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Abstract Based on the covariate balancing propensity score method introduced by Imai and Ratkovic

(2014), this paper proposes a new method to combine the GMM-LASSO type estimation method with

covariate balancing approach. The proposed method not only utilizes the property of covariate balancing,

but also solves the problem of how to select covariates based on data. Also, it is shown that the proposed

estimator is consistent and simulations show that under the condition of sparsity, the proposed method

indeed can significantly reduce the median of the absolute errors of the average treatment effect. Finally,

the proposed method is applied to the data from the Tuscany region of Italy in the early 2000s to study

whether temporary work agency mechanism helps workers to find a stable job in the future.
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�
), "#!$	(")�����*%���&'��,  ���(�+)),!$")*!#+�&
'�, $*�"-��. ��+%./, 0(�"#"�)1,$&� (observational data), -.'���/

(,*%,$&"�20(�34-�. ' 20 )0 70 +(),-*, Rubin[1−4] �5�.�+)�*�-
�67.+,,���/-8����, Rubin 	�������0-% Holland[5] �1� Rubin *%1

9 (RCM).

�,$:*%..)5//9����2; (confounding), -/(/<2*���-3 (treatment as-

signment) �3%04=	. 1#42,35��/�	(/�>Æ502*6+1?���
64. ��

77�5��, Rubin[6] @
�02;: (unconfoundedness) 81, 981A22�:�2;*3�4;
/, /()
��/�	(/�<�2B85�!$�. �02;81/, .�796:��/�
;5�
���: 5+�=13%04�C043>�	�&?<�3%@A (outcome regression) ��; =5+�
=1��04�C043>�	�, -5D#- (propensity score), &?<�>B?C6 (inverse probabil-

ity weighting) ��. �%778&19	8-9+��),?1, E199�F1�2*, �+F1D6+
1�
8�64. Robins � [7] �*�GE>B?C6���5�AH/2BF@19F1+1�64, =

1�+����
4I%:�9�:G�
4 [8]. 9�:G�
4;#3��3%@A19�5D#-1
9, <#,���9/193)75/19�J�1��, E9�
4=�;5�����HI06�
4.

�+�
4:�0(�5;<=�$6, ��(�+)>'A4.

?�8-�@�>B?C6�
4�9�:G�
4, =15D#-���J7B3 (matching) �5
-: (subclassification) �. 2K, 5D#-�������
)AK2>-���L?. 5D#-�BC@

42 Rosenbaum � Rubin[9] �*, A%�H��:�C04�4;//()
��/�B?. 5D#-�

56LB�2BD!B�C044M�5/�4. "#8-�
;5�������*'0(�NM,  �

��(�+)5D#-CC�D6�, 0(�N�O�,$�&�	D),�
. Kang � Schafer[10] C-

5D#-19�@EF12*+1�����
�Æ764. �5FOG*�5D#-�ED:, -5D#

-8�FHC04�BE,  A��
PN�	PBC04),?1. 5D#-��
2B7+8&19�

F8&19. G+�8&19�Q: Logistic @A,  1#�5D#-199�F1�2*. F8&19I

J2BHF19F1,  �PB�#+6GH “BER'” ���. *1�C04BE5P�%I/, 0(�

KG%	7+8&19/�
5D#-. 5+J,����4815/Q: Logistic 19, IK<Q6LJ

��
D68&, JRSJM#@�5D#-�
0�K;TC04�/�K. �%";T, E�S1�5
D#-19 (LUÆPV�WX
), I�Y9<�, 9@�-C04;T [11]. "#�+��*Z[N5D#
-19F1���,  =2*6+18&�76�
 [12].

\1���(��, I+/0(��*�5:S��� —— C04;T (covariate balancing)�. 9�

�8�9.;T��/�	(/�C04, ÆÆ8�5+:!$M���. /M,, Hainmueller[13] �*�

:;T (entropy balancing) �, 9���5+3���T, ��
����3L, �M//(-3�46�,

<#C6R�/N;;TUO, VN]W�;T>Æ+1������
. 1P, Imai � Ratkovic[14] @


�C04;T5D#- (covariate balancing propensity score, CBPS) ���, 9��O+�5D#-�C

04;T:Æ, I�QX�EHK�
 (GMM) �P^Q�
5D#-. 9����
5D#-�;#�-

�C04�;T, �7M1BC4�
5D#-, VSJC04�K;T�<�. 5D#-R7C04;T

�:Æ, 	�5:Æ�O-O+<#����CC*Z[N�
4�7Y>Æ:Æ. N�=A��, Imai �

Ratkovic[14] �C04;T5D#-��,;T�C04�7YK. &5D#-C04;T�:Æ2B;T
C04�RA2$_&. ��O-O+5D#-C04;T�:Æ, Sant’Anna � [15] �C04;T5D#

-�=P8, �*�>�5D#- (integrated propensity score) ��, 9��<#5D#-2B;TC04

�-Q_&,-2B;TC04�RAVK.S/TU1V�3%ÆS, Sant’Anna� [15] �*�>�5D#
-���R-,�5D#-19@EF1�%I/,�L1 Imai � Ratkovic[14] �C04;T5D#-��.

"# Imai � Ratkovic[14] ��5��)&�RWC04;T5D#-��2BÆ7[N>B?C6
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�B3�
4�3%.  �C04;T5D#-���5`�+, N�0(�-�5�.TZ�2;*3.

��(�+), C04�[7I"�Æ&\K�. /M��6&�aX/, -C5+&�US���YT�
[72;*3, Æ#]���. ��77�5��, Ning � [16] �*�PBC04;T5D#-�
��

�, VZ-M	5D#-19�3%@A19?<UVW�EHQ:19),9�[^, JR[
C04;

T4;#@�5D#-��
4.

Æ+), WZ�*�5+7M1 Ning � [16] ���/\]U04[^�C04;T5D#-��
�

�. =1 Imai � Ratkovic[14] �C04;T5D#-��, Æ+�*� GMM-LASSO ���/�
5D#

-. GMM-LASSO �����EHK�
�P^Q\]04[^���, ��G�+_2B8K Caner[17].

WZ�����
5D#-�#+, bO+�5D#-�C04;T:Æ, ;#P77��c=1&�/[

72;*3���, ��	 Imai� Ratkovic[14] �C04;T5D#-���.E. WZ�*�UC04;

T� GMM-LASSO �
��D04[^@
C04;T��, �5��7?1�PC04;T��0()
��+:. 1VX-ÆS, �N;5��`X:�4;/, Æ+���2BÆ7,d
;5�����
�
^	F4�),&.

2 @A

2.1 BC
1X � pBC04, T �70� 0� 1�Ya��04, T = 1RS/()
��/, T = 0RS/(

)
	(/. _ Y (1)� Y (0)-M���/�	(/�`�3%04, E,$@�3%04� Y = TY (1)+

(1 − T )Y (0). �H5D#- π(x) = P (T = 1|X = x). 81 {(Yi, Ti, Xi)}n
i=1 �/DE( (Y, T, X) �5/

Z<;-Q�>Æ. ����0(�.��������04 T 	ebY�3%04 Y ���, �()G
+�����7;5����[-Q����[-,&�����, �aWZ	=;5����. �HE(
�;5���� Δ = E[Y (1) − Y (0)]. =A@, �a8C
�;5/("*;#)
��/�	(/, -

Y (1) � Y (0) "*%;#,$@. �>�����(8�5/U7Z[&����, MB;5������


I"�Æ&\K�.

��f#;5�����=��
4,0(�KG81)
��/�	(/�[^$�T\=12,$
�/<, IbM7/(\7)
��/�	(/�2*, ���M]�c2gd81 [9]. R(,, c2gd

81-��: (a) :� X �4;/, (Y (1), Y (0)) ���04 T Z<; (b) 9� ε > 0, <# ε < π(x) < 1− ε.

Rosenbaum[18] cW�98�/, ;5����2B%RS�

Δ = E

[
TY

π(X)
− (1 − T )Y

1 − π(X)

]
.

�%5D#- π(X) �d6�, EWZ2BK<>ÆK�
E(K���f#;5�����=��
4:

Δ̃(π) =
1
n

n∑
i=1

(
TiYi

π(Xi)
− (1 − Ti)Yi

1 − π(Xi)

)
.

J&, �,$:0(), 5D#- π(X) KG�D6�. 0(�CC778&�F8&���	5D#-)

,�
. TC04 X �BE5P#, ��HF “B&R'”, 0(�5]7+8&M19),V�, G+�8

&197Q: Logistic @A19:

πβ(X) =
exp(X ′β)

1 + exp(X ′β)
, (1)

D), β ∈ Θ ⊆ R
p � p BD68&. KG, 0(�7+�6LJ��
D68&

β̂MLE = argmax
β∈Θ

n∑
i=1

Ti log πβ(Xi) + (1 − Ti) log{1 − πβ(Xi)}.

�,$:0(), 8-� Logistic @A199�F1�2*:, &������
	5D#-19�F

1>-ee. ���P19�
�hE, I+/70(��*K<LMC04;T���/�
5D#-.

Rosenbaum � Rubin[9] cW�5D#-R7;TC04�:Æ:

T ⊥ X|π(X), (2)
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-�:�5D#-�4;/, ��04 T �,$�C04 X �Z<�. 5/i�5D#-��
0��8
�N; (2) ^. I��_�
�5D#-*Z<#��/�	(/�,$�C048R7=;�-Q. �(

�+), 0(�5]K<;T��/�	(/	1C04 X �RA2$_&�K/�-�5:Æ:

E

[
Tf(X)
π(X)

]
= E

[
(1 − T )f(X)

1 − π(X)

]
= E [f(X)] , (3)

D), f(·) : R
p → R

m. (3) ^2B25D#-��H�4;,`��,`j^#@. A�9,UH�, 	C

04�RA_&, �<5D#-^Z���/�5VK, ��<5D#-^Z�	(/�5VK, BkE(
�5VK, a�3>�=��. le3, 5/f��5D#-�9R>;T��/�	(/C04RAVK
�*f.

5/�g� Logistic@A19�T�hME(>Æ�3$F4,<#Z(>Æ�,$0�f�03>�
4i_@�h.  ��
5D#-�#+, 5/�m� Logistic @A19�9;#DC04;Tg
\].

=1�>�,`, Imai � Ratkovic[14] �*�C04;T5D#-�, 9����
5D#-19�;#\

]�C04;T�4;, '&�P�8&�
�hE. 2 (3) ^, Imai � Ratkovic[14] ��
5D#-�#

+O+���/�	(/3>�C04;T	�:

E

[
Tf(X)
π(X)

− (1 − T )f(X)
1 − π(X)

]
= 0. (4)

(4) ^	��>ÆK.^�:

1
n

n∑
i=1

(
Ti

πβ(Xi)
− 1 − Ti

1 − πβ(Xi)

)
f(Xi) = 0. (5)

Æ&\K, (5) ^ac���/�	(/	1_& f(Xi) 7=;�>Æ50. T (5) ^)���/&�1D
68&�/&#, -YibM�%I, ��7 f(Xi) = Xi, E2B9.K<c7/.��//�
5D#-
19)�D68& β:

1
n

n∑
i=1

gβ(Ti, Xi) = 0,

D),

gβ(Ti, Xi) =
(

Ti

πβ(Xi)
− 1 − Ti

1 − πβ(Xi)

)
f(Xi).

T (5) ^)���/&61D68&�/&#, -<EbM�%I, ��7 f(Xi) = (X ′
i, (X

2
i )′)′, 1# (5)

^)D68&�7I"d5. ��77�/��, WZ2B�+EHK�
��� [19] /c7D68& β:

β̂GMM = arg min
β∈Θ

(
n−1/2

n∑
i=1

gβ(Ti, Xi)

)′
Wn(β)

(
n−1/2

n∑
i=1

gβ(Ti, Xi)

)
, (6)

��#@Æi�7Y>Æ:Æ, Imai � Ratkovic[14] ��
#7+hjÆS�EHK�
4 [20], -� (6)

^)[7

W−1
n (β) = Σβ(T, X) =

1
n

n∑
i=1

E{gβ(Ti, Xi)gβ(Ti, Xi)′|Xi}.

Imai � Ratkovic[14] �C04;T5D#-��.��K<EHK�
c7<#C04���/�	
(/3>"2*,ab;T, �>-<�5D#-F1�%I/, 0(�I*#@5/<#��/�	(/
3>�C04ab=	;T�5D#-��
4.

2.2 FtuGHIvGHJKLM
� Logistic @A19=3, "# Imai � Ratkovic[14] �C04;T5D#-��Fh�;5����

�
4�5�F4�^	F4�),&,  kn��9��"*),04[^. I��_9����N�

0(�34-�)
19�C04, J&=1�)�C04�[^�c0(�R7*c�Nco. /M�

�6&�idCl�co/, PBC04����0(��G�G	�%I. 1�, -C5+&�US�2
[^04�C04;T��Æ#>-e�.
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Æp, WZ\]U04[^�C04;T5D#-���. WZ� Imai� Ratkovic[14] �C04;T5

D#-���=P8, 3�� Caner[17] � GMM-LASSO �eg, �*�UC04;T� GMM-LASSO �


��. WZ�����
5D#-�#+, bO+�5D#-�C04;T:Æ, ;#P\]�04[^

���. �5���	 Imai � Ratkovic[14] �C04;T5D#-���.E, 7?1�PC04;T��
�()��+:. �a, WZ=J\]+ (1) ^�Q: Logistic@A19	5D#-),?1. O+ (4) ^�

K4;, WZ2B]W (6) ^�EHK�
4. � (6) ^�=P8, 	D68& β C8 L1 f&VW, 1�W

Z#@�UC04;T� GMM-LASSO �
4

β̂GMM-LASSO = arg min
β∈Θ

(
n−1/2

n∑
i=1

gβ(Ti, Xi)

)′
Wn(β)

(
n−1/2

n∑
i=1

gβ(Ti, Xi)

)
+ λ

p∑
i=1

|βi| , (7)

D), λ �VW�&, 6�Km

W−1
n (β) =

1
n

n∑
i=1

E{gβ(Ti, Xi)gβ(Ti, Xi)′|Xi} =
1
n

n∑
i=1

(
[πβ(Xi){1 − πβ(Xi)}]−1f(Xi)f(Xi)′

)
.

��c7 (7) ^) GMM-LASSO �
4, �aWZ7+�IgfEg� [21], no�0-Kqj B. 0
#5���, (7)^)�VW_&2Bl5DV.^,3� Fan� Li[22] � SCAD (smoothly clipped absolute

deviation) VW_&. =P, VW�& λ�[^, WZ7+� Fan � Li[22] �eg. TJI2B7+ Caner[17]

���.

2.3 OPHIQRwx
Æp, WZh�=1 GMM-LASSO ���;5�����
4�=�:3%. @481f��5D#

-19�

πβ0(X) =
exp(X ′β0)

1 + exp(X ′β0)
,

�f��;5����� Δ = E[Y (1) − Y (0)], D), β0 (R β �f�0. �4Mhr, 1 (7) ^)�
GMM-LASSO �
4� β̂ = β̂GMM-LASSO. D β̂ (
 πβ, E#@ π̂ = πβ̂, 1�, =1 GMM-LASSO ��

�;5������
4�

Δ̂ = Δ̃(π̂) =
1
n

n∑
i=1

(
TiYi

πβ̂(Xi)
− (1 − Ti)Yi

1 − πβ̂(Xi)

)
. (8)

� (7) ^), i1

Zn(β) =

(
n−1

n∑
i=1

gβ(Ti, Xi)

)′
Wn(β)

(
n−1

n∑
i=1

gβ(Ti, Xi)

)
+

λ

n

p∑
i=1

|βi| ,

E7 β̂ = arg minβZn(β). ��#@=�:3�, WZN��/81:

1) 	RA� 1 ≤ i ≤ n, E|f(Xi)| < ∞.

2) 1 Wn(β) �	1 β hj�J�Km, Wn(β) �B?	k1 W (β) 	1 β 515<, D) W (β) �

	:F!$J�Kmb	1 β hj.

3) VW�&N; λ = o(n).

4) 5D#-19�J�1��, -f��5D#-192 Logistic @A19:*.

5) c2gd4;5<, - (a) :� X �4;/, (Y (1), Y (0)) ���04 T Z<; (b) 9� ε > 0, <#

ε < πβ(x) < 1 − ε.

6) E|Y (1)| < ∞ b E|Y (0)| < ∞.

/GWZi-Æ+�.���, cW<�nKqj A.

ST 1 i81 1) ∼ 6) 5<, E (i) β̂
p→ β0 b (ii) Δ̂

p→ Δ.

3 UVWXYZ

Æp,WZK<S/TU")/0(Æ+�*�GMM-LASSO�
��. WZ35��6LJ� (MLE),

Imai � Ratkovic[14] �C04;T5D#- (CBPS) ���Æ+� GMM-LASSO ���=1>B?C6
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�;5�����
4)�R-. 81WZ7 p BC04 (Xi1, Xi2, · · · , Xip) ∼ N(0, Ip), i = 1, · · · , n, D

) Ip � p × p 2,Km. f��5D#-�:

π(Xi) =
exp(0.3 − Xi1 + 0.5Xi2)

1 + exp(0.3 − Xi1 + 0.5Xi2)
.

��04 Ti ∼ B(1, π(Xi)), D) B(1, π(Xi)) �BB?� π(Xi) � 0-1-Q. 81`��3%04 Yi(0)�

Yi(1) �
Yi(1) = 210 + 27.4Xi1 + 13.7Xi2 + 13.7Xi3 + 13.7Xi4 + εi(1),

Yi(0) = 27.4Xi1 + 13.7Xi2 + 13.7Xi3 + 13.7Xi4 + εi(0),

D), εi(1) � εi(0) Z<;-Q1 N(0, 1). E,$@�3%04 Yi = TiYi(1)+ (1− Ti)Yi(0). ÆJ, f��

;5���� Δ = 210. �aWZ\] (8) ^�>B?C6�;5�����
4 Δ̂. /GWZD+a+"
;����
5D#-, IN�
�5D#-(
 (8) ^
g;5����. a+��-M�: 1) 	5D#

-?< Logistic @A19I+�6LJ��
D68& (MLE); 2) Imai � Ratkovic[14] �C04;T5D

#-� (CBPS); 3) Æ+�*�U04[^�C04;T5D#-�: GMM-LASSO �� (gmmlso).

	8-�a+��, WZ�>Æ4 n �1 200, 500 � 1000 �1�/, -M	C04BE p �1 10, 30

� 50 �%I),� 1000 ;S/TU1V, I
g�M+��M	��;5�����
4 Δ̂ �^	F4

�),& (median of absolute error) �^	F4���4 (standard deviation of absolute error). 219j

� (two-step) � GMM �
43hjÆS GMM �
4��Tp,jE�l#!, 1VX-�Rj��c

X-� CBPS � GMM-LASSO ��57+9j�� GMM ),
g. 1V�3%�R 1 MS.

'R 1 �3%2B8@: @4, !2>Æ4�G6, a+����
3%\#@�[N; D;, �h>Æ

PBE/, Æ+� GMM-LASSO ��R7WÆ�Lk; �R, *�=1 LASSO �04[^����
4�

76�
, MB, �>Æ456bC04BE5
�%I/, WZ�3%I"L1 CBPS �
4.  ��5

��>Æ4/, !2C04BE�GP, Æ+� GMM-LASSO ���Lk6[HÆ-. E3, �N;5��
`X:�L�/, =1 GMM-LASSO ���>B?C6�
42B7�[N;5������
3%.

Æ+, WZ<+ CR (coverage rate) /kq GMM-LASSO ��04[^�h�E. CR :�st?, �

Æ+)RS�&�m�C04%J�bM*/�3�. CR ��\70� 1000 ;1V�),&, 1V3%

�R 2 MS. 1V3%RW, 19r`X, Æ+� GMM-LASSO ��	1�&�m�C04�J�bM?

�rP.

] 1 "y^_`zabcdefg ATE cdhg]i
p=10 p=30 p=50

MLE CBPS gmmlso MLE CBPS gmmlso MLE CBPS gmmlso

n=200 MAE 5.223 3.521 2.962 9.508 21.169 4.679 15.554 49.300 4.635

sd 9.382 3.804 2.406 43.229 13.689 3.827 95.028 13.921 4.784

n=500 MAE 2.992 1.383 2.003 3.799 4.113 3.099 4.350 9.335 3.776

sd 3.865 1.292 1.544 4.677 2.450 1.599 6.009 4.219 2.120

n=1000 MAE 2.075 0.777 1.551 2.312 1.794 2.517 2.778 3.224 3.105

sd 2.224 0.743 1.221 2.526 1.149 1.261 3.835 1.547 1.174

] 2 ^_jkl CR gm{
p=10 p=30 p=50

n = 200 0.500 0.750 0.771

n = 500 0.625 0.786 0.854

n = 1000 0.625 0.857 0.917

4 n|}o
Æp, WZDÆ+�*����+@�(l�), �a\]� Ichino � [23] +)+@�&�u. WZ<

+ 2000 +(),A6OlmTg,n�&�/0(nsop (temporary work agency, TWA) $��K7
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O1�o�vRt@5m:���<.

�nsop$�), nsop$]wuxv�oIN���oop@N�w��jp. �n���<"
;, xqw��jp9.�nsop$]ro�;, Iwu�	�-+�o, &�o����pOE2ns
op$]wu. @
nsop$��.��35���q?GH�&'��o�vRt@5m:��
�<. '��8_, 79/y*2Bpbnsop��^�5+7O�$�: 5�, �o2BK<nsop�

�^/RWDy��<*f; Y�, nsop2B��o�f7rPof�Æ, q6WC�q,sZz{
�$6.

����nsop$��K	�7zQ��, Ichino � [23] � 2000 +(),	u�A6OlmTg

�||a�96,n�&�. 9&�uLU 2030 />Æ, D)��/7 511 /, &	(/7 1519 /. D),

��/Lt� 2001+�L 6 /}Q8�nsop-3�/o; &	(/ELt+u� 18 * 40 r3>�o
Æ, �X-Æ(s1nSf,  2001 + 1 }v7:���<, Ib� 2001 +Ls+v78�nsop-3.

�>, 9//�Æ(5/D;5nSftt. ;#, 9&�uR75/u{�04u�, Ltow/<[�u

co[�x��<�)�.

Æ+, WZ�B-8lmTg,ny:�o (LU 339 />Æ) �%I. WZebY�3%04��o

� 2002+v�K75m:���< (B�Kro5mw,�;/T4). ��04��o�K8Cnsop.

C04� Ichino � [23] +)+/bM5D#-�C0451, LU Ichino � [23] +)R 1 �\X, z{�

;��5/Wx
 (| 29 /BE). WZ<+=15D#-C6��
4/��;5����. �a\]�

a+";�5D#-��
��: �6LJ�
� (MLE),C04;T5D#-� (CBPS) BkÆ+�*�

GMM-LASSO �� (gmmlso). R 3 :*�=1";5D#-�
��� ATE �B�
���4. �a, W

Z7+ Bootstrap ��
g��4: @4, 'y*>Æ)7y@�Yz7 339 />Æ, O�z*�>Æ
g

ATE �
4; �Y8-jr 500 ;, #@ 500 / ATE ��
4, �R
g8-�
4�>Æ��4.

Æ�), GMM-LASSO ��|[*� 24 /=	04. 1P, 'R 3 2B#*, Tszv; α = 0.05 #,

=1MLE, CBPS� GMM-LASSO���;5�����szn>-M� (−0.0932, 0.381), (0.0812, 0.375)

� (0.114, 0.480). =1 MLE ���szn>Lt 0, =1 CBPS � GMM-LASSO ���szn>"LU
0, b\� 0 �~{. �_W� 0.05�szv;/, =1 MLE ���;5����"Æ7;  =1 CBPS �

GMM-LASSO ���;5����Æ7�J.

] 3 "y^_`zabcdefg ATE cd
MLE CBPS gmmlso

0.144 0.228 0.297

(0.121) (0.0749) (0.0932)

5 tu

5/i�5D#-��
, N�\]9/�G���: 5�G, 5D#-�<#��/�	(/�M/
C048_@=;�-Q, -C04;T; =5�G, J�[^?<5D#-19�C04. -7��
5

D#-���Æ!,N=1C04;T�G, Iv7*i,77C04�[^��. Æ+�*�=1 GMM-

LASSO ���C04;T5D#-�
4. 9�
4��
5D#-#, ?�),C04;T, J}~�0

4[^. 1V3%RW, �>Æ4hbC04R7PB`X�/<#, 9�
4	;5������
R7

Æi�3%. ��8, +�cW�=19�
4�;5�����
4R7=�:. *1, Æ+���7?1
�PC04;T���0()��+:. �R, 0#5���, WZ�*��
4�DV6>Æ:Æ (3�H

)Jw:) Bk�c[^ (5) )�m�_& f(·) �, ����N�WZ)5jx0(.
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z{
A. |~�}

�� 1 �cW: (i) *� (Ti, Xi), 1 ≤ i ≤ n �Z<;-Q�, MB26&�|, 	1 β 51,7
1
n

n∑
i=1

gβ (Ti, Xi)
p→ m(β),

D),

m(β) = E

[
Tf(X)
πβ(X)

− (1 − T )f(X)
1 − πβ(X)

]
.

281 2 � 3, WZ#@
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Zn(β) = arg min
β∈Θ

(
n−1

n∑
i=1

gβ(Ti, Xi)

)′
Wn(β)

(
n−1

n∑
i=1

gβ(Ti, Xi)

)
+

λ

n

p∑
i=1

|βi|
p→ m(β)′W (β)m(β) =: Z(β).

�R, 2 Van Der Vaart � Wellner[24] y)�.� 3.2.3, WZ#@

β̂ = arg min
β

Zn(β)
p→ arg min

β
Z(β) = β0.

(ii) O+ (i) �3�, WZ7 β̂
p→ β0. 281 5)(b), 2B#@∣∣∣∣ TY

πβ(X)
− (1 − T )Y

1 − πβ(X)

∣∣∣∣ ≤ 2|Y |
ε

.

281 6, WZ7 E|Y | < ∞. 1�, O�}�	k��2#
Δ̂ = E

(
TY

πβ0(X)
− (1 − T )Y

1 − πβ0(X)

)
+ op(1).

=A@, Y = TY(1) + (1 − T )Y (0). �81 5)(a) /, 24;,`��,`j^, 8^24M�,

Δ̂ = E

(
TY

πβ0(X)
− (1 − T )Y

1 − πβ0(X)

)
+ op(1) = E

(
TY(1)
πβ0(X)

− (1 − T )Y (0)
1 − πβ0(X)

)
+ op(1)

= E

(
E(T |X)E(Y (1)|X)

πβ0(X)
− (1 − E(T |X))E(Y (1)|X)

1 − πβ0(X)

)
+ op(1).

�5D#-19J�1��4;/, WZ7

Δ̂ = E [E (Y (1)|X) − E (Y (0)|X)] + op(1) = E (Y (1) − Y (0)) + op(1) = Δ + op(1).

��T5����cW.

B. ~M
IgfE��5+/z�fE/d��, .�+1c7�_&"2E��LM��. �%�_&�

��B�"2E�, ~�9B�fE0�c7. 1#, n��fE/d��0�<+. IgfEg��=Æe

g�, <+HIg5<�ILfE),fE/d. 1g�77{LM��19�/:

minF (x) = G(x) + h(x), (9)

D), G(x) �{_&b2E, h(x) �{_& "2E. �H{_& h(x) �Ig|��/:

proxh(z) := arg min
θ∈Rp

{
1
2
‖z − θ‖2

2 + h(θ)
}

. (10)

��c7 (9) ^MS��, IgfE�) x �|(}.j^�:

xt+1 = proxsth(xt − st 
 G(xt)).

T"2E_& h(x) � l1 f&, - h(θ) = λ‖θ‖1, Ig|� (10) ^�:

proxsh(z) = argmin
θ∈Rp

{
1
2s

‖z − θ‖2
2 + λ‖θ‖1

}
= arg min

θ∈Rp

{
1
2
‖z − θ‖2

2 + λs‖θ‖1

}

= arg min
θ∈Rp

⎧⎨⎩
p∑

j=1

{
1
2
(zj − θj)2 + λs |θj|

}⎫⎬⎭ .

+}�0g5RS8^�7�
[Sτ (z)]j = sign(zj)(|zj | − τ)+, j = 1, 2, · · · , p,

D), �0 τ = sλ, (x)+ RS max{x, 0}.
*1, T h(θ) = λ‖θ‖1 #, IgfE�2��K<B/9/jr/�-: 1) �~ t j|(#, K<fE

/d�#@5/B z = xt − st 
 G(xt), st RS~ t j|(�jw; 2) 	9B z �a3�+}�0g5#
@~ t + 1 j�7 xt+1 = Sstλ(z). +Q:~����jw st, g��/: :� xk, sk−1 �8& β ∈ (0, 1).

_ s = sk−1, �Y
1. z = proxsh(xt − s 
 G(xt))

2. break if G(z) ≤ Ĝs(z, xk)

3. update s = βs

�@ sk = s, xk+1 = z, D) Ĝs(x, y) = G(y) + 
G(y)�(x − y) + 1
2s‖x− y‖2

2.


