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Abstract This paper proposes a new model, termed as the partially conditional
quantile treatment effect model, to characterize the heterogeneity of treatment effect
conditional on some predetermined variable(s). We show that this partially conditional
quantile treatment effect is identified under the assumption of selection on observables,
which leads to a semiparametric estimation procedure in two steps: First, parametric
estimation of the propensity score function and then, nonparametric estimation of con-
ditional quantile treatment effects. Under some regularity conditions, the consistency
and asymptotic normality of the proposed semiparametric estimator are derived. Fur-
thermore, the finite sample performance of the proposed method is illustrated through
Monte Carlo experiments. Finally, we apply our methods to estimate the quantile
treatment effects of a first-time mother’s smoking during the pregnancy on the baby’s
weight as a function of the mother’s age, and our empirical results show substantial
heterogeneity across different mother’s ages with a significant negative effect of smoking
on infant birth weight across all mother’s ages and quantiles considered.

Keywords conditional quantile treatment effect; heterogeneity; propensity score;
semiparametric estimation

1 ()
�����������������������������. ������, ��

���������������������� (average treatment effect, ATE) �����
��������� (average treatment effect on the treated, ATT) ��� ��. ����
��!"�������: Angrist and Krueger (1999), Heckman, Lalonde and Smith (1999),

Blundell and Dias (2002)�.�  �����!, Imbens (2004), Imbens and Wooldridge (2009)

������������ #!$"�������.

������������������������#�, ��� "!%������
�"��#!"��#. ��$�&�����, �$����� "����"��#��%
�&���", �$����' "!%�������"��#�!", ��� ���'

�(%)!".  �!, � ��"��#���*+����,!��#��, -$���
&(��. %�, Freeman (1980), Card (1996) ��!"�!'%&�!", Lalonde (1995),
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Abadie, Angrist and Imbens (2002) ���&(0����1 �%&�#�('(�!", 2

'�&,)-3�(��1-3�#.��*'(�!"�. /��&(�)0)+, *,*�

���������4��, �&++)�*1�-.%&(��,���56. .�-,�
������"���#��, Lehmann (1975), Doksum (1974) 7&���*���� (quan-

tile treatment effect, QTE) .".��+-/���!0. � ��*����� #���
�: Abadie et al. (2002), Chernozhukov and Hansen (2005), Donald and Hsu (2014), Firpo

(2007), Frölich and Melly (2013) �.

��1���!1��2�./8�/-, Heckman and Robb (1985), Heckman, Smith

and Clements (1997) 012���"��0� �2,.��(%��. 91��� �.�

���1�(%), �3��:4� ;��"��-.�����.3, �4' ;���0
�2(2,�/(����. %�, $��34�0<51=>�?56��#�!"4, ��

:2@5�." �67734=>�?56��#�(%��. .3, Abrevaya, Hsu and

Lieli (2015), Lee, Okui and Whang (2017) ,,8�63������ (partially conditional

average treatment effect, PCATE) )-,��"��0� �2,/(��63����.

��7816��#�����8A)-,��"��0� �2,�/(�B0��"
��#�C!�(%��. .3, �D4E��99�:5�, 9;16,,8�63��*�

��� (partially conditional quantile treatment effect, PCQTE) )-,6(<�=FG"� Z

4, ��"����"��#�(%��, $!"� Z 0�G"� X ��.1/7. ��6

(G"� Z �:>�, D4E���: H99. �3.��� PCQTE, 9;I�#��; 

8?. 9;�@, !� PCQTE .�<*���, �/16��#�=<*���;. 33, �

�9�2J63�, 9;�@�16�=<*���3�/0�: 2;), />��:.�

PCQTE ". Z �;*45'<�=?.

9;���@<)61��=A���!��>>�, *�A �67734�?B0<

4, 0<51=>�?56��#��#��. �  ���!, Abrevaya et al. (2015), Lee

et al. (2017) ����6(34 �67�0<51=>�?56��#�������, $!
Abrevaya et al. (2015) 16����<*?=<*�;��6(=FG"���63����
��. .�CB�<*��!�@*KC>�, Lee et al. (2017) J�1<*�@8A16��

�AB=�;��6(=FG"���63������. �>, 2!*D��DE����6

(3467�, 34�0<51=>�?56��#�(%�#��.  �!, 9;���&L,

 A�E'BC')+, ?56��#��#D��F/DC�. �3, ��16��;.

"+DE�M���>*F. �4, 9;'F�A�34 �67�, GE��(�!�34�
0<51=>�?56��#���*����, *�����8�63��*���� (par-

tially conditional quantile treatment effect on the treated, PCQTT).��)+, 9;�����
G@� �3467�.1��*����1��%)�%(, �0�0<34677!2'�
0���*F��, 34=>�?56��#�"H�N7�H��. �, 9;'&L, $34

67�I4, 34=>�?56��#���*��""J+G. �1E'34(�>O, �6

(3467�:>�,8�63��*�����.��*F��*$�I1$�!�*��I
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��*F��*$, >�C'34(�!��LPJ N7.

��Q�8��0�KH��: LM8�IG8�63��*���� (PCQTE ? PC-

QTT) 8A�HJ�;���632'���;, �!�N66����: )%; LI8�,

,K2LM8N)�A4������RS�)%;LJ8�����34�0<51=>�?
56��#���*�����/�34� �67�.1"�; LT8�J�J. ÆO�J

�0���J�@.

2 89*:9+,;-./01

2.1 234<
�( Di GK.� i �MU��"�, $! Di = 1 GK.� i GE����> Di = 0 JG

KLGE��. ,, Rubin (1974)!�P���:5,9;, Yi(0)? Yi(1)��GK.� iLG

E?GE��4�P���"�. =V2�Q..�)+,9;>"-O2 Yi(Di),> Yi(1−Di)

MN�. �3, -O��"� Yi  P���"� Yi(0) ? Yi(1) .1� W.GK.:

Yi = (1 −Di) · Yi(0) +Di · Yi(1).

33,9;, Xi GKQ..�.-O2� L@R&"�C�. ���!,9;�(
(
Yi(0), Yi(1),

Xi, Di

)
, i = 1, · · · , n P9��#�O<C�. �Q..� i )+, 9;>"-O2 Yi(0) ?

Yi(1) !��., �3.���2@5�����<*, 9;I�����:

?5 1 (i) (D4E���S) 6(G"� Xi, P��� (Yi(0), Yi(1))  ��"� Di P9,

*: (
Yi(0), Yi(1)

)

|= Di | Xi,

$! |= GK<�P9.

(ii) (K�@Q7) � Xi @Q7!�PVQ$ x,

0 < p ≤ p(x) = P (Di = 1|Xi = x) ≤ p < 1,

$! 0 < p < p < 1, p(x) RCJ�;*.

�<����������!, �� 1 (i) S�'F. “63D4E��”“63P9)�

�” �: “�1.-O56��” �, 4 ��.<9 Rosenbaum and Rubin (1983), Lechner

(1999, 2002). ����H4�TX .-O��T�4!"��56?P���"��:>. �

� 1 (ii) G@�-.��!�1LM0�� Xi �Q$, .�D�2�NUGE�: GE��.

�>, ��>�,!MRK�@Q."1�>�. OV��>��S�4;USTXRCJ
�$G 0 �: 1 �.�, />> =TXRCJ�$YW 0 ? 1 �/7�����. 2!*

.���������!�TPU,,,� Heckman, Ichimura and Smith et al. (1998), Dehejia

and Wahba (1999), Hirano, Imbens and Ridder (2003), Firpo (2007) �.

��2@5��6(-OG"� Xi ��./C��63�, ��"����"����

*����, 9;F..8�63��*���� (PCQTE). 0�>O, �� Zi GK Xi ��
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. k @/C�, $! 1 ≤ k � L, TX9;2@5�8�63��*����(Z.:

Δτ (z) = q1,τ (z) − q0,τ (z), (1)

$! τ ∈ (0, 1) ��*F�, qj,τ (z) �6( Zi = z � Yi(j) �63��*;*, j = 0 � 1.

�Y9;I�=V�$��:>R& Zi >  Xi 4, !��63D4E�� H99.  

3�4, =V2��� (1) !Q Zi .Z7, TX34!�(Z�8�63��*����".

Firpo (2007) !���D63��*����.

2.2 ABCD
�.9;D;�4-O2Q..��P���"� Yi(0) ? Yi(1), �3 Y1(j), · · · , Yn(j)  

.+G,)�� (1) !� qj,τ (z), j = 0, 1. L�9;(Z W0(Xi, Di) = (1 −Di)/[1 − p(Xi)] ?

W1(Xi, Di) = Di/p(Xi), TX�1 j = 0 ? 1 2'0��R*�5V�PV;* g(·), ��� 1

�9;W[J2:

E
[
Wj(Xi, Di) g(Yi)

∣∣Zi

]
= E

[
Wj(Xi, Di) g(Yi(j))

∣∣Zi

]
= E

[
g(Yi(j))

∣∣Zi

]
,

�> qj,τ (z) .TGK.:

qj,τ (z) = argmin
q
E
(
ρτ (Yi(j); q)

∣∣∣Zi = z
)

= arg min
q
E
(
Wj(Xi, Di)ρτ (Yi; q)

∣∣∣Zi = z
)
, (2)

$! ρτ (Y ; q) = (Y − q){τ − I(Y ≤ q)}  Koenker and Bassett (1978), Koenker (2005) !��
���*XN;*, I{·} K);*. $RCJ�;* p(x) �Æ4, QF Koenker and Bassett

(1978), Koenker (2005) !��;, 9;.�-O$ (Yi, Xi, Di), i = 1, · · · , n NE�.RY��
*�@8A/>J2 qj,τ (z), j = 0, 1 ���.

91��>�,! p(x) �:LÆ�, �3QF (2) !�����9;I��*N)��
PCQTE<* Δτ (z). ?Æ, 9;,,*F (Xi, Di), i = 1, · · · , nSJRCJ�;* p(x) ���,

T. p̂n(x); $B, �LMN!, 9;,,�1U;*�Æ8���;�� qj,τ (z), j = 0, 1, />

.!�NJ2 Δτ (z) ���. 0�V, 9;16� Δτ (z) ���.:

Δ̂τ (z) = q̂1,τ (z) − q̂0,τ (z), (3)

$!, �1 j = 0 ? 1,

q̂j,τ (z) = arg min
q

1
n

n∑
i=1

Kh

(
Zi − z

)
Ŵn,j(Xi, Di)ρτ (Yi; q), (4)

�Y Ŵn,0(Xi, Di) = (1 − Di)/[1 − p̂n(Xi)], Ŵn,1(Xi, Di) = Di/p̂n(Xi), Kh(u) = K(u/h)/h,

K(·) �.U;*, h W:<*, p̂n(x)  p(x) ��3��. $�, !� (4) !66����;
.T=P2���Æ8\)���;:

(q̂ll
j,τ (z), q̂

′ll
j,τ (z)) = arg min

q0, q1

1
n

n∑
i=1

Kh

(
Zi − z

)
Ŵn,j(Xi, Di)ρτ

(
Yi; q0 + q1(Zi − z)

)
, j = 0, 1,

!>.J2 Δτ (z) �Æ8\)�� Δ̂τ,ll(z) = q̂ll
1,τ (z) − q̂ll

0,τ (z). �� Δ̂τ,ll(z) ��J)%�=
X� Δ̂τ (z) [Z, �3.�VY\9, ���!9;>66 Δ̂τ (z) �: �J)%.

G�)�>��/SJ p(x) ��3��. �����!1�*��,��;.,)��
p(x). L���;<*�;, *. p(x) �(�.<*8A p(x) = p(x; θ), � logit �: probit
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8A, ��,,WIZ��;��8A!�LÆ<*. LM��;�<*�;, $�� Hirano

et al. (2003), Firpo (2007) !,,�X*]Y�� (series logit estimator), Ichimura and Linton

(2005) !,,�Æ8��[�@��2' Abrevaya et al. (2015) !,,�IZU�@���.

���!, 9;Z,<*�;�� p(x), �3 (3) !J2���F.=<*��. $�, 9;'.

�L�N!Z,�<*�;�� p(x), �S[J22@5<* Δτ (z)��<*��,9;\O�

�X2J63� Δτ (z) ��<*��0� ��!�J��4Z�)%.

2.3 6Æ78
���8�, 9;�� (3) !16�=<*�� Δ̂τ (z) �: )%. ���PV� k (1 ≤

k < L) @C� Zi, 9;.J2 Δ̂τ (z) �: �J, �.�VY\9, �Y9;>66 k = 1 4�

��. 2�� Abrevaya et al. (2015) !0E6�, �>�,! k = 1  �9�:]. 34��

�� Δ̂τ (z).�M@��!$K6). ���16���;�: )%.^,9;I�����

X��.

?5 2 (Xi? Zi��#)1��.�* c > 0,JXi�_0;* fX (x)`F infx∈X fX(x) ≥
c, $! X GK Xi �@Q7. �4, Zi �_0;* fZ(z) �$@Q7!MZ=F.X.

?5 3 (i) �1 j = 0 ? 1, 63_0;* fY (j)|X(y|x) � Yi(j) ? Xi �@Q7!=F/
�a. (ii) 63_0;* fY (j)|Z(y|z) =F/� qj,τ (z) �<.b^c�3�a�/YW 0; 33,

fY (j)|Z(y|z)  1 z MZ.X,  1 y �X*� Yi(j) ? Zi �@Q7c=F�a.

?5 4 (U;*?W:) (i) U;* K(u) �.0�d@Q7��F_0;*, /��$@
Q7!=F.X. (ii) �<� ε > 0, $ n→ ∞ 4, h→ 0, nh1+ε → ∞ / nh5 �a.

?5 5 (<*RCJ�;*) ��RCJ�;*0�<*][ p(x) = p(x; θ0), $! θ0 0

�[(@*�<*. !�N9;����J2RCJ�;* p̂n(x) = p(x; θ̂n)`F supx∈X
∣∣p(x; θ̂n)−

p(x; θ0)
∣∣ = Op(n−1/2).

�� 2! 1 Xi�#�_\�������!��T,,,� Hirano et al. (2003), Abadie

and Imbens (2006, 2016), Firpo (2007), Abrevaya et al. (2015) �. �� 3 ]� (2) !�O]
��, >�R�\])63��>�,!W[J2`F. �� 4 ! 1U;*?W:�63��
<*����!��T,,. ���,�U;*, � EpanechnikovU;*��`F���^. �

<X2J63�, �1�G�<*���;, �� 5 D99�.

G�)9;����(�!66�� Δ̂τ (z)�: )%,$�@9���ÆO. .^_GK

VY\9, 9;Æ(Z�X^_. �1 j = 0 ? 1, (Z Fj(y|z) = FY (j)|Z(y|z) . Y (j) �6(

Z = z ��63�#;*, $ 1 z � m ZX*T. F
(m)
j (y|z) = ∂mFj(y |z)/∂zm. �1 j = 0

? 1, T ψj(Yi, Xi, Di; z) = Wj(Xi, Di) (I{Yi ≤ qj,τ (z)} − τ) ? δτ (z) = δ1,τ (z) − δ0,τ (z), $!,

δj,τ (z) =
2f ′

Z(z)F (1)
j (qj,τ (z)|z)

fZ(z)fY (j)|Z(qj,τ (z)|z) +
F

(2)
j (qj,τ (z)|z)

fY (j)|Z(qj,τ (z)|z) . (5)

H6 1 ��� 1∼5 �, �1 Zi @Q7!�PV�' z, 9;�:

√
nh

[
Δ̂τ (z) − Δτ (z) +

h2

2
μ2(K)δτ (z) + op(h2)

]
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= − 1√
nh

1
fZ(z)

n∑
i=1

{
hKh(Zi − z)ψ1(Yi, Xi, Di, z) − E(hKh(Zi − z)ψ1(Yi, Xi, Di, z))

fY (1)|Z(q1,τ (z)|z) −

hKh(Zi − z)ψ0(Yi, Xi, Di, z)− E(hKh(Zi − z)ψ0(Yi, Xi, Di, z))
fY (0)|Z(q0,τ (z)|z)

}
+ op(1) (6)

D−→ N
(

0, ν0(K)σ2
τ (z)/fZ(z)

)
, (7)

$! δτ (z) � (5) !(Z, μ2(K) =
∫
u2K(u)du, ν0(K) =

∫
K2(u)du,

σ2
τ (z) = E

{(
ψ1(Yi, Xi, Di, z)
fY (1)|Z(q1,τ (z)|z) − ψ0(Yi, Xi, Di, z)

fY (0)|Z(q0,τ (z)|z)
)2∣∣∣∣Zi = z

}
.

QF(� 1, 9;.Æ (6) !�L��=<*�� Δ̂τ (z) ��Z Z, *0_�Æ8 Ba-

hadur G^[, <9 Cai and Xu (2008). �Z Z,J (7) !�: �M+.W[. QF!�

(� 1 !��J��, �Q.6(� z, .�`` Δτ (z) �(*`1, �ae: f%��:>

�, 9;a�I�SJ fZ(z) ? σ2
τ (z) ��3��. N�, Zi �_0;*��3��.9U_0

�� f̂Z(z) = 1
n

∑n
i=1Kh(Zi − z) J2. �>, �Y+0/8��3)V�� σ2

τ (z), �.�b

'LÆ�63_0;* fY (j)|Z(qj,τ (z)|z), j = 0, 1. 2�� Koenker and Xiao (2004), Koenker

(2005), Cai and Xu (2008) !0E6�, SJ63_0;* fY (j)|Z(qj,τ (z)|z) ��3����[
 . �1 j = 0 ? 1, 9;QF Koenker (2005) !��;162��;��LÆ63_0;*
fY (j)|Z(qj,τ (z)|z), *,

f̂Y (j)|Z(qj,τ (z)|z) =
2h∗

q̂j,τ+h∗(z) − q̂j,τ−h∗(z)
,

$! h∗ �.W:<*.  �!, � h∗ → 0 / h∗
√
nh→ ∞ �63�, Koenker (2005) �@�

f̂Y (j)|Z(qj,τ (z)|z) p−→ fY (j)|Z(qj,τ (z)|z). 939;.J2 σ2
τ (z) ��3��.:

σ̂2
τ (z) =

n∑
i=1

Kh(Zi − z)
(
ψ̂1(Yi, Xi, Di; z)

f̂Y (1)|Z(q1,τ (z)|z) − ψ̂0(Yi, Xi, Di; z)

f̂Y (0)|Z(q0,τ (z)|z)

)2/ n∑
i=1

Kh(Zi − z),

$!�1 j = 0 ? 1, ψ̂j(Yi, Xi, Di; z) = Ŵn,j(Xi, Di)
(
I{Yi ≤ q̂j,τ (z)}− τ

)
.  �, Sbae: 

f%�, 9;.�c Δτ (z) �5'(*`1.

2.4 PCQTT IAB
�:)+, ��&(:4��-.�������2@5.3, B."������(��

����2@5, 4 ��.<9 Heckman and Robb (1985), Heckman et al. (1999). $�,

������(�!, ��"��Q..������'."(%�. �3, 9;���8�
������8�63��*���� (partially conditional quantile treatment effect on the

treated, PCQTT), $(Z.:

Δτ |D=1(z) = q1,τ |D=1(z) − q0,τ |D=1(z),

$! qj,τ |D=1(z) = inf
{
y : P (Yi(j) ≤ y | Zi = z,Di = 1) ≥ τ

}
 Yi(j) �6( Zi = z ? Di = 1

�63 τ ��*;*, j = 0 � 1.
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.�66 Δτ |D=1(z) �=<*��, 9;Æ(Z V1(Xi, Di) = Di ? V0(Xi, Di) = (1 −
Di)p(Xi)/

[
1 − p(Xi)

]
. 1, QF_`5V(g (law of iterated expectations) ?63D4E�

�, �1PV0��R*�5V�;* g(·), J�:

E(Vj(Xi, Di)g(Yi)|Zi = z) = E(Vj(Xi, Di)g(Yi(j))|Zi = z) = E(Di · g(Yi(j))|Zi = z).

�3, [Z1^�� (2) [, 63��*;* qj,τ |D=1(z) .T��.:

qj,τ |D=1(z) = arg min
q
E(Vj(Xi, Di)ρτ (Yi; q)

∣∣Zi = z).

93, 9;.J2 PCQTT <* Δτ |D=1(z) �=<*��.:

Δ̂τ |D=1(z) = q̂1,τ |D=1(z) − q̂0,τ |D=1(z),

$!,

q̂j,τ |D=1(z) = arg min
q

1
n

n∑
i=1

Kh

(
Zi − z

)
V̂n,j(Xi, Di)ρτ (Yi; q),

�Y V̂n,0(Xi, Di) = (1 − Di)p̂n(Xi)/
(
1 − p̂n(Xi)

)
, V̂n,1(Xi, Di) = Di, p̂n(x)  p(x) �<*�

�. .�66=<*�� Δ̂τ |D=1(z) �IS�)%, 9;I�F^���� 3 dRa�.

?5 3∗ (i) �1 j = 0 � 1, 63_0;* fY (j)|X, D=1(y|x) � Yi(j) ? Xi �@Q7!=
F/�a. (ii) 63_0;* fY (j)|Z, D=1(y|z) =F/� qj,τ |D=1(z) �<.b^c�3�a�/
YW 0; fY (j)|Z, D=1(y|z)  1 z MZ.X, /� 1 y ��ZX*� Yi(j) ? Zi �@Q7c=
F�a. (iii) pZ(z) = P (Di = 1|Zi = z) MZ=F.X.

.�^_GKVY\9, 9;T ϕ1(Yi, Xi, Di; z) = V1(Xi, Di)
(
I{Yi ≤ q1,τ |D=1 − τ}) ?

ϕ0(Yi, Xi, Di; z) = V0(Xi, Di)
(
I{Yi ≤ q1,τ |D=1 − τ}). �1 j = 0 � 1, (Z Fj|D=1(y|z) =

FY (j)|Z, D=1(y|z) . Y (j) �6( Z = z ? D = 1 ��63hc�#;*. �1 m ≥ 0,

Fj|D=1(y|z)  1 z � m ZX*T. F
(m)
j|D=1(y|z) = ∂mFj|D=1(y|z)/∂zm. T ζτ (z) = ζ1,τ |D=1 −

ζ0,τ |D=1, $!�1 j = 0 � 1,

ζj,τ |D=1 =
1

pZ(z)fZ(z)fY (j)|Z,D=1(qj,τ |D=1(z)|z)
{

2pZ(z)f ′
Z(z)F (1)

j|D=1(qj,τ |D=1(z)|z) +

pZ(z)fZ(z)F (2)
j|D=1(qj,τ |D=1(z)|z) + 2p′Z(z)fZ(z)F (1)

j|D=1(qj,τ |D=1(z)|z)
}
.

[Z1(� 1, 2�(����=<*�� Δ̂τ |D=1 �: )%, $�@[Z1(� 1, d

eU.

H6 2 ��� 1, 2, 3∗, 4 2' 5 �, �1 Zi @Q7!�PV�' z, 9;�:
√
nh

[
Δ̂τ |D=1(z) − Δτ |D=1(z) +

h2

2
μ2(K)ζτ (z) + op(h2)

]
D−→ N

(
0, σ2

τ,T

)
,

$! σ2
τ,T = ν0(K)σ2

τ |D=1(z)/
[
p2

Z(z)fZ(z)
]
,

σ2
τ |D=1(z) = E

{(
ϕ1(Yi, Xi, Di; z)

fY (1)|Z,D=1(q1,τ |D=1(z)|z) − ϕ0(Yi, Xi, Di; z)
fY (0)|Z,D=1(q0,τ |D=1(z)|z)

)2∣∣∣∣Zi = z

}
,

$�T_ (� 1 !0�4��JZ.
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3 9:;<0=
���8�, 9;,,K2LM8N7b)�A^�16���;��RS�)%, $��

�A16���;���:]���RS�GL.

> 1 9;��,,P���"� Y (0) ? Y (1) � Skorohod GK1. 0�V, 9;���*

FH�ba.:

Y (0) = λ0X1 + γ0

√
U0X2 ? Y (1) = λ1X1 + γ1

√
U1X2,

$! λ0 = 3.0, γ0 = 0.4, λ1 = 4.0, γ1 = 1.6, U0 ? U1 P9V/�c�# U [0, 1] !H�, X1 ?

X2 4eP9/ X1 ∼ U [0, 1] ? X2 ∼ Beta(3, 1), RCJ�;*.:

P (D = 1|X1, X2) =
exp{−0.5 +X1 +X2}

1 + exp{−0.5 +X1 +X2} .

33, 63"� Z Q. X1. �2!:]�, �1 j = 0 � 1, SbVY�c.J2 Y (j) �6(

Z = z ��63��*;*.:

qj,τ (z) = λjz + γjaτ , (8)

$! aτ �a −2a3 + 3a2 − τ = 0 �`1 (0, 1) !�]�O. �3, 9;.J2 PCQTE .:

Δτ (z) = (λ1 − λ0)z + (γ1 − γ0)aτ . (9)

.��A�� Δ̂τ (z) ��RS�GL, 9;,,�����i�f%GJ (mean absolute

deviation error, MADE)

MADE
(
Δ̂τ (·)) =

1
m

m∑
j=1

∣∣Δ̂τ (zj) − Δτ (zj)
∣∣,

$! {zj}m
j=1 Q6 Z �@Q7!�f'. .��c (3) !�=<*�� Δ̂τ (z), �Y9;,,

Epanechnikov U;* K(u) = 0.75(1 − u2)I(|u| ≤ 1). J0KÆ, ��<*U[A���!W:
�56�.#��>�, �3.��AW: h�56�/!"�� Δ̂τ (z)�GL,QF^��

�� 4, �Y9;�W:<* h . h = c · n−1/5, $! c ∈ {0.25, 0.5, 1.0}. �������!,

S�I����J2�RCJ�;*!&g?2h$eG 0 �: 1. �3, QF��!�S�
4;, 9;����8N!'F��J2�RCJ�;* p̂n(x) !&g?,$�1 [0.005, 0.995]

.1.

.��c MADE $�!�* �G%, �1���Q�:]9;#iK2LM8N 1000

B. G 1 �j�=<*���8N��. QFG 1 !���, 9;.j9k MADE $>O, 9

;016�=<*��GLlk, >QF MADE $'$�G%�GL, W: h ZM�l�.

h = 0.5n−1/5. 2�0�5�, 91�C8`^S�df, �316����!�*`^�C8
`^GL�k.  �, 9;/G 1 !.gbVj9O0S�W�/ n = 500 eR2 n = 2000 4,

MADE $'$�G%"N7mh, � ^�J2�: �J�3�.

1fn Skorohod cidg, e�mf� Durrett (1996).
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L 1 MN Δ̂τ (·) O 1000 P MADE ?O@ABCQDR (ESF)

τ

h = 0.25n−1/5 h = 0.5n−1/5 h = 1.0n−1/5

n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000

MADE MADE MADE MADE MADE MADE MADE MADE MADE

0.1
0.090 0.068 0.060 0.089 0.072 0.058 0.101 0.093 0.084

(0.022) (0.014) (0.010) (0.020) (0.015) (0.011) (0.027) (0.020) (0.014)

0.25
0.084 0.064 0.047 0.080 0.062 0.048 0.094 0.083 0.080

(0.020) (0.013) (0.009) (0.017) (0.013) (0.010) (0.025) (0.017) (0.012)

0.5
0.080 0.058 0.044 0.066 0.049 0.036 0.080 0.059 0.045

(0.019) (0.012) (0.008) (0.015) (0.011) (0.008) (0.023) (0.015) (0.011)

0.75
0.082 0.062 0.046 0.078 0.060 0.045 0.093 0.085 0.075

(0.021) (0.013) (0.009) (0.018) (0.012) (0.009) (0.025) (0.018) (0.013)

0.9
0.091 0.069 0.061 0.090 0.075 0.060 0.098 0.092 0.086

(0.022) (0.013) (0.010) (0.020) (0.015) (0.011) (0.028) (0.021) (0.015)

> 2 9;�LM.�b!�A^�016�=<*��� Δ̂τ |D=1(z) ��RS�GL, $

*FH�ba % 1 4�, 63"� Z �S56 X1, 8N#iB*. 1000B. G 2 �j�=<

*��� Δ̂τ |D=1(z) �8N��.

L 2 MN Δ̂τ |D=1(·) O 1000 P MADE ?O@ABCQDR (ESF)

τ

h = 0.25n−1/5 h = 0.5n−1/5 h = 1.0n−1/5

n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000

MADE MADE MADE MADE MADE MADE MADE MADE MADE

0.1
0.087 0.063 0.055 0.088 0.069 0.054 0.099 0.091 0.083

(0.023) (0.015) (0.010) (0.020) (0.014) (0.009) (0.027) (0.020) (0.014)

0.25
0.082 0.061 0.046 0.076 0.057 0.042 0.092 0.076 0.067

(0.021) (0.013) (0.008) (0.017) (0.012) (0.008) (0.023) (0.017) (0.012)

0.5
0.080 0.060 0.045 0.068 0.049 0.037 0.077 0.058 0.045

(0.019) (0.011) (0.008) (0.015) (0.010) (0.007) (0.021) (0.016) (0.011)

0.75
0.083 0.062 0.047 0.087 0.065 0.056 0.101 0.092 0.083

(0.021) (0.013) (0.010) (0.018) (0.012) (0.009) (0.024) (0.017) (0.012)

0.9
0.090 0.066 0.051 0.093 0.076 0.064 0.103 0.092 0.086

(0.023) (0.014) (0.011) (0.020) (0.013) (0.011) (0.028) (0.021) (0.015)

QFG 2 !�8N��, 9;.-A2 % 1 !4Z�8[. 0�>O, [Z1=<*�

�� Δ̂τ (z), =<*��� Δ̂τ |D=1(z) '��RS�!GLlk. 33, W:<* h �<�g�

c�56ZM� MADE $'$�G%�!"�h. 9;/G 2 !.HB-A2=<*���
Δ̂τ |D=1(z) �!�*`^�GL��C8`^k, /$S�W�/ n = 500 eR2 n = 2000 4,
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MADE $'$�G%"N7mh.

4 GH9I

4.1 TUVJKLM
����G@?56��#f. $F)�=Ahoi2'n@ojiGL4 , ���:

���!"�0�IhB1�Wj, ������.<j Abrevaya (2006), Almond, Chay and

Lee (2005), Currie and Almond (2011) �. J0KÆ, 1���pk�T.7\?56��#
f., ��:k.34�0<51=>7\?56��#f.� #��T, � ����+
�HJ9 Kramer (1987). �bULl6Y, ����:78,,���;��34�0<5
1=>�?56��#���.   ���:,,��1���;������, 4 ���

Almond et al. (2005), Abrevaya (2006), Da Veiga and Wilder (2008), Abrevaya and Dahl (2008),

Abrevaya et al. (2015)�.��2@5�34�0<51=>�j�?5�#��#!"�/
O3467>"�. .�-,��(%��, 9;,,^�16��;���6(34 �67

63�, 34�0<51=>�?56��#���*����, >  Abrevaya et al. (2015),

Lee et al. (2017)0��� �67�34<5=>�j�?5�#�63����. ��%!,

.�`F63D4E��, ����S�I�R&���G"�, �3 Abrevaya et al. (2015),

Lee et al. (2017) [Z, 9;�S,,<*�;��LÆ�RCJ�;* p(x).

9;,, Abrevaya et al. (2015) �S�*F7, *9kLM)pI�lmq��01q

� 1988 6X 2002 6kLM)pY=Arl!;�TO*F. 9;�S�'�,,j.'3�

-A$, �/QF��!�S�4;, FE'?C'$" ��S���, $!E'S��W�
. 433558, >C'S��W�. 157989. 9;2@5���"� Y ?5�6��#, $0�

,rGK, >��"� D MU"�, ��34�0<51=>J D = 1 �J D = 0. Y (0) G

K34<5L=>�?5�6��#, > Y (1) JGK34<5=>�?5�6��#. �.9

; ;�34=>�?56��#���*�����/O3467�"�>"�, �3�Y
�63"� Z 34�67. 8 1 $K�?56��#�U_0��, Zm*8��`GE
'?C'�����. G 3 J66�E'?C'?56��#�#�f0 s0����2'
tb Y (0) ? Y (1) ��#��F�tb��. QF�X��, 9;.2&L,  A�1E'

BC')+, ?56��#��#DfCZn�DC�#. �13, 9;+�l��34=

>�?56��#��#��> ���$��.

.���8�63��*����;* Δτ (z), 9;?ÆI��� p(x). .3, 9;,, 

Abrevaya et al. (2015) !�S�G"� X , � �XG"��0�cW.<j Abrevaya et al.

(2015). 91 D �.MU"�,  Abrevaya et al. (2015) !�S, 9;56.RCJ�;*

p(x) �(�. logit 8A/���J2� p̂n(x) !&g?,$�1 [0.01, 0.99].  �, 9;��

3467� 20 2 30 m.1�8�63��*����;* Δτ (z).
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N 1 O[\PQRO]S^MN (TNU_V, WNU`V)

L 3 XYZ[N\abcZd]ef

Variable

Whites Blacks

Y (0) Y (1) Y (0) Y (1)

Mean 3398.681 3346.848 3103.722 3082.726

Skewness –0.846 –0.840 –1.181 –1.204

Kurtosis 5.931 5.734 6.245 6.164

Symmetry test (p-value) 0.000 0.000 0.000 0.000

Number of observations 359172 74386 146399 11590

4.2 ABgh
8 2 66�6(3467 (z = 26) �E'?56��#�63hc�#;*���, [Z

V, 9;'.J26($�67�?56��#�63hc�#;*�����. QF8 2 !�
����, 9;.-A2 Y (1) �63hc�#;*���n\�1 Y (0) �63hc�#;*

��n\�Zn, �Vo0�0���*F��,8�63��*�������$�lQH$.

8 3 66��I. ���*F� τ = 0.10 ('n\), τ = 0.25 (on\) ? τ = 0.50 (p

n\)�,E'�8�63��*�����/O3467"�>"������. ".��,9

;�8 3 !'66� Abrevaya et al. (2015), Lee et al. (2017) !��� PCATE (9�\GK)

2'D63������ (average treatment effect, ATE) (9n\GK) �����. QF8 3

!�����, 9;?Æ.-A2�1I. ����*F�, Δ̂τ (z) ZMDO3467\)

"��2. 2�V, ���� Δ̂0.5(z)  ��� PCATE n\4Z��� p��S.  �!,

2ois�p�, Tang, Cai and Fang et al. (2021) qqrjk$tuqvudrrwx�ys, wxtu
svt�st�##$+'./uvvwwx�yuwvuw, zwxxlxy���wy. �yz,

Tang et al. (2021) u{vz Δτ (z) {dxzf$�y{vqrf$�
%� Δτ (z), vo��, z|||z
Δτ (z) {d}v�y}qr{f$�
%� Δτ (z), {}�y~�||, fn~}}� Tang et al. (2021).
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PCQTE	PCATE (pf) a ATE (of) OMNef

Δ̂0.5(z) � PCATE ���d~I�'. $B, 9;.-A2, � �67�2'�0���*

F��, 34=>�?56��#D0�N7�H��, � 8 2 !J2�&L�3�. 33,
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8 3 !�����'G@8�63��*����� ��3467�.1GL6�%)�(
%). ��)+, $3467eI4, ���8�63��*�����*$!"eI. 2��

�, �6(�S�67�,8�63��*�������$ (�*$!) �.��*F�!�!
�*�+I��*F�!���$ (�*$!) �I.

8 4 66�J�I. ���*F� τ = 0.10 ('n\), τ = 0.50 (pn\) ? τ = 0.80

(on\) �, C'�8�63��*�����/O3467"�>"������. 33, 9

;�8 3 !'66� τ = 0.50 F��D63��*���� (9�\GK) 2'�� 95% (*
`1 (9n\GK) ����� (QF Firpo (2007) �;�c>J). QF8 4 !�����, 9

;.gbV&L PCQTE ���$'"O03467�eR>d~eI (�*$!), �`G 

���*F��I6 PCQTE n\�.G , �/LMD�1 τ = 0.50 �D63��*���

�� 95% (*`1c. ~O., ?E'�:>p� �, �1C'>O, I. ���*F��

Δ̂τ (z) ."� O3467�"�>N7"�.
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0.1−PCQTE
0.5−PCQTE
0.8−PCQTE
0.5−QTE

N 4 kPvlqABmn τ = 0.10 (wof), τ = 0.50 (yof), τ = 0.80 (xof) b, `V PCQTE

a τ = 0.5 bqco QTE (pf) zr 95% stu{ (of) OMNef.

 �, 4�!���� PCQTE ���.3, 9;'��� PCQTT ���, $����$

K�8 5 !, $!Z8E'�����, >m8JC'�����. �8 5 !, 9;���

�*. ����*F� τ = 0.25 (on\) ? τ = 0.50 (pn\) � PCQTT ���. .�[1

��, 9;�8 5 !'66�����8�63������ (PCATT, 9�\GK) '$ 95%

�(*`1 (9n\GK) �����, �4B66�����D63������ (9'n\

GK) �����. QF8 5!�����, 9;.-A2�10���*6 PCQTT��n\,
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PCQTT� ��3467�.11�(%). 0�>O, �1���*. ���*F� τ $,

Δ̂τ |D=1(z)�*$"O03467�eI>eR,'k+, $3467"I4,�����*�

��*$!""J+I. >�16(34674, PCQTT '���*$�.��*F���!
�*F��+I.
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ATT
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N 5 vPqABmn τ = 0.25 (xof) a τ = 0.50 (yof) b, _V (TN) a`V (WN) PCQTT	

qco ATT (wof) a PCATT (pf) zr 95% stu{ (of) OMNef

5 |w
.�-,��*�����9<�G"�(Z� �/(�.1�(%), 9;16��.

;*A<*——8�63��*����,�������� ��.9;16���#���
�;��9�$: )%. ,,9;016�=<*���;, 9;����6( �6763

�, 34�0<51=>�?56��#���*����. QF����, 9;&L��>O,

$3467�I�:��..��*F�4, =>�?56��#�+.~#�H��. E'

(��63��*����"O03467�"�>"�, ��C')+���3.

�12!����, ��:.!�N�H��*�����OG"� Z >"�. .3, �

�N��.��2����tb>�:

H0 : Δτ (z) = Δτ �0�� z ∈ Z versus H1 : Δτ (z) 
= Δτ �<� z ∈ Z,

$! Δτ  τ D63��*����, Z  Z �@Q7. ����.�, �10�� z $, 8�

63��*����D�14��D63��*����, >��6���, JXh1�<� z

$,J8�63��*���� �1D63��*����.
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~{
J|}~
�2�!, 9;� W0(Xi, Di) = 1−Di

1−p(Xi)
, W1(Xi, Di) = Di

p(Xi)
? Ŵn,0(Xi, Di) = 1−Di

1−p̂n(Xi)
,

Ŵn,1(Xi, Di) = Di

p̂n(Xi)
, $! p̂n(x) = p(x; θ̂n) ,,*F (Xi, Di), i = 1, · · · , n ��J2�R

CJ�;*. .��@(� 1, 9;I����7�.

�6 1 �1 j = 0 � 1, ��O<;*:

Γn,j(q, z) =
n∑

i=1

hKh,i(z)Ŵn,j(Xi, Di)
[
ρτ (Yi; q) − ρτ

(
Yi; qj,τ (z)

)]
?

Γ̃n,j(q, z) =
n∑

i=1

hKh,i(z)Wj(Xi, Di)ϕτ

(
Yi; qj,τ (z)

)(
q − qj,τ (z)

)
+

fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· nh(q − qj,τ (z)
)2
,

$! Kh,i(z) = K
(
(Zi − z)/h

)
/h ? ϕτ (y; q) = I(y ≤ q)− τ . ��� 1∼5 �, �PV� z ∈ Z ?

PV� ε > 0, 9;�:

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣Γn,j(q, z) − Γ̃n,j(q, z)
∣∣∣ = op(1).

�6 1 I}~ QF ρτ (y; q) ? ϕτ (y; q) �(Z, 9;Æ:

Γn,j(q, z) =
n∑

i=1

hKh,i(z)Ŵn,j(Xi, Di)
[
ϕτ

(
Yi; qj,τ (z)

)(
q − qj,τ (z)

)
+

(Yi − q)
(
I{Yi ≤ qj,τ (z)} − I{Yi ≤ q})].

�3,

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣Γn,j(q, z) − Γ̃n,j(q, z)
∣∣∣

≤ sup
|q−qj,τ (z)|≤ε/

√
nh

{∣∣q − qj,τ (z)
∣∣ · n∑

i=1

hKh,i(z) ·
∣∣∣Ŵn,j(Xi, Di) −Wj(Xi, Di)

∣∣∣ · ∣∣∣ϕτ

(
Yi; qj,τ (z)

)∣∣∣}+

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣∣ n∑
i=1

hKh,i(z)Ŵn,j(Xi, Di)(Yi − q)
(
I{Yi ≤ qj,τ (z)} − I{Yi ≤ q})−

fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· nh(q − qj,τ (z)
)2∣∣∣∣

:= A1 + A2.

(A.1)

?Æ, 9;�� A1. =V2 supx∈X
∣∣∣Ŵn,j(x,Di) −Wj(x,Di)

∣∣∣ = Op(n−1/2) ?
∣∣∣ϕτ

(
Yi; qj,τ (z)

)∣∣∣
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�a�, 93W[J2:

A1 = sup
|q−qj,τ (z)|≤ε/

√
nh

{∣∣q − qj,τ (z)
∣∣ · n∑

i=1

hKh,i(z) ·
∣∣∣Ŵn,j(Xi, Di) −Wj(Xi, Di)

∣∣∣ · ∣∣∣ϕτ

(
Yi; qj,τ (z)

)∣∣∣}

≤ ε√
nh

·
n∑

i=1

hKh,i(z) ·Op(n−1/2) ·O(1) = Op(h1/2) · 1
n

n∑
i=1

Kh,i(z).

�. 1
n

∑n
i=1Kh,i = Op(1), �3W[�@:

A1 = Op(h1/2) ·Op(1) = op(1). (A.2)

L�, 9;�� A2. (Z Ψ(y; q1, q2) = (y − q1)
(
I{y ≤ q2} − I{y ≤ q1}

)
, TX9;�:

A2 =

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣∣ n∑
i=1

hKh,i(z)Ŵn,j(Xi, Di)Ψ(Yi; q, qj,τ (z)) − fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· nh(q − qj,τ (z)
)2∣∣∣∣

≤ sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣∣ n∑
i=1

hKh,i(z)
[
Ŵn,j(Xi, Di) −Wj(Xi, Di)

]
Ψ(Yi; q, qj,τ (z))

∣∣∣∣+
sup

|q−qj,τ (z)|≤ε/
√

nh

∣∣∣∣ n∑
i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z)) − fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· nh(q − qj,τ (z)
)2∣∣∣∣

:= A21 + A22.

=V2,

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣Ψ(Yi; q, qj,τ (z)
∣∣∣ = sup

|q−qj,τ (z)|≤ε/
√

nh

∣∣∣(Yi − q)
(
I{Yi ≤ qj,τ (z)} − I{Yi ≤ q})∣∣∣

≤ sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣q − qj,τ (z)
∣∣∣ = ε/

√
nh.

QF�@ A1 = op(1) [Z�N�, 9;'.2�@ A21 = op(1). G�), 9;�� A22 !�∑n
i=1 hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z)).  �!,

E

[
n∑

i=1

hKh,i(z)Wj(Xi, Di)Ψ
(
Yi; q, qj,τ (z)

)]
=nE

[
hKh,i(z)Ψ(Yi(j); q, qj,τ (z))

]
=nh ·E

{
Kh,i(z)E

[
(Yi(j) − q)

(
I{Yi(j) ≤ qj,τ (z)} − I{Yi(j) ≤ q})∣∣∣Zi

]}
=nh ·E

{
Kh,i(z)

∫ qj,τ (z)

q

(y − q) fY (j)|Z(y|Zi) dy
}

=nh ·E
{
Kh,i(z)

∫ qj,τ (z)

q

(y − q)
[
fY (j)|Z(qj,τ (z)|Zi) +O(|qj,τ (z) − q|)] dy}

=nh · (qj,τ (z) − q)2

2
· E
{
Kh,i(z)

[
fY (j)|Z(qj,τ (z)|Zi) +O(|qj,τ (z) − q|)]}

=nh · (qj,τ (z) − q)2

2
· [fZ(z)fY (j)|Z(qj,τ (z)|z) +O(|qj,τ (z) − q|) + o(1)

]
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?

Var

[
n∑

i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

]
=nVar

[
hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

]
≤n ·E

[
hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

]2
=nh2 ·E

[
Kh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

]2
=nh ·O(1) · E

{
hK2

h,i(z)E
[
(Yi(j) − q)2

(
I{Yi(j) ≤ qj,τ (z)} − I{Yi(j) ≤ q})2∣∣∣Zi

]}
=nh ·O(1) · E

{
hK2

h,i(z) ·
∣∣∣ ∫ qj,τ (z)

q

(y − q)2 fY (j)|Z(y|Zi) dy
∣∣∣}

=nh ·O(1) ·O(|qj,τ (z) − q|3).
�3, 9;.2J2:

n∑
i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

=E

[
n∑

i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

]
+

Op

(
Var

[
n∑

i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))

])1/2

=nh · (qj,τ (z) − q)2

2
· [fZ(z)fY (j)|Z(qj,τ (z)|z) +O(|qj,τ (z) − q|) + o(1)

]
+

Op

(
nh · |qj,τ (z) − q|3

)1/2

?

A22 = sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣∣ n∑
i=1

hKh,i(z)Wj(Xi, Di)Ψ(Yi; q, qj,τ (z))−

fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· nh · (q − qj,τ (z)
)2∣∣∣∣

= sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣∣nh · (qj,τ (z) − q)2

2
· [O(|qj,τ (z) − q|) + o(1)

]
+ Op

(
nh · |qj,τ (z) − q|3

)1/2
∣∣∣∣

=op(1).

1, 9;������:

A2 = A21 + A22 = op(1). (A.3)

QF (A.1, A.2 ? A.3), 9;�:

sup
|q−qj,τ (z)|≤ε/

√
nh

∣∣∣Γn,j(q, z) − Γ̃n,j(q, z)
∣∣∣ = op(1).
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H6 1 I}~ �1 j = 0 � 1, 9;?Æ��:

q̃j,τ (z) = argmin
q

{
Γ̃n,j(q, z)

}
=qj,τ (z) − 1

fZ(z)fY (j)|Z(qj,τ (z)|z) · 1
n

n∑
i=1

Kh,i(z)Wj(Xi, Di)ϕτ

(
Yi; qj,τ (z)

)
=qj,τ (z) − 1

fZ(z)fY (j)|Z(qj,τ (z)|z) · 1
n

n∑
i=1

Kh,i(z)ψj(Yi, Xi, Di; z).

9VY�c.J:

E
(
q̃j,τ (z)

)
= qj,τ (z) − h2

2
μ2(K)δj,τ (z) + o(h2),

$! μ2(K) =
∫
u2K(u)du ?

δj,τ (z) =
2f ′

Z(z)∂FY (j)|Z (qj,τ (z)|u)

∂u

∣∣
u=z

+ fZ(z)∂2FY (j)|Z (qj,τ (z)|u)

∂u2

∣∣
u=z

fZ(z)fY (j)|Z(qj,τ (z)|z) ,

93J2:
√
nh
(
q̃j,τ (z) − E

(
q̃j,τ (z)

))
=

√
nh

(
q̃j,τ (z) − qj,τ +

h2

2
μ2(K)δj,τ (z) + o(h2)

)
−

=
1√
nh

1
fZ(z)fY (j)|Z(qj,τ (z)|z)×

n∑
i=1

[
hKh,i(z)ψj(Yi, Xi, Di; z) − E

(
hKh,i(z)ψj(Yi, Xi, Di; z)

)]
.

(A.4)

G�)9;�� q̃j,τ (z) ? q̂j,τ (z) �%, $!,

q̂j,τ (z) =arg min
q

n∑
i=1

hKh,i(z)Ŵn,j(Xi, Di)ρτ (Yi; q)

=arg min
q

n∑
i=1

hKh,i(z)Ŵn,j(Xi, Di)
[
ρτ (Yi; q) − ρτ

(
Yi; qj,τ (z)

)]
=arg min

q

{
Γn,j(q, z)

}
.

�. Γn,j(q, z)  1 q �;*, W[�@�PV� ε > 0 ? |q − q̃j,τ (z)| > ε/
√
nh,(

1 − ε/
√
nh

|q − q̃j,τ (z)|

)
Γn,j

(
q̃j,τ (z), z

)
+

ε/
√
nh

|q − q̃j,τ (z)| Γn,j(q, z) ≥ Γn,j

(
q̃j,τ (z) +

q − q̃j,τ (z)
|q − q̃j,τ (z)|

ε√
nh

, z

)
.

�3, �0�� |q − q̃j,τ (z)| > ε/
√
nh,

ε/
√
nh

|q − q̃j,τ (z)|
[
Γn,j(q, z) − Γn,j

(
q̃j,τ (z), z

)]
≥Γn,j

(
q̃j,τ (z) +

q − q̃j,τ (z)
|q − q̃j,τ (z)|

ε√
nh
, z

)
− Γn,j(q̃j,τ (z), z)

≥Γ̃n,j

(
q̃j,τ (z) +

q − q̃j,τ (z)
|q − q̃j,τ (z)|

ε√
nh
, z

)
− Γ̃n,j(q̃j,τ (z), z)

− 2 sup
|u−q̃j,τ (z)|≤ε/

√
nh

∣∣∣Γn,j(u, z) − Γ̃n,j(u, z)
∣∣∣.
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=V2 Γ̃n,j(q, z)  1 q �MB;*2' q̃j,τ (z) = argminq

{
Γ̃n,j(q, z)

}
. TX, �0��

|q − q̃j,τ (z)| > ε/
√
nh, �:

ε/
√
nh

|q − q̃j,τ (z)|
[
Γn,j(q, z) − Γn,j

(
q̃j,τ (z), z

)]
≥fZ(z)fY (j)|Z(qj,τ (z)|z)

2
· ε2 − 2 sup

|u−q̃j,τ (z)|≤ε/
√

nh

∣∣∣Γn,j(u, z) − Γ̃n,j(u, z)
∣∣∣

≥fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· ε2 − 2 sup
|u−qj,τ (z)|≤ε/

√
nh+|qj,τ (z)−q̃j,τ (z)|

∣∣∣Γn,j(u, z)− Γ̃n,j(u, z)
∣∣∣.

/ (A.4) Æ |qj,τ (z) − q̃j,τ (z)| = Op(1/
√
nh), �R!�� 4 2'7� 1, 9;�:

ε/
√
nh

|q − q̃j,τ (z)|
[
Γn,j(q, z) − Γn,j

(
q̃j,τ (z), z

)] ≥ fZ(z)fY (j)|Z(qj,τ (z)|z)
2

· ε2 + op(1)

�0�� |q − q̃j,τ (z)| > ε/
√
nh 99. 9 q̂j,τ (z) �(Z q̂j,τ (z) = argminq

{
Γn,j

(
q, z
)} Æ

Γn,j

(
q̂j,τ (z), z

)− Γn,j

(
q̃j,τ (z), z

) ≤ 0, 19;.2�@:

P
(√

nh
∣∣q̂j,τ (z) − q̃j,τ (z)

∣∣ > ε
)

≤P
(

inf
|q−q̃j,τ (z)|>ε/

√
nh

{
Γn,j(q, z) − Γn,j

(
q̃j,τ (z), z

)} ≤ 0
)

≤P
(
fZ(z)fY (j)|Z(qj,τ (z)|z)

2
· ε2 + op(1) ≤ 0

)
→ 0,

�Vo0 q̂j,τ (z) = q̃j,τ (z) + op(1/
√
nh). QF (A.4) ? q̂j,τ (z) = q̃j,τ (z) + op(1/

√
nh), Æ

√
nh

[
Δ̂τ (z) − Δτ (z) +

h2

2
μ2(K)δτ (z) + op(h2)

]
√
nh

[
Δ̃τ (z) − Δτ (z) +

h2

2
μ2(K)δτ (z) + op(h2) + Δ̂τ (z) − Δ̃τ (z)

]
= − 1√

nh

1
fZ(z)

n∑
i=1

{
hKh,i(z)ψ1(Yi, Xi, Di, z) − E(hKh,i(z)ψ1(Yi, Xi, Di, z))

fY (1)|Z(q1,τ (z)|z)

−hKh,i(z)ψ0(Yi, Xi, Di, z) − E(hKh,i(z)ψ0(Yi, Xi, Di, z))
fY (0)|Z(q0,τ (z)|z)

}
+ op(1),

$! Δ̃τ (z) = q̃1,τ (z) − q̃0,τ (z). 92� �:

E
[
hKh,i(z)ψj(Yi, Xi, Di; z) − E

(
hKh,i(z)ψj(Yi, Xi, Di; z)

)]
= 0,

? Lyapunov !;WR(�, W[�@:
√
nh

[
Δ̂τ (z) − Δτ (z) +

h2

2
μ2(K)δτ (z) + op(h2)

]
D−→ N

(
0, ||K||22σ2

τ (z)/fZ(z)
)
.

X3, 9;p9�(���@.


