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Recent Developments in Estimating Treatment Effects for
Panel Data
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Abstract This survey paper highlights some recent developments in estimating treat-
ment effects for panel data. First, this paper begins with a brief introduction of the
basic model setup in modern econometric analysis of program or economic policy eval-
uation for panel data. Second, the primary attention goes to the focus on estimating
both the average and quantile treatment effects for panel data. Finally, it concludes
the paper by addressing theoretically, methodologically and empirically some possible
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future research directions for young scholars in econometrics and statistics, particularly,
some interesting and challenging research topics related to a combination of machine
learning and casual inference for panel data.

Keywords average treatment effects; difference-in-differences; machine learning; panel
data; quantile treatment effects; two-way fixed effects
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�������
��������������������������, �����

������ treatment effect (������), ��������������������

�����Æ, ���������� , ��������������Æ�����. ��

��������������������������, ���� �� (counterfactual).

���!� ��, !��� � ���"#, � $%"�����&� (��!�'�,

propensity score function) !���!"� (difference-in-differences, DiD)�() $"#��,

����"���� (ATE) �� ����� (QTE). �*, ��"#��#������!

�'�, #�, ��+#��$%$& Imbens and Wooldridge (2009) ��$,  '!��$%

$& Liu, Cai and Fang et al. (2020)�"��$, QTE"�%$& Tang (2020)�"���, ,

�"(� !%)$&" Cerulli (2015).

����*+����������"# , ��� , #,!#�"##�- DiD "#,

��$�". '/ (��#0) �"# (��#��%#) �%$$. %&���#'(-)&

%, &'��#� ATE %Æ.�'����#��"��* '�(/��%#��"��*
 '�(/�"&���. $+%�, DiD (%"#))����!�'�, Æ))��!�'

�%*�*&-). '+, ����,�$, Hsiao, Ching and Wan (2012) (Æ$.�� HCW)

-�-� DiD "#&�.('(), %Æ������,�$, �� HCW "#.

���, HCW � � .0�''+%����,�$��"����. *�,�$��

- DiD "#/), HCW &,����.����. '/��,�$, � ��1,�-2 
'�+0. .��!)#��1�.� (��%#���-2� �����. �� HCW�

�,�$�+#�#�� '!��*�,�, %Æ0� Bai and Ng (2002), Pesaran (2006),

Bai (2009) �"#�����''. �*, ����� , +2���,�*�/��%$. -�

� ,-, HCW � � )/&,''� ������"#. �-..�-)/�$, HCW

..�/�0�*031 $/�%Æ!�����, 2*0�1(!.�. +1, /� Li and

Bell (2017) +0 �, HCW  �"#1)+ #/��-)��2323��. 3452, 3

4��31�����+'�4�',-. +1, 3/�$��� �24� ������ 

'+5�#36.

74�, +2�52�5��.�8�� HCW�+2"#9#�45�()���.6�,

56, ���� HCW �"#, Chen, Han and Li et al. (2013) 6:7;6457�� ��Æ
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=-�0� 9*9>:764�+#�4�', +2��7?8 300 (CSI300)10�8;@8

� 9:67;�;57� (VIX) ���. �7, Bai, Li and Ouyang (2014)1 HCW �"#9

)�4�� ':�#<�;� =���%$, �0, 9:>8;�>����, /� 20114

1 9A<��?�!=9#�>8;��><, %/��.?6�>�, 0� HCW �"#��

�?�!=�/:@>8;�%$$�-)>�. 9A, Ouyang and Peng (2015) @:� HCW

 �=' $'�-), ;�:�<$� $'�, %1 HCW +%>4�;$�)�, %Æ+

"#+2 2008 4 9���<B"=. 9B, Du and Zhang (2015) :<0� “�.C>@?<

.”(leave-many-out cross validation) .=@? HCW  � Akaike @A.= (AIC) �23*1
24��, %1����� 9�A>B4�>8;�>�� ����. +1, Ke, Chen and

Hong et al. (2017) /� 1990 4� 2013 4 9'�6�$, ������CD;�%$$/�

22�<�CA6���, 6:�CA6�"�> GDP �-) ��, ����CD;�;B

A6() (�CA6) ��>C���. +1, Li and Bell (2017) D� HCW �"#%Æ�B4

',0�-)$/�#��, �>�, Li and Bell (2017) ÆB� HCW  �!� .-), �0

D � HCW �"��������C7'?. <1, Li and Bell (2017)1*0D�@E�23
1' (least absolute shjrinkage and selection operator, LASSO) "#�7 HCW �"# 0!
24�23�+#�EFC��%$$,!��, * Carvalho, Masini and Medeiros (2018) .

.� LASSO���#4D�%&C7/F�G�.,!��#, Carvalho et al. (2018)1 HCW

�"#>4� )=E&8����"#, �� ArCo, ������%#�%$$, ��E@�

�.�����'���, �*�� +#�:< A, +1, .�F&,��)E@H��G
EH����>. *0, Carvalho et al. (2018) ��.��+%��� 2007 4IF��� I

;����;>B��.F���(� (#�: ��>C�?J�@J) ���.

*7, ��/��,�$�/��$ (longitudinal data) 9#'�>(, ÆK0&?���
�, �'K='G2�� $ (two-way linear fixed effect, G� 2FE) !&��,�$��'�

���@D"#. 0� 2FE ����-�;�#) %"�����-2� �/�-2LG

�/�-2 '�HC'K. ���, =$ De Chaisemartin and D’Haultfoeuille (2020) � D

%L, � 2010 4D 2012 48', HI���CEMA9���5N1O�+��.�$ , �

19% 0���'KG2�� $�����������. 6�, ���� ATE, Imai and Kim

(2019, 2020) � �* 2FE +%���"#, ÆKJ�����-2� �-2 '�HC'

K, * De Chaisemartin and D’Haultfoeuille (2020) � �<1 )H���"#, ÆM���

���-2LG�-2 '�HC'K. *0, Sun and Abraham (2020)� � )?@"#�
�� .�����7F��, */#ÆB����6�10���G2�� $, P�#'(

-)F������I(��/�(�$Q%*&% , Callaway and Sant’Anna (2020) O.,

K0����-:�"&DA#'�<�#��7F(/, �@* DiD )� GN2� :�
'���$�. =$.��L2��, .�� �/)�M("=, %Æ��J /)*���

���&?', %2�$*���"G��.

NIATE"#���CGOH, RPC����I��G#/���&?'�JK , ATE

1PO 300 J�PKKQLQR	LQJ�, MNMONSN
O3RP�RP	D 300 QLE	SL.



236 ��
��� � 1�

%*/*CO'@O�����. 6�, TM��T Chen et al. (2013) +&,�?8 300 0�

7;�;57�� 2002 4 1 9D 2020 4 10 9��G��, �N 1 +U, 2N 1 %ÆVU'S

�A.23�F��G: ��# ()=)���0 (3=) �".23 (�=) ��G#/���,

%&#O!�R�P�. '+, ATE %*/M���.��,-�GT����. 4 , M��

�&,������G��. ��� , � ����� (QTE) %Æ���V�������

���� �����".�G�WP� �����.

] 1 2002 4 1 ^_ 2020 4 10 ^56 300 `789:;<=>?@79::

AaB (Cb) DAaE (cb) dFeGfH (Ib)

�*, ����,�$�� QTE ���<��B. �&, *7���ÆB Callaway, Li and

Oka (2018) Æ= Callaway and Li (2019), .�&,� Copula /('�-)$ ()0��-)

Q2), �G2 '/ (�B�,) � DiD )�$0��,�$�� QTE ()0��-) Q2), Æ

= Cai, Fang and Lin et al. (2021) ��$, Q�1 HCW �"#>4��,�$� QTE )�,

2*���,�$�����9#�"DGT�&T. �� ���� ����� , /)�

HCW �"#=�3�9), Cai et al. (2021) �7�/�HU�G'� (CDF) /('�-)

()0��-) Q3), � � ..��"#�0�/� CDF �Q/�� CDF +'��:. �

��)"#, %Æ0�<$��;$�"#���/� CDF. +1, Cai et al. (2021) D �+

� � QTE�����23'?, Æ= )0�XI (blockwise) Bootstrap�8��7�6(

�@X'�"#.

*0, 0� QTE �,�$"#, Cai et al. (2021) ��� �������, +2�7?8

300 0�8;@8, 2010 4 4 9 16 YS 9��8;@8+/Z> , #R��7;6457

�Æ=R Huang, Schlag and Shaliastovich et al. (2019) &2�57�+57� (volatility-in-
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volatility, VVIX)2 8,��. �70, ��J��70�8;@8%*�'��SV*7T7;

64, G��D�0�8;64%Æ��@A!�[��?�, 0��64,!T\. Cai et al.

(2021)�+2��17#, �7?8 3000�8;@8/W� 9��64� VIX �UJ��,

*&� VVIX G�UJ��.

3���UW�#V�$. 9 2 (AK� S�-� DiD "#=�(G, ������.

 '/� ATE ��'KG2��. 9 3 (V"X�� HCW �"#=�9), 9 4 (:5��

B�,�$��%�,�$� QTE ��. 9 5 (#3���]W, ) , :5� .<���

*&WX'�L���+2,-, Y��VM�X4����+2"�.

2 KLgMNhiOPQR

2.1 STUjkVWXY
56,TM S $�-� DiD"#,NI3�������� $+%�,6�,) Cerulli

(2015). ���, �-� DiD ��2 .�<#� .24#�".�".Æ�/) 8 (#�,

T . 8, & T ≥ 2) ����$, �G�2, ��#D^ . '/, ��0D^ . '/. �

��� .D;���� ..GL#������, ��-)�"#��ZF D = 0 � 1, �

 0 OU��G���.G, K�%#, 1 OU�G���.G, K��#. ) , -).G�"

. '/ ��� (T = 2), t = 0 � 1, 0 OU��#�G��#� / ', K��#, 1 OU

��#�G��0� / ', K��0. N 7���Æ[O i = 1, · · · , N �0B, N..G

���".��,  .���#,  .���0. ��� yit :+, ��&,Æ$ $+%

yit = β0 + β1Di + β2 t+ ΔDiD(Di · t) + εi, (1)

� :�#�YP[O {βj}2
j=0 OU�, F� ΔDiD G#��$�, Æ= εi # .*V����

�&"D. S (1) Z, M�%ÆVU'S�, :���$�*_: β0 #��D, β1 OU��#�
-2�� (�*_���24+'��"ZX'"&), β2 Y724#���#�)� ''(,

ΔDiD #���I���. +Æ, DiD "#�!)���� ΔDiD.

����ΔDiD ,2 (1)Z,M�%ÆC!8'!�ΔDiD =
[
E(y1

1) − E(y1
0)

]−[
E(y0

1) − E(y0
0)

]
,

� y1
0 � y1

1 �V#��#��#0���, y0
0 � y0

1 #�%#4����23�"�. '+,

"� - "� (��!"�) ��[2\���#��#0�"���"[YÆ�%#��#0�
"���"[, �# )"� �"�, 2\�

Δ̂DiD =
[
ȳ1
1 − ȳ1

0

] − [
ȳ0
1 − ȳ0

0

]
, (2)

� ȳ1
0 � ȳ1

1 �V#��#��#0���23�"�, ȳ0
0 � ȳ0

1 #�%#4����23�
"�. M�%ÆC!8'.. Δ̂DiD # ΔDiD �QQ�4D���. U�, �.���%Æ�S

(#".#0��� (pre-versus-post estimators) �"[, K (2) RZ�9 W�, YÆ�%#
����, K (2) RZ�93W�. P�, ��)�%ÆC!8'>4�� T ≥ 2 RG2�%$,

,�"(T�%Æ$& Cerulli (2015).

2[UR][UR	V^Z_N Huang et al. (2019) �`\.
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[! ��#, *7, Henderson and Sperlich (2021) &W'- (2) >4�]� confounder

(HC(�) �<$� DiD %$, G[#&,����'� ΔDiD(x) #�� .HC(� x, �

0/�<$���"#9#�� ΔDiD(x), ) , /�.��� �+%�+2���A9JS
�aT�� deferred action for childhood arrivals (DACA, “Z4^A�b\UX”)3�&.<#

97A9�0Y]c ( 0����) %$���.

*0, M8@9 ���+% (1) ����.��, ��0� (2) Z ���"# Δ̂DiD. �

+, 8OVd�#, S�WZ�B, ���9 ��� ���9#"�.

2.2 jlm\]nojkVWXY
74�, ��/��,�$�/��$9#'�>(, K0&?�7F�����, �'K

='G2�� $!&� )!#�"#, ��2�,�$��'���, Æ%"������

 -2�/�LG-2�/� '-2HC'K. 6�, $)78�H���� DiD �/���+

2 /)�� '�&?�������, ÆBR/B�, Imai and Kim (2019, 2020), De Chaise-

martin and D’Haultfoeuille (2020), Sun and Abraham (2020), Callaway and Sant’Anna (2020)

Æ=� �$&��. �>�, Imai and Kim (2020) &,�Æ$�'K='G2�� $+%

yit = αi + γt + β� Zit + εit.

�� i = 1, 2, · · · , N Æ= t = 1, 2, · · · , T , � αi � γt �V#� ��� 'G2��, Zit

#I(�, �* Imai and Kim (2019) &,�/] γt D���+%. +1, Imai and Kim (2020)

O., 2FE +%) ��")����HC'K9#%"�*KO!#��='%!���-
). 0� 2FE ����< .�)�S#, �"#�". '/�*.�)�$, 3* DiD �

����. +1, .�D�, ���+2 ��,��, _�%$$, �)��'%/:�. 4

 , .�..��%8� DiD ������!�� 2FE ���, R .��[��!�[. '

+, Imai and Kim (2020) 1 Imai and Kim (2019)  ���G2�� $������OU9
)� 2FE���,Æ�*�.450������<$�X^ �'�*_.,�"(T�%$

& Imai and Kim (2020). +1, Imai and Kim (2019) ��.�� �"#�&,���;�Y

82I2&5^;�3�Y8�'����e<.

<1, � De Chaisemartin and D’Haultfoeuille (2020) ��W�$ , -)�) (g, t) �

�; �+������4)���"#, %&��"##3��, [R��"##Æ[�� 

(county-level law). &, yi,g,t � $, K t 8 g #� i ��#G2���%8G2���
Dg,t(t 8 g #���) ���. Z β̂fe OU yi,g,t ��#G2���%8G2��� Dg,t ��*
031# (OLS)  $ Dg,t �:�. �\)'(-)$, De Chaisemartin and D’Haultfoeuille

(2020) O. βfe ��N.���� (g, t) ��; �����!�2�

βfe = E

⎛
⎝ ∑

(g,t):Dg,t=1

Wg,tΔg,t

⎞
⎠ ,

3DACA, “\�`�fg_[]” �`, Phab\� 2012 �^], _]N�ia^�bVR	�_``�c
	a_dPKe`
Æ\��	�Z_f^cN��b8	ca`ag, �de`jf[]hb�c	��. g
Pd_ab�ib9^kKhlK`m
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� Δg,t � g #� t 8��"���� (ATE) %&�! Wg,t 4!�� 1 R%*#[�. /

� De Chaisemartin and D’Haultfoeuille (2020) +X��&2, [�!�8,#'� βfe #j.

DiD �!��, �. DiD #,�d#�ca '/ ���b(. �*,  .#, ��%#%
*�". 8�9#��. �0, 3�93. 8������ DiD +"�, '+�[�!. S

�[�!, 6�=' $:�%*#[�, *+�� ATE �#I//�. '+, De Chaisemartin

and D’Haultfoeuille (2020) � �< .��"#�*+� ,-; 6�, De Chaisemartin and

D’Haultfoeuille (2020)  �2� 1 V"kc� βfe �UZOiZ. *0, De Chaisemartin and

D’Haultfoeuille (2020)1.�� �"#���".�>��:0��,�$%24���G2

��, +2� 18684D 19284A92Æ2l �n�2TS7����, Æ=��&5��^
���.

*0, Sun and Abraham (2020) � � )?@"#���* '(/�7F��, */

#ÆB���j#�10���G2�� $, %&P�#'(-)F������I(��

/�$Q%*&% , * Callaway and Sant’Anna (2020) &,��V���,-, %O.�@

* DiD )� �V� :�'�$�, K0����-:"&�#'8,�/�#���7F
(/. Callaway and Sant’Anna (2020)=$�V��� �/)�M("=, %��J /)*

������&?', 2�$*���"G��. ��"(, T�%Æ$&���$�� �$
&��. Sun and Abraham (2020)/�.�� �"#+2�co�d���0�, �#A9&

4���ec� ��p, * Callaway and Sant’Anna (2020) ���� 2001 4D 2007 4A9

*k�^�d^4[q���, X��.�� ����4�'.

���0��,�$�/��$�D;���� , �'KG2�� (2FE) "#���0

�, ��"(+�. ,-# 2FE ���*�-����e'/). �>�, =$���")"#
�e�, ��%*!�S��3�+'�XV. �*, K00� DiD 9#��+���V/�#

FE ,^, S�#8?��/�, 0� DiD Y^��� ATE +����7�. P���UJY
^ , %Æ0� DiD "#. �*, ������mn$o, =��0� FE ��, '� FE %*�

ATE 8,,;p���. ��Æ�")"#�,�#,, T�%Æ$& Cerulli (2015) �". *
0, /R Henderson and Sperlich (2021) &2, - (2) �- DiD "#>4�<$�%$, #R%

Æ-�� 2FE d)"#>4�<$�%q�lM�9 m9:�+2, Yd4f��%Æ��

."�Æg&.

3 KLgMN HCW QR

3.1 dpefgXY
3(hfkc HCW "#=�9)���. �+, � 1 ≤ i ≤ N � 1 ≤ t ≤ T ( T → ∞), y1

it

OU HCW "#�9 t 8 �9 i .� �����, * y0
it OU�� HCW "#�9 t 8 �

9 i .� �����. HCW "#�9 t 8 �9 i .� ���2\�

Δit = y1
it − y0

it.

S�Q#) ��� y1
it � y0

it, '+�����$��Æ$eZ:
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yit = dity
1
it + (1 − dit)y0

it.

��� ' t  9 i ��/���, = dit = 1, R= dit = 0. HCW �+%i!��2 )%
$, K� 1 < T1 < T  F� .� � ' T1 + 1 0�G��. �/h _'�#�$, -

23#9 .��. 3452, � j = 2, · · · , N �+�� t = 1, · · · , T , Æ=�9 .�� y1t,

t = 1, · · · , T1  , yjt ���� HCW "#; F�P t = T1 + 1, · · · , T  , y1t ��� HCW "#.

HCW 0�Æ$''+%�Bg.����"#
y0

it = αi + b�i ft + uit, i = 1, · · · , N, t = 1, · · · , T, (3)

� αi �9 i ..G-2#r, bi � K × 1 *''[f��, ft � K × 1 *�� (/%��) g

\'', uit �i4#�;&"D. �� T � N �C�, %Æ0� Bai and Ng (2002) �"#�

� ft �g'�. � T � N �/C��%$$, HCW � � )��24���H"#, ��

0� ỹt = (y2t, · · · , yNt)� �@? ft @���0� ���� y0
1t.

�G�2, � HCW "# , NIj7+�+#���� .\)'K�N.+#����

��%*/), R%Æ-)+#���+'�4�'#S3�DA�. '+, =$ y1t � {yjt}N
j=2

* (3)  �+%�4�', HCW, Li and Bell (2017)4>D �$ $+%

y1t = β�xt + u1t, t = 1, · · · , T1. (4)

��� ���� y0
1t, � xt = (1, y2t, · · · , yNt)�, β = (β1, · · · , βN )�, � u1t # .?"[�

�B""�-k&"D. � OLS  $#�:� β 9#��,

β̂ = arg min
β

T1∑
t=1

(y1t − β�xt)2.

��-)�$�6���#0no/(��.-), � HCW  � �-) 1∼6, OLS �� β̂

#4D�, %Æ�� t = T1 + 1, · · · , T  y0
1t � ��@����$:

ŷ0
1t = β̂�xt, t = T1 + 1, · · · , T.

*0, �9 .� ��"����9#��:

Δ1 = E(Δ1t) = E(y1
1t − y0

1t). (5)

%Æ��1��0���������� ����+'�"&l�"[�6::

Δ̂1 =
1
T2

T∑
t=T1+1

(
y1
1t − ŷ0

1t

)
, (6)

� T2 = T − T1. %Æ.., �� .-)$, � HCW �-) 1∼6, �.���#4D���.

jq 1 M�%ÆS�, 0� HCW "#� .9m#))R Bai and Ng (2002), Pesaran

(2006), Bai (2009) &2��g\'' {ft}. R#, (4) � xt �Q;�Æh .I(� Zt, 3

/#24��� W�, �2��� ,�f�K. �.g#�lM�9 mÆ9:.

�� (3)  � '!� {ft} ��$, HCW �-) {ft} %Æ#�;�, G%Æ#<�;

�; 2 HCW �pÆ 2  %�, /�, F� .-2
∑T

t=1 ||ft||2/T @h� .��, R#, ��

4HCW N Li and Bell (2017) 	sm HCW3 hiq (4), isme Li and Bell (2017) �ij.
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ft # .����ka�� =��, �.-2U�#/lk�. '+, Bai et al. (2014) D�,

�� {ft} # .���� .ka�� =��, /��&WP='/�"['�eZ�-)
$, Bai et al. (2014) �m- 2.1  ..�, .�/�%Æ!�(n� HCW �-) 6 � .�

�. +1, Bai et al. (2014) O. (6)  � Δ̂1 #� .-)$ () Bai et al. (2014) �-) 1∼6)

# (5)  Δ1 �4D��.

<1, Li and Bell (2017) @:� HCW  � .�G-), �='/�"['�eZ-)

� HCW  �-) 6, %O. HCW �"#N�M��,45��$,&��. �0, Li and Bell

(2017) D � Δ̂1 �C7�GÆr�>(. +1, Ouyang and Peng (2015) 1 HCW +%��

� 2008 4 9��<B"=�+2, @:� HCW �='/�"[-), ;�0�<$�/�

"['�, %1 HCW +%>4�;$�)�. F�, Carvalho et al. (2018) 1 HCW �+%9

)��.�����<='+%�%$, *+#���F� .����, Æ=�� .��I

F I;����;>B��.F���(�����!. *0, ���� HCW �"#, Chen

et al. (2013) +2��70�8;@8� 9:7647;�;57����, Ke et al. (2017)

����CD;� 9�C();BA6��>C���.

*7, Fujiki and Hsiao (2015) � HCW �"#9#�9 m9), Æ�VP������

G")��"#���  )"#�< )���. Fujiki and Hsiao (2015) 0�� 1995 4 1

9 17 Y1,� Hanshin-Awaji �'r(�+2,-�7V, � �.H�"#, .��+21

7'r��oa���, ����oa��#sn[��6(/(&�.

3.2 lrstu
P����24�� (N G2RC�)  , 0�+��24�����%*/#*O�23,

'����I(����DA,����"", � ��s�DA,"�231@�. ��23

DM�24��, HCW :<0� AIC��(G, SS#R��0�+��+#���. +1, Li

and Bell (2017), Carvalho et al. (2018) �:<0� LASSO "#2324��; G[#2,

β̂LASSO = argmin
β

T1∑
t=1

(y1t − β�xt)2 +
N∑

j=1

ψλ(βj), (7)

� ψλ(·)#tj'�, λ# .tj$�. D��P23tj'�, Li and Bell (2017), Carvalho

et al. (2018) l ψλ(·) �D�['�, Wu and Liu (2009) 0��tjuD�Q" (SCAD) j'

�. -V', Carvalho et al. (2018)� Du and Zhang (2015):<$0�@?<..=23 λ, *

&� LASSO ���k��55.. /� Li and Bell (2017) ���, ��J! β � LASSO�

�, ��23 λ �[, �)�&#ÆB0� BIC �o @?<. (leave-one-out cross validation)

�4\@?<."# (generalized cross validation) �23tj$�. �� N > T1, �[#j�

*(�23,-, %Æ0�+k�ul"# (concave convex procedure)-SCAD 1#, (n� (7)

�gg��� β; V%%) Kim, Choi and Oh (2008).

4 KLgMN QTE QR
$+%�, ��C�����G/pv �"[�:����&?', �"����%*/
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lD�g"#�e���. �-m )�����qw��, m��+2�����"G�G.

�3( , M��!)#���,�$�� �����.

4.1 ÆnoU QTE dp
��"8�,�$, Callaway et al. (2018) &,� . DiD X^, �QX^ , 23 �

+�.G� t 8/�G��* 0W��G��. ) Dit � .��0UM, ���%8 t  

���. i, =[� 1, R=� 0. ��N..G i, �%8 s ∈ {t − 1, t}  :� �C���
(yis(0), yis(1)), � yis(0)� yis(1)�VOU%8 s ���ZF���ZF�C���. N.

���o��d���d�ZF, R/#"���, '+��C����#/%����. �0,

-)"%8�,�$S��[ {(yi,t−1, yit, Zi, Dit)}n
i=1 #&, �6�$:

yi,t−1 = yi,t−1(0), yi,t = (1 −Dit)yit(0) +Dityit(0),

� Zi # .I(�. C��� yi,t−1(0), yi,t−1(1) � yit(0), yit(1) �+(��l+���Z
F Dit.

��m�����, Callaway et al. (2018) &,�n2 Zi = z �/�� �$�����

(CQTT) ��V���, m�� ���� Dit = 1, \)or Zi = z �%$$��L .G�
��. T Z &� Zi �������#�\)to. P z ∈ Z  � τ ∈ (0, 1) �� CQTT 2\

�:

ΔCQTT
z (τ) = qyt(1)|Z=z,Dt=1(τ) − qyt(0)|Z=z,Dt=1(τ),

� qyt(1)|Z=z,Dt=1(τ) #�n2 Zi = z � Dit = 1 �%$$ yit(1) � τ /�� �, ) 

qyt(0)|Z=z,Dt=1(τ) #�n2 Zi = z � Dit = 1 �%$$ yit(0) � τ /�� �. ��2\

ΔCQTT
z (τ), Z Δyit(0) = yit(0) − yi,t−1(0), ) -) Δyit(0) o%� Zi ��/�o%���Z
F Dit, K�-������ +k�/�o%-); V) Liu et al. (2020), Tang (2020). ��

x</�o%-)#R&%, !� .��[+� ; $) Fang, Tang and Cai et al (2020) =

�$&��. +1, 3F��& Æ$-).

pq Q1 (�G DiD) �+� y ∈supp(Δyit(0) |Zi) � z ∈ Z,

P (Δyit(0) ≤ y |Zi = z,Dit = 1) = P (Δyit(0) ≤ y |Zi = z,Dit = 0).

G[#2, �n2 Zi = z � Dit = 1 $, Δyit(0) �/�1G��n2 Zi = z � Dit = 0 $,

Δyit(0) �/�1G#Tq 2.

pq Q2 (Copula /(') �N. z ∈ Z �+� u, v ∈ [0, 1] × [0, 1],

CΔyt(0),yt−1(0) |Z=z,Dt=1(u, v) = CΔyt(0),yt−1(0) |Z=z,Dt=0(u, v).

G[#2, �n2 Z = z � Dt = 1 $, Δyt(0) � yt−1(0) �/� Copula ��n2 Z = z �

Dt = 0 $, Δyt(0) � yt−1(0) �/� Copula #Tq 2.

�-) Q1 � Q2 Æ=�. .-)$, Callaway et al. (2018) O., p��(�� ��

�G%Æ2���.G����� �V �. �dni, ��#����#��Gd\�vo
4n, /W#wu�G, *&�-. 8�#�'. '+-) Q1 � Q2 ��V 1Æ�y(�,

� Callaway et al. (2018) +U. +1, Callaway et al. (2018) �k� ΔCQTT
z (τ) ���, S
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Δ̂CQTT
z (τ) OU, %>D� Δ̂CQTT

z (τ) �C7��, Æ= . Bootstrap >(. <1, Callaway et

al. (2018) /�.�� �"#�����*k�^�S)r�'V�]c��2\�'LG@
7�����.

,9 m, Callaway and Li (2019) -��"#>4�D^�A.�T ')��,�$%

$ (T ≥ 3). �0��-).G�������ZF$�V��C���: y1t � y0t, .�&,

�� ����!�� (QTT) ���,

ΔQTT(τ) = qy1t|D=1(τ) − qy0t|D=1(τ),

� qy1t|D=1(τ) #�n2 D = 1 �%$$ y1t � τ /�� �, * qy0t|D=1(τ) #�n2 D = 1

�%$$ y0t � τ /�� �. �-) Q1 � Q2 Æ= .q!-)$, Callaway and Li (2019)

�k ΔQTT(τ) ���[, G( Δ̂QTT(τ), %>D� Δ̂QTT(τ) �C7��. +1, Callaway and

Li (2019) /�� ��."#�����*k�^�P'p7K64hq�� ����, 1

7:�UJ�&?'.

jq 2 ���B��,�$, �P��0� 2FE"#�GT&?'���-:��� QTE

��� nr��CO'*+. '+, ���%*�� q-9#+2.

4.2 snoU QTE XY
4.2.1 dpefgXY

/)� Callaway et al. (2018), Callaway and Li (2019),-)�,�$#]�I(� {Zt}T
t=1

� {yit, 1 ≤ i ≤ N}T
t=1, � Zt ∈ Rdz , *& T %*C�, #� T → ∞. +Æ, �$�,�$

�N. '!�#O;�;�. �9 .��, F� t = T1 + 1  �G��, �U� N − 1 .�

 (��%#, �".�� no/��. 2\ T2 = T − T1. �./OU#, ��n2��,�

$, {y1t}T1
t=1 OU9 .� & {(yit, Zt); 2 ≤ i ≤ N}T1

t=1 OU��#�sU� �I(�, �

{X1t}T1
t=1 OU. ) , {y1t}T

t=T1+1 #9 .���@A& {(yit, Zt); 2 ≤ i ≤ N}T
t=T1+1 ���0

�sU� �I(�, G� {X2t}T1
t=1. �r, Zt # . dz × 1 �I(���, 3/Æh� HCW

Æ=*3�4��� . ) {y0
1t}T

t=T1+1 � ����, {y1
1t}T

t=T1+1 �����. �0, ����

�N 1 +U��6, ��GT�&?'�/��', Cai et al. (2021) &,9 .���� �

����, 2\�:

Δτ = q11τ − q01τ ,

� qj
1τ #P j = 0 � 1 � τ ∈ (0, 1)  Fj(y) = P (yj

1t ≤ y) �9 τ � . ���� ����

Δτ ,�V�� q11τ � q01τ K%.S�9 .��� t ≥ T1 +1��$���#%���,+ÆC!

8�1 {y1
1t}T

t=T1+1 �23� q11τ , G� q̂11τ . ��� ��������#S� {y0
1t}T

t=T1+1

#/%���, '+/*���� q01τ . ����9 .��� ��� �, (n� HCW �

ATE +%, Cai et al. (2021)� � )/�/� CDF �Q/� CDF +'��:�H"#. �

��� q01τ , =$ q01τ �2\, M���$�Z:

P (y0
1t ≤ q01τ ) = E[Fy0

1t|X2t
(q01τ |X2t)] = τ,

� Fy0
1t|X2t

(·|·) OUn2 X2t $ y0
1t �/��G'�. +Æ, ��z���"#%Æ!� q01τ
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����, $*Æ$23eZ�"�:

1
T2

T∑
t=T1+1

Fy0
1t|X2t

(q̂01τ |X2t) = τ. (8)

 _�2, /� CDF Fy0
1t|X2

(y|x) #���, '+�� q01τ ���#/%#�. ��2���$

!� q01τ �%#��, 56��/�%���$��� Fy0
1t|X2t

(y|x). �+,M���& Æ$-
), ��>�, �.-)(n������ HCW �4�$&�� �!�"[)��-), Æ

= Callaway et al. 2018)  �� �)��-) ()-) Q1 � Q2).

pq Q3 (/� CDF /(') (i) n2 X1t $� y1
1t �n2 X2t $� y0

1t /� CDFs ��

64); G[#2, Fy1
1t|X1t

(·|·) = Fy0
1t|X2t

(·|·) ≡ F (·|·), Æ= (ii) X2t �tx# X1t tx� .

'v.

-) Q3 -2��#��%#+':�-)�6/(', �Nn�n2I(�, ��#��
%#+'����C�����G��%#'. �-) Q3 $, %Æ�������%#�$�
����#� ��/� CDF. � -)* Rothe (2010)  �<$��6+%�-) 1 03�

 A, ) , (n� Hsu, Lai and Lieli (2020)  �-) 2.3. '+, %Æ/���#����$

��/� CDF F (y|x), !� F̂ (y|x). �+, %Æ0� )!��s��"#, � Cai and Wang

(2008)  ���s��. T�%Æ$&�� Cai and Wang (2008). �01���/� CDF @

7 (8)  !�:
1
T2

T∑
t=T1+1

F̂ (q̂01τ |X2t) = τ.

*��"�!� q01τ ����. *0, 9 .���� �������S Δ̂τ = q̂11τ − q̂01τ . �

 2�/�$, *& F̂ (y |x) lk 2�C7'?, Cai et al. (2021)!�� Δ̂τ �4D'�C7

/F'.

���C�24���I(�.�� t; K X2t �*� dx = N − 1 + dz ,�, ����

QTE "#, *�tuDA0�s $"#��/� CDF F (·|x) %/�g. ���!� ,-,

+5 Hall and Yao (2005) �gg, %Æ0�0�"# β�x ��� F (· |β�x). ���)"Z, 2

Æ�8��S, Q0�))�+k�*�tu, '�3;�M�1��,-./��, � %Æ
�7���(�)� �<$�"#, '� β�x #�(�. <1, %Æ��0� Hall and Yao

(2005) � ����!��� β � F (· |β�x). �*, ����1"#��1"��.uC. �

�r��1"r, < )"##��� � $��/� CDF, � Koenker and Bassett (1978)

+�, $�1V"e�. Z qτ (x) � F (y |x) �9 τ /�� �, 0 qτ (x) = F−1(τ |x) ≡ q(τ, x).

�0 ..���1%Æ!�/� CDF �/�� �+'��:,

F (y|x) =
∫ 1

0

I(q(u, x) ≤ y)du ≈ ε+
∫ 1−ε

ε

I(q(u, x) ≤ y)du, (9)

�� .C0��� ε > 0. ��-)P 1 ≤ t ≤ T1  n2 X1t, y1t �9 τ /�� '��

qτ (x) = x�β(τ), &', /�� ��� q̂τ (x) = x�β̂(τ), � 
β̂(τ) = β̂τ = arg min

βτ

T1∑
t=1

ρτ (y1t − β�
τ X1t). (10)
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& ρτ (v) = v[τ − I(v < 0)]. '+, =$ (9), ���/� CDF F̂ (y|x) �:

F̂ (y|x) ≈ ε+
m∑

j=1

δjI(β̂�
τj
x ≤ y), (11)

� ��Wd ε ≤ τ0 < · · · < τm ≤ 1 − ε, P m → ∞  δj = τj − τj−1 → 0, S (10) %!

β̂τj . U�, ��>�� , (11)  �*0 .7n%*� {τj}m
j=0 �23Csp. /�, ��g#

��>�� ��0�, � Chernozhukov, Fernández-Val and Galichon (2010), Chernozhukov,

Fernández-Val and Melly (2013).

*0, /)� Chen et al. (2013) W&, ATE, Cai et al. (2021) v���+� "#, ��

�� QTE �N2�7?8 300 0�8;@8� 9:6� VIX =� VVIX %*8,���.

�.��O., �7?8 300 0�8;@8�M9:6 VIX =� VVIX "�UJ���.

jq 3 ��Æd�#, Cai et al. (2021)W&, .��, Q-)�Q9)���)���
%$, � Fujiki and Hsiao (2015) �1 ATE �%$. �)9)nr�v���F������
��.�����, � Liu et al. (2020) ��.��. +1, * Callaway et al. (2018) (n, ��

%*����&, (W�) /�� ����� (CQTE), #�,

Δτ (v) = q1τ (v) − q0τ (v),

� v # X � .W�, �.9)1(����+2q-.

4.2.2 lrsevwxtu
�� dx C�, Cai et al. (2021) :<0�� � $!tj�"#���/� CDF, (n

� Li and Zhu (2008), Wu and Liu (2009). �G�2, * (7) (n, � (10)  !7 .tjD, (

&�$:

β̂LASSO(τ) = arg min
βτ

T1∑
t=1

ρτ (y1t − β�
τ X1t) +

dx∑
j=1

ψλ(βτ,j), (12)

� ψλ(·) #-.j'�, � Li and Zhu (2008) �D�'��Wu and Liu (2009) � SCAD

j'�. +"#1)+ ���1.�, %Æ��0�S Sherwood and Maidman (2016).% R

Wp “rqPen” Æ� Yi and Huang (2017)� “hreg”Æ, ft�1 (12)  � β̂LASSO(τ) [. �0,

�]�tj�/��G9#7n��, �� .0�� ε > 0, �Q��$OiZ:

F̂LASSO(y|x) = ε+
∫ 1−ε

ε

I(β̂LASSO(τ)�x ≤ y)dτ,

� β̂LASSO(τ) S (12) n .

jq 4 56,���,�$  '!�#�;�� α-HD�,=$ Chernozhukov, Fernández-

Val and Galichon (2010) m- 5, %.. (11) Z F̂ (y|x) #4D�*&�C7/F', �$:√
T1

[
F̂ (y|x) − F (y|x)

]
d→ N(0, V (y|x)),

� V (y|x) > 0 #�C7"". )2, M�G%Æ+5 Li and Zhu (2008) � .(n�-�
���J!�4#�$�%$$, F̂LASSO(y|x) �C7'?. '+, %Æ!� Δ̂τ �C7'?. *
0, 0� (12)  +n �tj� � $"#�<1 .1)[#, �� ..��9), uD
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%Æ��j�*� (ultralhigh dimension) �#��I(��� '!�C� (dx > T1) �%$;

V%) Wang, Wu and Li (2012), Sherwood and Maidman (2016), Æ= Yi and Huang (2017).

�.+2,-[!M�Æ9 m9:.

5 yzwx{y|z{|}
�������, -V#�����, 2��������E@H����#��+2��

�+2�sq,-+ . 2M.��8��S, 3���,�$ (ÆB�B�,��%�,) �

�������*H9)9#�23' S. "�+�, ������/�# .ylEK�W

X'�+2��,[!9 m+2. vQw,�#,�/X�1�� ��1G�����Æ. 6

�, �!�'�WX'��&,�."#, �D&24"# (synthetic control method, SCM) �;

$) Wan, Xie and Hsiao (2018) ��+1��1 ATE, Ær#, HCW "#� SCM "#, Cai

et al. (2021) ��1�%�,�$� QTE �"#.

*i '�>a, ����3?�#/)�, '�) (%���z{�/)� 8��/

)���%q$��,4���4��w+#/)�.'+,3��W�:5���24�.�t

4q�N2 .�t��� .C�"#. P�, ���� (����*R��)X^$!�
*+�+2#<����,G�� .�����.>�#���� .A@,- (���+�),

���1�,�$� ATE � QTE �"#/������'��2., Æ))%*�*&-).

< .))����['����"##0�+1"#��� �����, 6�u{, vV�

rsx (2021) +� �"#. +1,�."#+'� .#, (�5��.) #D����.

*0, /� Carvalho et al. (2018), Athey (2019), yZ}�tvx (2021), �u� (2021) +

���,������Æ��D��y*,VM�X (ML)�'�>(� �9#"D+2,# 

.zH�+2q-, Æ=2 ML �Æ����������8��k)*��5�����, �

P�0��.������,�$� ATE� QTE��k� .CO�$&. �>�,��|Æ

'�X, ���!��C�"#, #�, /= $ (LASSO, w $), *Vwx,  $x, tx��

VM, ��y�vy, z{wy (matrix completion and factorization), 8��X (deep learning),

z��{ (boosting), Æ=+%�" (model averaging techniques) ��, ������VM�X

+'�:�"(, $) Athey (2018). #�, Wager and Athey (2018) &W'�9+k'�wx

(causal forest), #S��'�x (causal trees) �!�*&, �GT/)'�x�d)&?', *

Carvalho et al. (2018) � ��� ��"# (ArCo) �*+�*��,�$,-. 9 m, �

. ArCo "#!�� Masini and Medeiros (2019) >4����*��<�; (G2 ''(�

�*V'(),-, Ær�� ����. /�,�P-�����VM�X�"#���0��

,�$� ATE� QTE��,-��Æ�>(,-, :% |zH������/Æ���"#

5��5G:, S�/# �.���, ��9 1��\)zKÆ*+. **+�.,-�4

f���2�N# .WX, Yd9 ��������Æ������.��*zA.  {
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