ1 0 1
T
T T wf&@r)
x5 _ T
DY DY i =
t=2 t=2 \/T(Aﬂr — ) » T X e luee)
L Ty o | (TR | —nn | T | o,
2:T3/2 T2 Z T2 T(y: — B:) t=2
t=2 t=2 =2 T
0 W, W, 1Y (uer
t=2

2

T T T T T -
where Wi = Y, L, X! 1z 1/T? = Y 21> o Xi /T2 Wa = 3,22 /T? — (E 2 z[_1> JT3 and Z_y = 7,1 —
) [T:Z z;—1/T. From the third row in the above equation, we have

A ! t— 1 ! T tI
(Wi + Wo)T(BY — Be) = fu (0)' D (Z : T Z ) Yellhe) | op(1). (A.8)
t=2 =2

Recall the definition z;_1 = 7141 +%c—1/4/1+ xf_l, and for the NI1, I1 and LE cases, ;L,TJ/«/T = B(r), 1, LY 71 and

Xe—1/,/ 1+ Xﬁl = 0p(1). Thus, ZLrTJ/ﬁ = 71B(r). By the continuous mapping theorem, one obtains that
Aw d -
Wi+ WT(BY — ) S £, 07 [ [B(r) -/ B(r)dr] )
1
From (11), W1 + W, LY T fB(rlf,f(r)dr. Using the independence between ¢; and u;,, we have

(Aw— )—>df()1 N (1- )7f rdr
I'(B B L0 MN|O, 7
! ! [fB r)<(rydr]?
This ends the proof of the theorem. O
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Proof of Theorem 3. We only offer the proof for NI1, I1 and LE case since the proof for the 10 case is standard. For NI1,
I1 and LE case, zmj/ﬁ = 71B(r). It follows that

T T 2 T T 2
1 d _
W, = E zk )T - (E zt_1> /T = E (z[_l -7 E z[_l) JT? = /B(r)zdr.
t=2 t=2 2 t=2

t=

By the continuous mapping theorem and Slutsky Theorem,
£ = fu (0) W (1 — )72 (W1 + Wo)T(BY — Br)
<L £.(0) [:(1 - r)/l?a(r)zalr]1/2]1,,(0)1 MN <o, (1 - r)/é(r)zdr> LN© 1).
Moreover, under the local alternative hypothesis H, : 8, = bT’ it follows that
Jur (@) [Wot(1 = D)2 (Wy + Wo)T B,

— O War(1 = 2 Wy + Wb, > b, —F TS BT
VI =) &2 [ Brpdr

_ i, (0) 71 [ B(r)S(r)dr —b fu,(0)  sign(7y) [ B(r)Js(r)dr
VIO 5 [ Bepar VAT R par
fu(0)  sign(7y) sign(71) | [ B(r)Jg(r)dr|

—b,
vri=7) S Br2dr

fu (0)  sign(7; ) | [ B(r)JS(r)dr|

—b,
vl ==} I Bryrdr

Therefore,

= br|7TC|/Ur-

N A

£ = fu, (0) [Waot(1 — )72 (W + W,)TBY
4 (0) [Waot(1 — )7V (Wy 4+ Wo)T(BY — Br) + fur (0) [Wat(1 — ©)] V2 (Wy 4+ W,)T B,
— b, |mc|/or + B(1).

This concludes the proof the theorem. O

Proof of Theorem 4. Similar to the proof of the Bahadur representation theorem for the univariate case, one can establish
the Bahadur representation for multivariate quantile regressions. To save a space, the details are omitted. Now,

T T -1
Dr(B, — B.) =h.(0)! [(br)l > (z” - % > zu) xfl(br)l}
t=2

t=2

T T
-(Dr)! Z (Zr1 - % er1> Ye(uer ) + 0p(1). (A.9)
=2

t=2

Note that for all predictors x;, i = 1, 2,

Zi 1) /NT = 71iC1e-1 [1+ 0p(1)] . if x; is NI1, 11 and LE;
Zip = Xie/\J 1+ X7, + 0p(1), if x; ¢ is 10.

First, we consider Case 1, K; = 0, i.e., all predictors are stationary. Then,
T
ze= (216, 220) = (xu/ 1+, %/4/1 +x§,t) + 0,(1),

and the weighting matrix Dr = diag(~/T, ~/T). By the central limit theorem, it is easy to show that

. T 1 T
(D)"Y (zt_l - ZzM) Yeltes) > N(0, 7(1 = T)V) , (A.10)

t=2 t=2
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where
Var X1t X1t
1 T 1 T ( /H'X%,r) ( 1+x1 A %
Vz =var| — Z Zt—l - ? Zzt_] -
ﬁ t=2 t=2 Cov X1t X2,t er
Y 1+X%,[ ' v H’"%t 1+X2 t

A Combination of (A.9) and (A.10), together with the continuous mapping theorem, leads to

Dr(BY — B.) > £, (0) VN0, T(1 = T)Vs)

where

[1.42
1+x21[

Next, for Case 2, K; = 1, i.e., x1; is nonstationary and x,; is stationary. Then,

.
-1

VI (Br) Z= (a1 /NT. 20 = (ﬁl,la,m/ﬁ, Xo1/y/1+ x%,H) +0p(1),

and the weighting matrix Dy = diag(T, ~/T). Define G = diag (, | a8 1) and

T T >
V; = plim(Dy)~! Z (Zt 1— ZZt 1) X ,(Dr) ' = 1 4
T—o0 t=2 t=2 E ( X1,6X2.t ) E ( X%,t )

- T T
T ~ - Xt 1 X t—
R T A B Gl I D PR
\/Tiz D2 512,#1 \/1 +X§,r71 =2 /14 X%A,rq
Thus,
T 1 T T
RCORDY (z[_l -7 ZZH) Veltee) = ) he 1vre(utee) + 0,(1), (A.11)

t=2 t=2 t=2

Thus, by Lemma A.4 in the online appendix, the Lindeberg condition for h;_1v,(u;;) holds. That is, for any & > 0,
T
> E[heo1vre ()P 1 (hemyi (uee)l| > 8)| Feer] 5 0. (A12)
t=2

Again, by Lemma A.5 in the online appendix, the asymptotic variance of ZLZ he_1¥.(us;) is given by

is[hmhflwf(un)zmq]=i£ Moo o)y g pig
p—ry B hye—1hy e h

t=2 2,t-1

p 1
— T(] — T) <0 Var (xz,t_]/\/m)) . (A13)

Moreover, it is straightforward that [he_ v, (U, )]tT:2 is martingale difference sequence. Therefore, it follows by (A.12) and
(A.13) and the Corollary 3.1 in Hall and Heyde (1980) that

T
d 1 0
;ht_lwr(un) SN [0, 7(1-1) (0 Var (xo1/y T 000) )} (A.14)
It is easy to see by (A.11) and (A.14) that
. T 1 T
(D)"Y (zt_l - ZzM) Yeltes) > MN (0, 7(1 = T)V3). (A.15)

t=2 t=2
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~ R 2
72, [ By () dr 0

0 E(,/ (148,)) — E (xau/ 14+,
as the continuous mapping theorem implies that

where V, = ( 2). Next, an application of (A.9) and (A.15) as well

~ AW

Dr(BY — B.) > £ ()W MN (0, 7(1 — T)Vy) ,

where
T
V; = plim(Dr) 12 Z_ 1—*Zzt 1| X (D)
T—o0 t=2
. T
= plim(Dr)~" Z_, (Xt 1— = th 1) Dr)
T—o0 t=2
.
§1r1 X261 (an 1ix1r1 1i )
= plim= Z 11 o X2t-1— = X2,t-1
T—ooT 145, VT = VT =
11 fEl (r)]fl‘(r)dr 0
- 0 E(d/142,))

Finally, for Case 3, K; = 2, i.e., all predictors are nonstationary, it is clear to see that
-1
ﬁ<DT> Zo = (21 /VT, 22 /VT) = <7T11§1r VNT, 71260, 1/f> +0,(1

and the weighting matrix Dr = diag(T, T). Similar to the univariate model, one can show easily that

. ! 1< _ _
(D)"Y (zf_l -7 ZzH) Veluee) = / (F1.1B1(r). 711.2B2(r)) | dBy, (1)
t=2

t=2

= MN (0, (1 — 7)V3), (A.16)

where

T

= plim(Dr) ]Z(Zt 1—*er 1) (Zt 1—*Zzt 1) (Dr)~

T—o0 By

_ < 11fl:31(7' 711712 [ Ba(r)Ba(r )dr)
(r) )

~ \ #1171, [ Ba(r)By(r)dr 7?12,2 ff?z(r)zdr

w

The asymptotic mixture normality holds by the independence between (¢, ¢2.)" and wr(ut,) Again, it follows by com-

bining (A.9) and (A.16) together with the continuous mapping theorem that DT(ﬂ -B,) Y fu, (0)” 1\11’] MN (0, (1 — 1)
V,), where

V; = plim(Dr) 12(2[1_ Zzt 1) X[ (D)™

T—o0

-
_TpEEDT Zz[ 1(xt 1—72xt 1) (Dr)~

Sie-1 - 201 Xior DXt %ot 1 Xoeo
— P Z(”“ N ””ﬁ) (ﬁ TTL T T X ﬁ)
=<7T11f31 T)]xl(r) 7T1,1f31r X rgdr>.

Fi2 [ Ba(r Y (r)dr - 712 [ Bo(r )2 (r)dr

This concludes the proof the theorem. O

Proof of Theorem 5. By the results in Theorem 4, the proof of Theorem 5 is straightforward and the details are omitted
here to save space. O

249



Z. Cai, H. Chen and X. Liao Journal of Econometrics 234 (2023) 227-250

Appendix B. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2021.10.012.
The supplementary material with some necessary lemmas and their proofs to support the main theorems in the paper
can be found online at http://www.people.ku.edu/~z397c158/CCL-Supplement.pdf.
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