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Estimation of Partially Conditional Quantile Treatment
Effect

CAI Zongwu', FANG Ying®?, LIN Ming®3, TANG Shengfang?
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Studies in Economics (WISE) and Department of Statistics and Data Science, School of Economics, Xiamen
University, Xiamen 361005, China; 3. Fujian Key Laboratory of Statistical Sciences, Xiamen University, Xiamen
361005, China)

Abstract This paper proposes a new model, termed as the partially conditional
quantile treatment effect model, to characterize the heterogeneity of treatment effect
conditional on some predetermined variable(s). We show that this partially conditional
quantile treatment effect is identified under the assumption of selection on observables,
which leads to a semiparametric estimation procedure in two steps: First, parametric
estimation of the propensity score function and then, nonparametric estimation of con-
ditional quantile treatment effects. Under some regularity conditions, the consistency
and asymptotic normality of the proposed semiparametric estimator are derived. Fur-
thermore, the finite sample performance of the proposed method is illustrated through
Monte Carlo experiments. Finally, we apply our methods to estimate the quantile
treatment effects of a first-time mother’s smoking during the pregnancy on the baby’s
weight as a function of the mother’s age, and our empirical results show substantial
heterogeneity across different mother’s ages with a significant negative effect of smoking

on infant birth weight across all mother’s ages and quantiles considered.

Keywords conditional quantile treatment effect; heterogeneity; propensity score;

semiparametric estimation

1 5|8

AT —IBOR T B F R B 2 0 # E R A H ir. B8R —HR, &F
SCHR EBAEA MBI T 518 T SRR AL BN, (average treatment effect, ATE) BiAUEFXF4b
AR T EERY. (average treatment effect on the treated, ATT) HJIRH S5t XI5 H
AW SER CHVETE: Angrist and Krueger (1999), Heckman, Lalonde and Smith (1999),
Blundell and Dias (2002) 5. TEFUTHI 25 3CHk A, Imbens (2004), Imbens and Wooldridge (2009)
Xof A FRAK X — W7 R ) BB SR A T e 4T 174 [l A

BRI A BN AR A EEBOR T- I RSOV 7 AR H B E, HE I ARE R BRECE T-F06 H
AR 2. ISR T —IBOR G, BB SO FHE AR B 45 R B T 2
AR TR, YEABEAN AL A RE S BB T X B A8 B AT B, AR TR F oL
W SR, SE58 b, A AR AT S BAEVRE B A e R W, JUHARBUR
HIE . 8, Freeman (1980), Card (1996) BFFE L%t LYEZEEERIHM, Lalonde (1995),
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Abadie, Angrist and Imbens (2002) & REBUFREITN EH XL T ARG AL BN, 2L
FBOR AU 8 TR b T4 8 A RO BN s 5. INIBOSRE ) 2 1) 7 e U, RIS 03
SO TR T-H L FRASON AR R, BUR BE 5 R B T B R AR S 0 BOR I #E. O T 2 W E
RPN H AR AN, Lehmann (1975), Doksum (1974) 5| AR FERL Y. (quan-
tile treatment effect, QTE) F/EA—FEMEAM TR, HROMEABIRY HSH AT
}5: Abadie et al. (2002), Chernozhukov and Hansen (2005), Donald and Hsu (2014), Firpo
(2007), Frolich and Melly (2013) 4.

BUOR PR SCHR P AR 5B — PR a0fal %) im Heckman and Robb (1985), Heckman, Smith
and Clements (1997) BR300 AR BEXT BA AR RHAEMRDT S BUSY.  HF AL A A4
BN AFE R B, B IHFTEE BR 1 S DAL BEAR XA SRR BN 2 A, e D BOR M R
AR ERHEN TRARMZOY. Blan, Y fhiHBERAE A 2R ] X B L H AR R A i, BT
FIREOGHER Y P RE 2 [F] AR 8 B B SR X 2 )L AR B By U8, Ak, Abrevaya, Hsu and
Lieli (2015), Lee, Okui and Whang (2017) 18 FH# 24 F-XI AL FEZL Y. (partially conditional
average treatment effect, PCATE) JeZH ZbFE AR w X BB AN R RFE T- B A 54 X 2500

A SR e — i By A BRSO AR S 2] 1 b AR X RO R R AR B F RN E H AR
BT LR BN, I, TECIREIRBOSSLRESE T, AR A R S o i it
Y. (partially conditional quantile treatment effect, PCQTE) JRZ| W25 €5 —E LV TR Z
I, ALPEAS RN B AR R BT, HAvER 7 RErATVER X W— 1 ETE TENS
EHER Z BN T, TRERE AL Eih 7RG PCQTE, HAIFEHM LS
B3, WAREY], it PCQTE Zr[AESE0RAA, It HRE —Fofray=E28Uhi k. o, 72
HILHIEN SN, ATEN T 328 00=E2 86 — 20 HE AW RS, IMTRFFTEmIA
PCQTE 14 Z #y RS8O R gt HERT

ARV A T MERLFZ PR, RI5 2R F A B BRI H kM2
i, VRZBITR] A B L AR R B R o A AN TEBGI I SCBRH, Abrevaya et al. (2015), Lee
et al. (2017) T TR € PR FARIS TR ZSAM A X B Lt AR B 1 T L BN, Herpr
Abrevaya et al. (2015) $2H] T —FhAESER LS B0 LA 2 B A BT i 2T 42
BN AT EERAESEUG T B LERCRXENIE, Lee et al. (2017) WIZE TS5 MABRR T T —
PR R4 2 AR B T B 25 - T AL BN 4RI, LA SCRRER I A =5 IS
SEBSRAER T, BERAEVR R B AR X B L AR R R R B AU, S B, AT BFTE &3,

NERT B E RN, LI AR E R AR AR HE R, B, ASCR IR
REEE GG X — SRS, Ry, RO R EEARFR T, B2 R ay B3R
PRI (B R X 2 L AR AR B A DB BRSO, RTAL PR T 09783 SR A LB BRSO, (par-
tially conditional quantile treatment effect on the treated, PCQTT). RBIKUH, FATHIFIESS R
FEUTEA A BESRAERS 20 2 (] - LB PESUY AR S PR 22 57, TR MR BRI B LA A
P s BUKE T, BERE X 2R L AR B 274 B M T80, (E, BATHAI, Y4bkE
SRR, BIRRMEREL L AR E R o (B 2R R, X T HANESERHMAT S, 24
TEBERARR B IL |, TR S B B ASU AEAR - A BOK - BB SR T HAE A B =
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SMBOKFRIEUE, TR A BRI — I RNA B3

AR TR RAEZHE T BN GRS R BN, (PCQTE il PC-
QTT) BAGFHE BRI IRAZR L B AGTH 7k, FRdE— 4 S ERBRI R, a6
SR 2 BERS BEAR AR A FRAEAS ST SIS TS BER TR VR 220 TE] WA o 2
JUH A PR B A /- LR A Al FE B R AN R Rl A 2 TR AR A SR T MRS, Bt
T PR B IE .

2 B EESAIBEIEMAREY

2.1 HEHEZ
B Dy For A i 1 TSR, Ho D, = 1 FoR MR | B TR D; = 0 W%
RABETHL B Rubin (1974) ohEAELS BAE, RAT Y:(0) A Yi(1) 40 BIFR A i etz
B AR BTG A B VIR A, Bl HAEIIE] Yi(Ds), T Yi(1 - D)
Rk B, AR YV SEESEER Yi0) A V(1) Z %R IR %
Y; = (1= D;) - Yi(0) + Dy - Yi(1).

A, BT X FaREAMRRTMEE L giEsml A i, 27308, BAOMEE (Y:(0), Yi(1),
X;,D;), i =1,--- ,n BMSLEATRIRENLA . XM @ Sk, FATHABWME] Y;(0)
Yi(1) Hrig—A, B TIRAIBOGEB B AP 240, BIFEM T RIZ:
iz 1 (i) CCIRBAELR) SethEE X, TEGR (Vi(0),Yi(1)) 5434 D, M,
RJi:
(Yi(0),Yi(1)) 1L D; | X5,

HoAr 1L FRGE o
(i) QL) X X CBEFREERE

0<p<pla)=PD;=1|X;=2)<p<1,
HP0<p<p<1,ple) ZBUIETHEEL

TS EBOTRAA SO, R 1 () BEEFRA “FOHTTRIBRI SR
W B “FET AR %, AHESCHRPTZ: L Rosenbaum and Rubin (1983), Lechner
(1999, 2002). X—MRUBLHESR T ARLATT N A R 2R [F] i 5 T- B i Te g R AR Rl &
B 1 (i) TR SR T LT IrA R X BBUE, MAEER IE MR8 2 sl A RS2 AL PE.
SR, FESERR Y Friie 2 e ] 2 43 & T RE AR TE IR, At — [n] R 38 R A0 S e B AR i ey 15
SHERST 0 80F 1 B, T HSEIRBH A EL e 0 A1 1 g FARYALIEOY. DL LY
MR BAEAL RN SCHk AP E 8% 32 # H, 40 Heckman, Ichimura and Smith et al. (1998), Dehejia
and Wahba (1999), Hirano, Imbens and Ridder (2003), Firpo (2007) 4.

ASCFOGBR R @ PR X, B— DR AT, B R4 R B AL
BRI, BATIRZ AT S EY. (PCQTE). BT S, BRiX Z #R X l—
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Ak dEFra, H 1 < k< L, IBATRNVESERATTR 25 AL B BRI 8 SCH:
AT(Z) = qu(Z) - QO,T(Z); (1)
Herr e (0,1) BANBUKT, ¢;-(2) BRIEESE Zi = 2z T Yi(j) MRS AEREL j =0 5 1.
XHERMFEEES YRS HEH 2 MAE X i, FHMALRIEREATERL. 5
WIFE, FEERAE (1) R Z, N8, IBAMET BT 2 SRR 25 LB A B ALY A Ny
Firpo (2007) H2% FEHY TCA& 5 A B BEAS Y .
2.2 fHitAE
B A AT TG A B O 8 B A MRS ARG SRR B Yi(0) A1 Yi(1), B Y1 (), -+, Ya (i) A
AEBEARMTE (1) 8 ¢;-(2), 7 =0, 1. BIEERNTE X Wo(X,, D;) = (1 — Dy)/[1 — p(X;)] il
Wi (X:, D;) = Di/p(X;), IRAXT j=0F1 1 LR EGEREBEAAEMEZRE 9(), TERE 1
TRNAESSE]:
E[W;(Xi, Dy) g(Y)| Zs) = E[W;(Xi, Ds) 9(Yi ()| Zi] = E[9(Yi(5))| Z4],
M g5+ (2) ATBERRA:
4jr(2) = argmin B (p-(Yi(5): )

Z; = z) = argmin E(W;(X;, D)o, (Yisq)

Z; = z) 2)
HA p.(Vig) = (Y —q){r — I(Y < q)} /& Koenker and Bassett (1978), Koenker (2005) H% &
I AR REL, 1{-} BntERE. UM 5ok p(e) CHIEF, #RH% Koenker and Bassett
(1978), Koenker (2005) HE /7%, BATAIXRIIE (Vi, Xi, D), i@ = 1,-- - n UG—DIAIML
BIEEEBNTSE] ¢5,-(2), j = 0,1 BIffiT

M TTESERR I ple) —BRREY, BIIAHRTE (2) egiRils R nFmEs w kMG
PCQTE 25 A, (2). B, BAMEMBAR (X, D), i =1, n ZRAFBAT2KEL p(2) B
A Po(x); HIR, TR 20, BAMEHE TAZRE RETHIrE it ¢-(2), 7 = 0,1, AT
RE—PARE] AL (2) BofhTE. BARHL, FAFELE A (2) BfhTTR:

A (2) = G, (2) = G- (2), (3)
He, X 5 =0 M1 1,
a\j,T(z) = argmqin% ZKh (ZL - Z)Wn,j(Xiv DL)pT(Yw q)a (4)
=1

K Wi o(Xi, D) = (1= D)/[L = pu(X)], Wat(Xi, Di) = Di/u(Xi), Kn(u) = K(u/h)/h,
K() Mm% h REAEBEL, o () & p(o) BI—SMhTE R, LI (4) e eIk
AR R4 T B R A T I

A/ 1 = :
(@7 (2), 8 (2)) = arg min — > " K (Zi = 2) W (Xi, Di)pr (Yisdo + 01(Zi = 2)), = 0,1,
=1

90,91 N

HETTAAE] A (2) MRTRAERT Aru(z) = @' () — @, (). Al Aru(z) WELRHERAOHE
SIG A(2) Fel, LK T REERR, £ T CRRITRSAH AL (2) DI R,

BRI AT p(2) 89— Bfhit. ECHSTRPAFEPI R RT3 AT SRS
p(@). H—FINERSHOTE, BIR p(r) BEE—BHA p(x) = p(z;0), 4 logit B(# probit
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PR, SRIG A FIRROCANR 7 b T AR TR R AN 24 S8 ROk & AR 80k, HASRE Hirano
et al. (2003), Firpo (2007) H & FHREGE LT (series logit estimator), Ichimura and Linton
(2005) HHi Ry R 2= EFAE TR Abrevaya et al. (2015) {5 F B9 E B | S 4G 1145
TEASCH, BATRABEOTEM p(2), FIE (3) FAZIRAGH AR NES RN LR, BAITEA
HEE P RAESE T G p(2), XFEFEHRBOGBRSE AL (2) WIESEAE T, | 1EMAE
—HENZEMAT AL (2) WIESETHREE S T CPER G RAR L.

2.3 IR

TEX—E4, RATHFR (3) FHRILEESEET A, (2) W, BAMERM b (1 <
k< L) deiinkt Z,, ATASE] A, (2) WEHEEES, (B0 T R0 I, X ERATRAH k=1 5
5. IEANTE Abrevaya et al. (2015) HETHg HH AT, SEBRV A k& = 1 25 H LB, aHMETT
G AL (2) TI7E e PR R k. TERFSURR h 5T R R 2 B, BT P —
BRI

BRi% 2 (Xi F1 Z; Ba50A0) FEE—DEH e > 0B Xi B E RS fx (2) WL infeex fx(2)
o, Holt X IR X, WIS FNT, Z MEERE f2(2) TEH S L MiEsm S

iz 3 (i) X7 j =0 M 1, ZAHERE fyo)xWle) 76 Yi(j) M X; B8 LESH
HF. (i) ZAEFERE fy)zlz) BEATE ¢ (2) WEMFEN—HERHETE 0; HSh,
fy(izWlz) T 2 ZMR, 2T y BSEHE Yi(j) M1 Z BXEENESER.

Rz 4 (REBHEE) () HEH K (v) 22— EARSEENNTREE R, HEERL
A B[S (1) WFE—e > 0,24 n — oo B, h — 0, nh!*® — co H nh® HH.

Bi% 5 (WSS EE) BRIZEH S REEESEOER p(x) = p(z; o), HAF 60 ZH
HEELHBH. S RAMBRAH BRI T P (2) = plo;00) W sup,e e [p(a:6)—
p(x;600)| = Op(n=1/2).

R 2 56T X, S A0 W 2 SRAEAL RSOV SOk FR 225 455 A, 40 Hirano et al. (2003), Abadie
and Imbens (2006, 2016), Firpo (2007), Abrevaya et al. (2015) 2. {Ri% 3 ffE (2) "FHIEME
— ¥, T DA S 2R AR SRR B R B S 8 2. BB 4 o6 T s BN B AR S5 A el
SR ST 2 H BE A 1R H A% R, 40 Epanechnikov #% RS 2 X —B0K. 7F
FEOENZMT, X TArERSEE %, RiZ 5 AR ROLH.

BE TR FH M ERE A LA A, (2) WEREMR, HE WS TMRHE. SRR
IR, FAVEE X 55 MT j =0/ 1, X Fylz) = Fryyz(ylz) A Y () EHE
Z =z FIEMSAREL 6T 2 (5 m PRS0 F (ylz) = 0" F(y|2) /0= 3T j =0
11,38 ¥ (Yi, Xi, Dy 2) = Wi(X5, Dy) (I{Y; < qj(2)} — 1) 1 6-(2) = 01,-(2) — do,-(2), HH,

_250F @B | FP-()))
f2(2) fy5y12(g5,-(2)2) fY(j)\Z(Qj,T(Z”Z).
T 1 R 1~ T, XT 7, EEPWER 5 2, BITH:

Vi (B (2) = Ar(z) + (K5 (2) + 0y (1)

vV

53'77—(2) (5)
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11 & hEr(Zi = 290 (Ys, Xi, Di, 2) = E(hER(Zi — 2)¢1(Yi, Xi, Di, 2))

_ﬁfz—@);{ Iy (1)|Z(Q1.T( z)|2) -

hKn(Zi — 2)o(Yi, Xi, Dy, 2) — E(hKp(Zi — 2)¢o(Yi, Xi, Ds, 2))
Ty (0)2z(q0,+(2)|2) }

+ 0p(1) (6)

2, N(o, uo<K>o£<z>/fz<z>>, (7)

H 6.(2) 72 (5) HEX, p2(K) = [w?K (u)du, vo(K) = [ K*(u)du

) 01(Yi, Xi, Dy 2)  vo(Yi Xi,Diy2) \?
o) =] (fY(1>|z(q1,T(z)IZ) - fY(o”Z(qo,T(znz))

AR 1, ATATH (6) P —TRES5liH A (2) —0Eml, BIFTHEM R Ba-
hadur A, S Cai and Xu (2008). —FrLUER (7) FWEHETE AA S, B9% L
B 1 R, M ENEER 2, A THIE A (2) MEFXIA, 7528500 R 200 5 50
T, BAVRTFEAT [2(2) il 02(2) —FAhTh. IR, Z, W% R B0 — 2l vl th i B
it fz(2) = L0 Ku(Z; — 2) 1581 AT, X A 2 — Sttt o2(2), AT
&ﬂ%%ﬂﬁﬁ%f*{ﬁf‘@%{ fy()z(@5,+(2)|2), 5 = 0, 1. IEANFE Koenker and Xiao (2004), Koenker
(2005), Cai and Xu (2008) HFFFHEILAY, MBS IEBBEREL fy ()2 (00 (2)2) BBl 3RS
HXT 5 =0 M 1, HAVRIE Koenker (2005) HrEyI7EES— AT r At AR A 5515 B B 4L
fy)12(45,-(2)2), B,

2h*
Tjr+h(2) = Giyr—n=(2)’

J?Y(j)\Z(Qj,T(Z”Z) =

He v 2—1PMEESH %%J: JEh* — 0 H. h*\/_h — 0 E’]éﬁﬁ:?’ Koenker (2005) TEET
Frinz(a5.-(2)12) =5 Fy(yiz(g5.-(2)|2). HERATATEE] 02 (2) H—Bcfliith:

wl(YZ?X“Dlvz) ‘/JO(YZ;XZ;DHZ >
Kyn(Z; — Kn(Z; —
Z i <fY(1)Z(Q1T( )|Z) Py o2 (@0 (2 /Z n 2)

HeSt+F =041, 'l/)j(Yi7Xi;D1i§Z) = Wn,j(Xi;Di (I{Y: < Gj,-(2)} — 7). BJF, @it 2RI
TZES, AT Ar(2) B2 B X ]
2.4 PCQTT #hflit

— B, BORHEE R TR SRR AL BRSO 2 A1, I AT REXT AL PR X — A Y
AL FRAG R R4, FHIECHR T2 W Heckman and Robb (1985), Heckman et al. (1999). 44X,
FEACPRALIX — e, AbPRAR EEXT R AL BRSO b, ] R R S IR [RLG, AT IAEX — 4

5 e AN PR B A3 S A A LB FERL Y. (partially conditional quantile treatment effect on the
treated, PCQTT), HE X H:

AT\D:I(Z) =q1 -,—|D:1(Z) — 4o T\DZI(Z)

Heft g5 rip=i(2) =inf {y : P(Y;(j) Sy | Zi = 2, Di=1) > 7} 2 Yi(j) TRE Z; = 2 M D; = 1
W& MEREL, =0 5 1.
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ATEHEN A pi(2) BESEUET, ®AOTEEX Vi(Xi, Ds) = Dy M1 Vo (X4, D) = (1 —
Di)p(X;)/[1 — p(Xy)]. T2, MIEERIAHEERE (law of iterated expectations) FIZAFICIRVER
I, X EERAARECEINEA R (), WA

E(Vj(Xi, Di)g(Yi)|Z; = z) = E(Vj(Xi, Di)g(Yi(§))|Zi = 2) = E(D; - g(Yi(j))|Zi = 2).
L, A TR (2) 2, RAAEMIEEEL ;.- 1p—1(2) FTBERAA:
4j,rip=1(2) = argmin E(V; (Xy, Di)pr (Vs )| 2 = 2).

Hil, BATATEE PCQTT 2% Ar p=1(2) HESEAGTHA:
3T\D:1(Z) = qA1,T|D:1(Z) - Z]\O,T\D:I(z)a
o,
aj,ﬂD:l(Z) :argnzin%ZKh( ] )‘7 (XuD )pT(}/ZaQ)

B Voo(X, Di) = (1= Di)pn(X)/(1 = pu(Xy)), Va1(Xi, D) = Di, pal) & plar) BIZH
T M TAHESRAET A, oo (2) RBEAMER, BATHERRRTT A 3 REIMET

fRi% 3* (i) X1 7 =050 1, HABERE fy o) x, p=1(ylz) 76 Yi(j) M1 X, B4 LiE
SEHAS. (i) &5 ERE Iy )z, b= 1(yl2) EEEHAE L )71 D= 1(2) BRI —EF A
LB 0; fy )z p=1(ylz) XF z A7, HEXRT vy W—r-8FE Yi()) M Z X EENE
SRS (i) pz(z) = P(Di = 1|Z; = z) W iELEa] J.

AT RSFRARFEEN, BATC ¢1(Yi, Xi, Dis2) = Vi(Xi, D) (I{Y; < q17p=1 — 7}) I
wo(Ys, X3, Dis z) = Vo(Xy, Dy )(I{Y' < qirp=1 —T}). T j =051, X Fjp=i1(ylz) =
Fyyz,p=1Wlz) A Y () FEHE Z = z M1 D = 1 THRERBMMEER. T m > 0,

Fjip=1(ylz) T 2 By m V‘E'fa%baﬁ Fip (y]2) = 0™ Fjyp=a(y]2)/02™. 38 G-(2) = G rip=1 —
Co,r|p=1, FeHRT j =0 B 1,
1
R P By >fy<j>|zD_1<qu|D-1<z>|z>

P2 110111 + 22 ripr () |

HKMFER 1, D FEERGS T ESHMT A poy WWHEIER, HIEVIRAITFERE 1,
B 2.
R 2 TR 12 87 4 DR S T XET 2, ST AR — A =, RATA:
. 2
m[ATDﬂ(z)—AﬂD:l(zH %m(K)@(zHop(h?)} = N(ani,T),
Hrp UE,T = VO(K)03|D:1(Z)/[pQZ(Z)fZ(Z)]v
2 _ ¢1(Yi, Xi, Dy; 2) _ ¢o(Ys, Xi, Di; 2) ’
TP 1(2) = E{ (fY(1)|Z,D1(QI,TD1(Z)|Z) fY(O)Z,Dl(QO,TDl(Z)|Z))

Heids9eH 1| FRAMRER & L.

{22 @apall) +
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3 F4FRTEN
TEIX —EB4y, FA SRR F IR SR AT A AR T R A R AR, HH M
BB BTINEESMEE TR AR
Bl 1 FATH B AL FER Y(0) A1 Y (1) B Skorohod FR7R!. HAkHh, 15 BHI%L
PEre AL RN
Y(0) = AX1 +7%VToXe Ml Y(1) =\ X1 +71V/Ui Xo,

He N =3.0,7 =04, \y =4.0, 1 = 1.6, Uy M1 Uy MILHNINS 504 U0,1] F/=4E, Xy f
Xo )FH__EALZE_\—‘ALE_ X1~ U[Oa 1] ﬂ Xo ~ Beta(?’v 1); 1@@1&%@&%

exp{—0.5+ X7 + X2}
P(D=1|X1,X5) = .
( X1, X2) 1+ exp{-0.5+X; + X5}

WA, AR Z O Xo. 1ELA BB, XEF J = 0 8¢ 1, Bl R EA 552 Y () 74
Z =z THIFM AR ECN:

qj.+(2) = Xjz +j0r, (8)
H a, 2 —20® 4 3a® — 7 = 0 FEX[H] (0,1) EHME—fg. B, FATATEE] PCQTE A:
Ar(z) = (A1 = Xo)z + (11 — Y0)ar. (9)

HT HEAM A, (2) WG, A0 A R EE 4t MM (mean absolute
deviation error, MADE)

m

MADE (B, ()) = = 3" [A: () — Ar3),

Ho {27, BEH Z BSCBEFRIR S, R T (3) RBESEUEI AL (2), X ERAME
Epanechnikov # % K (u) = 0.75(1 — w*)I(|u| < 1). REFFER, FEIESHRIAM AT HEHE
(¥ R — N E W R, PRI h T 546 BIHE b BB AT ST A, (2) 23T, MLPRRTTI Y
B 4, XEBAVREMESE b R h = c-n~V/5 Hit ¢ € {0.25,0.5,1.0}. FELFEN STk,
T H RIS R A 0 1543 2R B TR LA B AT 0 B0 1. TR, ARTE STk AR Al
B0, FATAET H AL RS TS B R TS50 SR K P (o) AT AL T [0.005,0.995]
Z [].

KT MADE RS iz, X T8RN ERE R R INER 5P 1000
W R 1 IRE T ESEAGRUER. RIER | a4 R, RAITTELSE MADE {Hii g, &
IR SRR IR, MR MADE ERIMUERNRIR, WiE b PRXBEh
h = 05n"Y° IEMIFFFIAR, B TERMSRKIBEATRS, KR A5 T - A5 K s B
XIRIEAT. )5, WATNER 1 PrERE A WHEEFEARZR RN n = 500 3§ H1E] n = 2000 B,
MADE {B & HirHEZ 4 B/, X 5aTm 52w ie e —%k.

143 Skorohod FRME X, FEFZWZ: W, Durrett (1996).
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% 1 f&it A, () # 1000 A~ MADE {&fhaStnEs (JESM)

h=0.25n"1/° h=0.5n"1/5 h=1.0n"1/°

n=2500 n=1000 n=2000 n=>500 n=1000 n=2000 n=2500 n=1000 n = 2000

T MADE MADE MADE MADE MADE MADE MADE MADE MADE

op 009 0068 0.060  0.089  0.072 0058  0.101  0.093 0.084
T (0.022)  (0.014)  (0.010)  (0.020)  (0.015)  (0.011)  (0.027)  (0.020)  (0.014)

0.084  0.064 0.047 0080  0.062 0048  0.094  0.083 0.080
0.25

(0.020)  (0.013)  (0.009)  (0.017)  (0.013)  (0.010)  (0.025) (0.017)  (0.012)
o5 0080 0058 0.044  0.066  0.049 0.036  0.080  0.059 0.045
©(0.019)  (0.012)  (0.008) (0.015)  (0.011)  (0.008)  (0.023)  (0.015)  (0.011)

0082  0.062 0.046  0.078  0.060 0.045  0.093  0.085 0.075
0.75

(0.021)  (0.013)  (0.009)  (0.018)  (0.012)  (0.009)  (0.025)  (0.018)  (0.013)
o 0091 0.069 0061 0090  0.075 0.060  0.098  0.092 0.086

(0.022)  (0.013)  (0.010)  (0.020) (0.015)  (0.011)  (0.028) (0.021)  (0.015)

B 2 FA7ES A TR B ETSCIHE L SRl A poi (2) IWERBEAR, &
Bmre A RS 1 MR, ZAER Z FRsEREE X, BRIERRECH 1000 K. & 2 fiE T ¥
AT 3T|D=1(Z) A ARLADN 45 5.

* 2 &t A, p_i() #1000 &~ MADE {gfhifiSingsE (ESHW)

h =0.25n"1/° h=0.5n"1/° h=1.0n"1°

n=2500 n=1000 n=2000 n=>500 n=1000 n=2000 n=2500 n=1000 n = 2000

T MADE MADE MADE MADE MADE MADE MADE MADE MADE

0.087  0.063 0.055  0.088  0.069 0054  0.099  0.091 0.083
0.1

(0.023)  (0.015)  (0.010)  (0.020)  (0.014)  (0.009)  (0.027)  (0.020)  (0.014)

0082  0.061 0.046 0076  0.057 0042  0.092  0.076 0.067
0.25

(0.021)  (0.013)  (0.008)  (0.017)  (0.012)  (0.008)  (0.023)  (0.017)  (0.012)
05 0080 0.060 0.045  0.068  0.049 0037 0077  0.058 0.045
© (0.019) (0.011)  (0.008) (0.015)  (0.010)  (0.007)  (0.021)  (0.016)  (0.011)

0.083  0.062 0.047  0.087  0.065 0056  0.101  0.092 0.083
0.75

(0.021)  (0.013)  (0.010)  (0.018)  (0.012)  (0.009)  (0.024)  (0.017)  (0.012)
g 009 0.066 0051  0.093  0.076 0064  0.103  0.092 0.086

(0.023)  (0.014)  (0.011)  (0.020) (0.013)  (0.011)  (0.028) (0.021)  (0.015)

MRIER 2 PSR, BOTATUERIGH] 1 FACIELS BT, K0TS5l
AL (2), BBEAEHR Ao (2) BEARBEA PRI BRI Mo, BESH h 15— EH
PHE A MADE {6 & HARHEZ R MR/, BATIAER 2 A FRRE 22 it it

o~

Arp=1(z) FEAPRRKISH RBVE LR, H AR n = 500 HEH0Z] n = 2000 K,
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MADE {5 S HARHER 2% W& T
4 SCUESMR

4.1 FRAMIEEE

VP2 BT BE L i AR PR B I FOR R AR . Ba AR D53 iR BUAEG, (HiF &
XX —E M B BAR R/ INEFFAE S, X7 SR 27 Abrevaya (2006), Almond, Chay and
Lee (2005), Currie and Almond (2011) Z. ARFFEA, FIEFZ RGN R ATTIEE LT ERE
AR, (E— M BERTEMRZ A ) A 2 5 [ 2L i AR R B AR i B R, A DS I T A 3
ZIE W Kramer (1987). fEdEJLHER, BFZHTREREME A FONEMG T SRR 2
IR X B LS A R RO et A 5T 8 BRI R O i Al X 8Osz, ARG STk an
Almond et al. (2005), Abrevaya (2006), Da Veiga and Wilder (2008), Abrevaya and Dahl (2008),
Abrevaya et al. (2015) 5. AU & BESETE MR Z 3 (6] WA Xt ) A2 B ) LR B 1) S0 AT S i ]
WE BERARR T ARAL. o 1 Z2IE XA B, A AT 428 1 5 A T HES & BSR4
ZAFT, BERTEMZEA R AR X 28 )L A B o R B BRSO, T A2 Abrevaya et al. (2015),
Lee et al. (2017) Frog B H AN F 4RE T BER 2 0] A2 B LR B SR (- T 808. FEAR 43,
R T WRATCRIERY, A CEE F REEH B2 PR, IS Abrevaya et al. (2015),
Lee et al. (2017) 2840), FATRIFEE FHSEOTEATHARIM BS54 BEL p(a).

HAMGEA S Abrevaya et al. (2015) [FIFERIRARAR, Bl d1b-RZSRA KA ABIMAT S AT HR At
17 1988 4EF 2002 bR B RN MUERIR S FOMICREEE. AT UE B0 ABRY
WREEAE, I EARYE SCHR i 3 7 805, R AR B CUER R AR A b, Hod AR i 25
i 433558, MBAFEARZARN 157989, LATFGBMLE R R vV ZE LR AERE, HER
MR, MAAEASE D 2 JoAdh, RBRIEMZAERIEN D =1 /0 D =0. Y(0) %
N BERAWIRIE 2R 28 LR AR AR TR, T Y (1) WIS/ BRI 20 B Lyt AR AR, RO
1D O BRI X B2 )Lt AR B R 2O B B8 S An el i B AR AR A T A8k, PRLHGGX L
HIZRMER 7 EESRRER. B 1 BRey RS LA ERENEE R, 2B s aEEe
NFBARAER. 22 3 MG H T 5 AR NZE Ui A s A0 0 i B2 -5 08 BE i+ 45 SR DL K
g Y (0) Ml Y (1) MR SRR IR A R, R BEER, AT LAAE, AMERXMTHEA
BRI, BILH AR A B 1 AL B JE R oAt FET I, AT 275 18 B3R
FE B L A AR g 2 AT 280 T AU (B AS0RY.

N TG SR B B BB A, (2), FATEICHEAGT p(2). HUL, BAMEM S
Abrevaya et al. (2015) FR[RFERITHAS & X, B XA mA BARNAT[2E Abrevaya et al.
(2015). T D R4 Je3H, 5 Abrevaya et al. (2015) F—#¢, BATEH N MHHTF5TREL
p(x) B —A logit B HXHTHREIN po(z) EATEBTEHALT [0.01,0.99]. &5, FAMET
RERAEIRTE 20 2] 30 & Z [ R 25 o LB BV R BT A7 (2).
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The kernel density estimation of infant birth weight for whites The kernel density estimation of infant birth weight for blacks

—— Density estimation of Y (0)
-~ Density estimation of Y (1)

— Density estimation of Y (0)
-~ Density estimation of Y (1)

0.0008
|

0.0008
|

Density
0.0004 0.0006
0.0006

0.0004

0.0002
0.0002

0.0000
0.0000

2000 3000 4000 5000 1000 2000 3000 4000 5000

Birth weight (grams) Birth weight (grams)

B 1 R/LEEGENERREGT (EBEBA, GEREA)
x® 3 AT EFINERIEEEER

Whites Blacks
Variable Y(0) Y (1) Y(0) Y (1)
Mean 3398.681 3346.848 3103.722 3082.726
Skewness —0.846 —0.840 -1.181 -1.204
Kurtosis 5.931 5.734 6.245 6.164

Symmetry test (p-value)  0.000 0.000 0.000 0.000
Number of observations 359172 74386 146399 11590

4.2 fhitsE

Kl 2 25 H T 4 BRI (2 = 26) TEAZILHAKRERN SRR R By fhit, 25
H, AT FIGE2 02 L EFER T2 L AR E R & RBP4 R ARIEE 2 iy
fhiTt 4R, OISR V(1) AR REBIAGTHIIRAL T Y (0) MR R %L
fhTH TR 550, X ERETETA UK T, 3o & AU BRSO B Al T HEV IZER S fE.

B 3 45 MR RAE =D AR MEUK- 7 = 0.10 (REZ), 7= 0.25 (KHEZ) 1 7= 0.50 (&
RBER) T, B ABIFR S AP N FRASON Aol b Bl SR AR A AL Al 4528 VR M HOE, 3
IEE 3 A T Abrevaya et al. (2015), Lee et al. (2017) 5 &/] PCATE (H32£83RR%)
AR FCLA TR BIASY. (average treatment effect, ATE) (B EZEFER) BAGTTER. BIEA 3
R SER, BATE SR T =AREM M IEK T, A, (2) BIFHRbE 5 SRR 4t
ASALIG?. BRI, fHE5R Aos(2) Sk PCATE Mg AR HIE AR e e —Re. HIT L,

*TEfOERSCRES, Tang, Cai and Fang et al. (2021) W RIXABIRAE T G AR BRFRT, SRR
XHEU L AR AR ) 2 (2 24 BEASON R e B B SR A 9 AL TS (LAY, HAR B JAIELE R S A SCAIL. 51,
Tang et al. (2021) BTN Ar(2) W& MSEMBNTHEHSEONEMT A (2), TEARX, BIDERA
Ar(z) BEE M B FAESEOEMTT A (2), RIERIE RSN, AREZSHTTH Tang et al. (2021).
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3 EATFEMIBATE 7 =0.1 (HEL), 0.25 (L) #0 - = 0.50 (FEEL%) T, A
PCQTE. PCATE (%£) %0 ATE (f) #9f&it4ER

Ags(z) H PCATE B9fEHREBOR—A. HIR, R TATERE, ZERRAER T LML S B

KAV, BERIRE X2 LG A R AR A W S, X SR 2 R sRpg R BUR—B. Bk,
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Bl 3 il AL R IR 2 (R R RAL AR AEAN ] Y B R e 21 2 TR 2B SR MRy 57
Pk BRI, 2 BESRAFR IR, MR SR R B A R L SR A —TF
T, FE25 R FIRERIARIE T, J 28 MF - MU PO Y A HE (ERUE L) R R0KF L
PR o BUK- LR HE (TRRUEL L) 22k

4 25 HEIPRAE = AR ALEBOKT 7 = 0.10 (RHEEL), = = 0.50 (JEREZR) M1 7 = 0.80
(KHEZR) T, BARTER Y S0 B R B AT b BESR AR AL T AR AT 455 b, B
fIT7EE 3 AT 7 = 0.50 KV F IR BAL BN, (hEE&ERmR) LIRER 95% EiE
XA (REERRR) BTSSR (RYE Firpo (2007) JRATIRIMIAG). ARIFAE 4 HEGMEITEHR,
I 2 B PCQTE WIfETHE SRS BRAFR B A RUE R (TERE L), BARA
R BEOK T =2 PCQTE MZENEGE, FFHILTHALT 7 = 0.50 BTCAM LR Pk
I7Hy 95% EFXEN. #52, MEAWEILE2ARRE, MTRAME, =ZARSEUKFH
A (z) FTREHRBEEE SRR 9 T 75 4E.

PCQTE estimates for blacks

3 - - 01-PCQTE
-~ 05-PCQTE
—— 0.8-PCQTE

° — 05-QTE
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B e e P
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sl N

-

1
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T T T T T T
20 22 24 26 28 30

Mother's age

Bl 4 =EATEMIBOKTE 7= 0.10 (REEL), 7= 0.50 (FHER), 7 = 0.80 (Kil&k) F, RA PCQTE
7= 0.5 TE&K#H QTE (L&) RE 95% BEXiE (£%) HEITER

A, BT L ER PCQTE WMtz oh, AMLEE T PCQTT wyfliit, HAGHERE
ATERE 5, A ZEEDE A ARAGHER, A RRERAATTER. 726 5 o, BITHET
FEPF AR EIB S ALEOKF 7 = 0.25 (IRHEZR) Ml 7 = 0.50 (JEMEZR) T PCQTT Wyfliit. AT 5T
O, BATER 5 A Bas i T AN B o 26 - PRI AL BN, (PCATT, MseZians) K3t 95%
R EEXIE (HRAFRR) MAETTER, FRNES T PR TOR (TR A BN, (1 AREER
FR) WAGTHEER. ARG 5 AFRIfETHEER, BATTMERIX T8 R H 2 PCQTT flitik,
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PCQTT 7R BRI AL AP k. BT S, M TIPS ALB0KF- {4,
A poi(2) WEUESHEE BERAEIR AURERTIE I, AL, 4 BERAERAERAT, AR 5 BBt
WAERUE E27RRTR. X T45 52 BRI, PCQTT sifbiH iEEAEMR CEUK T L
PBUKT T ER.

PCQTT estimates for blacks PCQTT estimates for whites
—— PCATT —— PCATT
- ATT ° - ATT
g | —— 0.25-PCQTT [ —— 0.25-PCQTT
b R -- 0.5-PCQTT ! AT --- 0.5-PCQTT
N N
~o °
~ o
= ‘T‘

-140

-160

-180

-200

T T T T T T T T T T T T
20 22 24 26 28 30 20 22 24 26 28 30

Mother's age Mother's age

B 5 BAMSOKT © =025 (Kitk) F =050 (4Edsk) T, BA (£E) FBA (5E) PCQTT,
Tt ATT (s%) 71 PCATT (££5) B3t 05% EfEXIE (B4 fofsiteR

5 &g

R T 2 5 S PSON AE R — BV OB A [R5 B, AT T —4>
RBUBR —— WSRO, 5 T BRI ST BAOTERE T —FoF it
JTEFFESL T HAE IR, TR AR Ik, A0S TS SRR &
T, BERTEVRZ A ) AR X B L A AR B AL B BRSO, ARPETIESE R, HATRI ST F,
YRR R BORBFE TR R AR SRR, WA B L AR B A B ™ B S8, A
HERB AR LB BN 2R BRI 2 AL T AR AL, (B RRASRULFFAR QL.

HT U ESUESR, BT AT — P B AR B R AR A B Z AR, i, T
—HFE R % R LA R B A e ] A

Ho: A (2)=A, XNFER 2€ Z versus Hy: A (2) # A, XH—z2¢e Z,

HAt Ar 2 r TR EBUETEY, 2 7 Z g8 RERZ T, XTHaEw 2 H a2
FAFBLREBON AR F T AR R B TC AR M LB BN, TS HE T, WRDFER— 2
{ELEAS ER o 2 A o R R AL BRSSO ASIR] T IE 26 A L KA RS
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BtR
$SAEER
TEIESCH, ?iaﬂ]ﬁ Wo(Xi, Di) = TR, Wai(Xi Di) = 5z M Wao(Xi, Do) = =52y

Wn,l(XuD) = A,,L(Xi)’ /\EP pn( ) = p(x 9 ) 751%);!‘;]?&% (X17D )7 t=1,---,n 'Tﬁrf%%@ E/ﬂ@
WSS B N T UERA B 1, |ATHRE FHEA T HEL

53 1 XT j =05 1, FHEHEYLREC

n] q; ZhKhz

Wi, (X5, D; )[pT(Yi;q) - pT(Yi;qj,T(Z))}

ZhKhl X“D)QO-,—(Y;,(]]T( ))(q_q]:T(z))+

fZ( )fY(J)IQZ(qjvT( 2)|%) -nh(q—Qjm(Z))27

Hot Ky i(2) = K((Zi — 2)/h) [h F1 o7 (y;9) = 1(y < q) — 7. FERIZ 1~ T, IEER 2 € Z A
EEm e > 0, #1H:

sup Thj(q,2) — T j(q, Z)‘ = 0p(1).

la—g;,~ (2)|<e/vnh

5132 1 BYIERR MRAE p- (5 q) 1 or(y; q) BYRE S, FATHL:

n] q; Z hKh 1, n] X’u D; )|:<)07' (Y;y Qj,T(Z)) (q - Qj,T(Z))+

(m—@UQGS%A@}—HESqD]
i

sup Cuy(@:2) = Ty la,2)|
la—aj,r(2)|<e/Vnh

S Sup { q—4q; 7' hKh
la—g;.+ (2)|<e/Vnh - ai- ()] Z i

n

n_](X’LaD) Wj(Xth)

Jor i)+

sup K i(2)Wa (X3, D) (Vi — ) (I{Y; < ¢;-(2)} — I{Y; < q})

la—qj, 7'(Z)|<5/‘/r

i=1
f2(2)fy ) \22(‘1]7( 2)l2) -nh(q—qw(z))Q‘
=A + As.
ﬁ%; ﬁé,ﬂ‘]j%‘fg: Al. 'Bf%'fﬁu SupzeX Wn,](fE,Dz) - W](anz) - Op(nfl/Q) iﬁ:] QOT }/zvqj T(Z ‘
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HFH, HLASRE

Alz sup {}q_%r ZhKhz

‘q_an'(zﬂfe/m »J j

or (Yisq5-(2)) ‘ }

E n
< N WK i(2) - 0p(n7Y?) - O(1) = 0, (h'/?) - Kni(
*m; hi(2) - Op(n™/%)-0(1) = Z h,

BA LS K= 0,(1), FHIESUERR:
A1 = 0,(R2) - 0,(1) = 0,(1). (A2)

WA, FAHIE A2 B Y (y5q1,02) = (v — 1) (I{y < @2} — {y < qu}), BBARKATA:
As =

n

37 fZ Z)f j (q'ﬂ'(z z

sup ZhKh,,i(Z)Wn,j(XnDi)‘I/(Yi;q,Qj,T(Z)) _ fal Y(JHQZ ir(2)12) -nh(q—Qj,T(Z))Q
la—gj,- (2)|<e/Vnh | =1
< s ST RER) Wi (Xi D) = WX, D) (Vi 0,5 (2)) |+

lg—g;,~(2)|<e/Vnh | =1
= f z f j q5,7\%)|%

sup N K i(2)W;(Xi, D) ¥ (Yi; q, 45,7 (2)) — z(z) L WG @N2) (g — g
la—gqj,+(2)|<e/Vnh | =1
= A1 + Aoo.

ERF,
s [WVia )= s |- @) (1Y £ 40 (2)} - Y < a))|

la—g;,~ (2)|<e/Vnh la—gj,- (2)|<e/Vnh

< sup ‘q—qj77(z)‘ =¢e/Vnh.
la—g;,~ (2)|<e/Vnh

RIEIEE A1 = o0,(1) ZERIRIZEEE, BATHATRIHER Ao = 0,(1). TR, BATHRE A FHY
S hE i (2)W5( X, Di)¥(Yisq,q5,-(2)). F3EE,

ZhKhl W; (X, D; )\II(E;C];(]J’,T(Z))‘|
=nkF [hKh,,i(Z)‘I/(Yi (4):q qj,r (Z))}

—nh- E{Kh,xz)E[(w) (1Y) < 43+ (2)} — i) < 0})

Zz} }

qj,7(2)
:nh'E{Kh,i(Z)/ (y—q) fY(j)lZ(y|Zi>dy}

3
>
—
8
3
—
2
S~—
|
<

%'E{K’”( ) fy )12 (@, (2 )|Zi)+0(|%m(z)—q|ﬂ}

(1) — a)?
- G 2D 1 ) 103 ()12) + Ol () — al) + 0(D)]
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Var

Z hK} i (2)W; (X, D;)¥(Y3; q, Qj,T(Z))‘|

i=1
=nVar {hKh,i(z)Wj (Xi, Di) V(Y35 q, Qj,r(z))}

<n-E {hKh,i(Z)Wj(Xia D;)¥ (Y33 q, qj‘,f(z))} :

2

—nh - O(1) - B R KR (2)B| (Vi) = 0*(I{Yi() < a5.-(2)} = 1) < a})?

Zi] }

qj,7(2)
=nh-O(1)- ESh K} ;(2)- / (y—q)* fY(j)Z(y|Zi)dy‘}
q

PRI, BATAT ATRE:

Z hEKh i (2)W; (X, Di)¥(Yiiq, ¢5,+(2))
=1

D hEni(2)W;(Xi, Di)¥(Yii g, 45,7 (2))
i=1

., 1/2
Z hK}w' (Z)W] (Xi, Dz)\Il(Y;y q,95,7 (Z))] )

O, <Var

() — )2
it 2= 1) 1203 ()12) + Ol () — ) + (1)) +

Oy (nh - laj(2) — al*)

1/2

il
Az = sup > hKni(2)W;(Xi, Di)¥(Yis q,¢j.+(2))—
lg—gj,~ (2)|<e/Vnh | i=1
fZ(Z)fY(j)\j(Qj,T(Z)lz) ‘nh- (q— qjﬁ(z))Q
} 2
= oo B o, ) gl 4 o0)] + 0 (0l () o)
la=a;,- (2)|<e/Vnh
=0,(1).
T2, BATH T HAZR:
.AQ = -A21 + .AQQ = Op(l). (AS)
RYE (A1, A2 F1 A3), &ANTH:
sup ‘Fn,j(% 2) = Tui(a,2)| = op(1).

la—g;,-(2)|<e/Vnh
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EIE 1 B9IERA XT 5 =0 B 1, BATELHIE:
ajﬂ'(z) =arg mqin {fn,j (g, Z)}

1 1O
=)~ S @@ 0 2 WS (X Der (Vi 03 (2)
1 1o
=) e s @ IR 7 2 (Y Ko D).
ST 9

h2
E(qj.r(2)) = a5, (2) = 5 u2(K)8,+(2) + o(h?),

2
Htft pin(K) = [ 2K (u)du

2 i zZ)|lu
B 2f/Z(Z)3FY<.7>\Z(§Za,T(Z)\u)|u:Z +fz(z)8 FY(;’)\S(ZJ,T( )| )|u:Z

% (%) 2O oG ’
A5 E):
2
Vih(G.0(2) = B(@.(2)) ) = Vih <@,T<z> i+ ()6 (2) 0<h2>> -
1 1
Vi 20 vy 2@ (2)]2) (A-4)
Z |:hKh,,i(Z)wj(Y;; X;,D;;z) — E(hKp,i(2)¢;(Y;, X4, Dy Z))]

BTRENTFIE 0. (2) M g5, (2) H2, For,

n
Gj.r(2) =avgminy Wb i(2)Wa (X, Di)pr (Vi )
=1

=arg mqin Z WK i(2) W ;(Xi, Dy) [pT (Yisq) — pr (Vs qj,T(Z))}
i=1

=arg mqin {Tni(a,2)}
4 T j(0,2) % T o RS, 2 SAERIRHEERHEY € > 0 1 |g — G (2)] > o/ VAT,

B T A NN N b O IR
<]- |q_aj77(z)|>rn,1(qjﬂ'( )’ )+|q_a/j77(z)|rnd((b )Zrn,j <QJ7T( )+ |q_a]7_(z)| mv )

I, MBFEE (g — 5, (2)] > ¢/Vnh,
ﬂ |:Fn,] ((J7 Z) - Fn,j (’qvj,‘r(z)a Z):|
z|)-T

|4 = .+ (2)]

N = JERECEEE

-2 sup Iy j(u,z) — fn,j(u, z)‘
lu—j,+ (2)|<e/ vk
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WEF T.,(e,2) BT ¢ WREBUE §-(2) = argming {T;(g,2)}. B4, MHTEH
lq — G~ (2)| > ¢/Vnh, £
h -
% [Fn,j(q, z) = T i (@5, (2), Z)}
sz(Z)fY(j)\j(Qj,r(Zﬂz) 2

Ty (u,2) =Ty (u, z)}

-2 sup

lu—Gj,~(2)|<e/Vnh
> O w2001 2y sup [P0 ,2) = T2
lu—g;,7 (2)|<e/Vnh+|gj - (2)=qj,~ (2)]

N (A4) B |gj-(2) — Gjr (2)] = Op(1/Vnh), XIN_EMRS 4 LIRBIHE 1, #A14:

% {Fn,j(q, Z) _ij (CLT(Z),Z)} > fZ(Z)fY(j)|2Z(Qj,T(Z)|Z) €2 +Op(1)

SBER | — G.-(2)] > ¢/Vnh oL B G0 (2) BIEX - (2) = argming {T;(q,2)} %0
Lo (@,7(2),2) = T (G5, (2), 2) <0, TREATATLAEST:
P(M@,T(z) — G (2)| > e)

<P inf Pn ) _]-—‘n”v'r ) SO
N <|q—aj,r(1zl;>e/m{ 50:2) = Lo (@5 (2)2)} >

gp(fz(z)fY(j)Z(Qj,r(z)|z)
2

XERE G- (2) = G5, (2) + 0p(1/Vnh). HIE (A4) f G0 (2) = Tr(2) + 0,(1/V/0h), 50

2
B2) = Ar) + a5 (2) + 0,02)|

€24+ 0,(1) <0 ) —0,

>

~ 2 o~ ~
B0 = A0 + a3, 2) + 031 + Br() - Br(2)

R

_ 11 z”: hE G i(2)01 (Yi, Xy, Dy, 2) — E(hKp i(2)1 (Ys, Xi, Dy, 2))
Vnh fz(z) pt fyyz(a,-(2)]2)

~ hKy,i(2)Y0(Yi, Xi, Di, 2) — E(hKh,i(2)$o(Yi, Xi, Di, 2)) +oy(1)
fY(0)|Z(q0,T(Z)|Z) PR

H AL (2) = G- (2) — Gor(2). HIBAF 52
B [1ni(2)5 Vi, Xi Dis 2) = B(hKni(2)i(Yi, X, Dis 2)) | = 0,
M Lyapunov HOMR PR @ 2, 25 kR

2

VAR |Brle) = Ar(2) 4 Tl 808 + 0,02 | 2 A (0.1 B2 2(2)).
B, A5 T R




